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Spin-; field: bispinors

Bispinors

The lowest irreducible representation, containing

spin—%, of the covariance group O(1,3) is (%,O) @

(0,1). The matrices from this representation trans-
form four-component objects called bispinors

¢=(i),

where ¢ € (3,0) is a (right) (Weyl) spinor with the
infinitesimal transformation matrix

1)

1
9= 1+i35dd +i0di*, 2)

and x € (0,3) is a (left) (Weyl) spinor with the in-

finitesimal transformation matrix

1
1+ i0dwf + ii&‘du';’* =(gH1. (3)
Thus under the Lorentz transformation
¢—96, x> (9" "x. (4)

Under the parity transformation P the Weyl spinors
transform into each other,

(5)

P P
d=X, X

Bilinear forms of bispinors

From the transformation laws (4,5) it follows, that
the direct product * ® ¥ can be reduced to five ir-
reducible covariant objects:

1. scalar, Y1) ;

2. pseudo-scalar, 1yst) ;

3. vector, Yy*e ;

4. pseudo-vector, Yy 51 ;

5. antisymmetric tensor, ¥(y*y” — y/y* )b,

where ¢ = ¢y, and the block-matrices v* and ~s,
called the gamma matrices, are given (in the Weyl
basis) as

w =190 ©
7= 1277 )
w = lo 1] ®)

1
A similarity transformation
Y = SY
oo SyrsT! 9)
with the matrix
1 ]1 1
=751 -1 1o

changes Weyl basis
matrices are

into Dirac basis, where the ~-

w = o ] (1)
7= 29 (12)
w =19 (12

The y-matrices satisfy the anti-commutation rela-
tion
Y+t = 29", (14)

where g"” is the Minkowski metric tensor. The ma-
trix 5 anti-commutes with y#,

{7,753 =0. (15)

Lagrangian
The Lagrangian should be a real Lorentz scalar, bi-

linear in 9 and 0,4. A suitable form is

L= 2 (0, — ) —mip . (16)

Euler-Lagrange equation: the Dirac equation

Using the general expression,

oL

" 0(0u¥)

oc

the Lagrangian (16) leads to the Dirac equation,

(70, —m)p = 0. (18)

Energy-momentum and conserved current

J* =yt (19)

T = —ip79y + mip (20)



Exercises

1.

Show that the 2x2 representation of the Lie al-
gebral! of the rotation group is the SU(2) group,
or, in other words, that the SU(2) group has the
same Lie algebra, as the rotation group SO(3).

Show that after a rotation by 27 a spinor (an
object, transformed by a 2x2 representation of
the rotation group) changes sign.

Show that the Lagrangian

1, - _ _
L=3 (V7" 0ut + Opiby ) — mpy)
does not lead to a good Euler-Lagrange equation.

Show by direct calculation that the current
Yy*1) conserves if ¢ is a solution of the Dirac
equation.

Calculate the energy-momentum tensor for the
spin-1/2 field.

Show that if a bispinor % is a solution to the
Dirac equation, then its components satisfy the
Klein-Gordon equation.

lin physics, a representation of a Lie algebra is a group of
matrices whose generators have the given Lie algebra



