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Chapter 1

Preamble

The aim of the present dissertation is to summarize the results from the publica-
tions shown in chapter 2, to extract what they have in common and where they
supplement each other, and to put the results into a broader perspective. This
means that there is unavoidably some overlap with results that have already been
published, in particular between the part on interactions in crystals and the review
paper, [Ugg05]. However, I have attempted to write here a coherent summary of
the results obtained at CERN - in my case since 1992 - on penetration of ultrarel-
ativistic particles.
In the first main part of the dissertation, the penetration of ultrarelativistic

particles in amorphous matter is discussed. The focus is on the existence of a
formation time for the generation of radiation, which results in a variety of phe-
nomena in radiation emission, e.g. by variation of the thickness of the target. In
a sense, the question being addressed is the origin of light, although evidently
from a rather limited perspective, since an answer to such a broad question must
be sought in many other connections as well. It turns out, however, that by the
use of ultrarelativistic particles - generally defined as particles with a Lorentz fac-
tor significantly above unity - time dilation enables the investigation of the light
emission process, ’while it takes place’.
In the second part, the focus is on strong field phenomena, investigated by

means of interactions in single crystals. Due to the coherent action of the nu-
clei in the crystal, under certain conditions the field becomes of the order 1011
V/cm. Thus, in the rest frame of the penetrating particle - where the crystal is
Lorentz contracted leading to a boost of the electromagnetic fields - the field be-
comes comparable to the critical field of quantum electrodynamics. Under these
conditions, processes like radiation emission and particle production are changed
drastically compared to weaker fields.
Apart from the basic interest in these phenomena, the investigations are of

interest in e.g. astrophysics, for the construction of the next generation of accel-
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12 CHAPTER 1. PREAMBLE

erators and for nuclear physics. These - and other related - subjects are treated in
chapter 21.
In the last part, I attempt a look into ’the crystal ball’, to give a hint of what

the foreseeable future may bring in connection with the presented investigations.

In continuation of the above, it is important to state that one of the main ques-
tions in the ’background’ of the following, ”‘What is light?”, is being addressed,
but not answered. In this line of thought, the content of this dissertation is in a
sense a contribution to science much like illustrated in figure 1.1. reminding one

Figure 1.1: What are we touching upon? Illustration by the danish cartoonist
Claus Deleuran. Since the drawing by Claus Deleuran is copyrighted material,
it is included in the printed version through kind permission from the copyright
owner. However, it cannot be included in the pdf-version.

of the description of Bohr given by Einstein: ”‘He utters his opinions like one
perpetually groping and never like one who believes to be in the possession of
definite truth”, quoted in [Pai83, p. 417].
Notwithstanding, that question has been the main driving force behind prepar-
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ing, performing and analyzing the rather diverse experiments discussed, and so, it
can be understood as the general theme in which the majority of the presented in-
vestigations fit. Not being able to answer these questions, I feel in good company,
with two of the greatest physicists of the 20th century:

It was a wonderful world my father told me about.
You might wonder what he got out of it all. I went to MIT. I went
to Princeton. I came home, and he said, ”Now you’ve got a science
education. I have always wanted to know something that I have never
understood; and so, my son, I want you to explain it to me.” I said
yes.
He said, ”I understand that they say that light is emitted from an atom
when it goes from one state to another, from an excited state to a state
of lower energy.”
I said, ” That’s right.”
”And light is a kind of particle, a photon, I think they call it.”
”Yes.”
”So if the photon comes out of the atom when it goes from the ex-
cited to the lower state, the photon must have been in the atom in the
excited state.”
I said, ”Well. no.”
He said, ”Well, how do you look at it so you can think of a parti-
cle photon coming out without it having been in there in the excited
state?”
I thought a few minutes, and I said, ”I’m sorry; I don’t know. I can’t
explain it to you.” He was very disappointed after all these years and
years of trying to teach me something, that it came out with such poor
results.

R.P. Feynman, 1969 [Fey69]

All the fifty years of conscious brooding have brought me no closer to
the answer to the question, ’What are light quanta?’ Of course today
every rascal thinks he knows the answer, but he is deluding himself.

A. Einstein [Wol79]

Furthermore, the subtitle of the dissertation indicates that the subject of ex-
perimental investigation is radiation from particles, but both these words should
be understood in the broadest sense, where radiation may also be emission of
particles and particles can be either leptons, photons or heavy ions.
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Chapter 2

Relevant publications

The text below is based on the following published papers as well as a number of
notes and unpublished work. It is clear that almost all the results discussed in the
following have been obtained through collaborative efforts, mainly at CERN. One
may therefore ask: Why is this written by Ulrik1, and not by one of the other co-
authors? I am therefore obliged to include the following statements, to display as
clearly as possible what my own contribution has been (this is a difficult task, but it
is mandatory and documented by separate co-author statements): Entries marked
with bullets (•) denote experiments with a strong impact from me in the idea,
preparation, execution and analysis phase, and articles written by me, in some
cases effectively with one or two co-authors2. In entries marked with stars (*), I
have played a key role in the experiments, and have contributed as a co-author,
typically with one or two other co-authors, in the writing phase. In entries marked
with open circles (◦) I contributed on equal footing with most of the other authors,
during experiments as well as in the writing phase. In none of the mentioned
papers has my role been marginal.
A complete list of publications, with hyperlinks, can be found at:

http://www.phys.au.dk/˜ulrik/publica hyp.htm.

◦ X. Altuna, M.P. Bussa, G. Carboni, B. Dehning, K. Elsener, A. Ferrari, G.
Fidecaro, A. Freund, R. Guinand, M. Gyr, W. Herr, J. Klem, M. Laffin, L.
Lanceri, U. Mikkelsen, S.P. Møller, W. Scandale, F. Tossello, E. Uggerhøj,
G. Vuagnin, E. Weisse and S. Weisz: High efficiency multi-pass proton
beam extraction with a bent crystal at the SPS, Phys. Lett. B 357, 671
(1995)

1When I got married 6.11.1999, my surname changed from Mikkelsen to Uggerhøj.
2In many cases the CERN standard of alphabetic ordering of authors, grouped by institution,

has been applied in the publications. In cases where relevant, though, students have been put as
first authors.
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Chapter 3

A first look at the formation length

It takes time for a charged particle to produce a photon. This fundamental ob-
servation - that there exists a formation time - is one of the main subjects of this
dissertation, in particular the resulting effect this has on the probability for the
particle to actually emit the photon. It turns out, as will be discussed in detail in
the following, that in amorphous and crystalline matter, the emission probability
depends quite sensitively on the environment the particle is exposed to during the
formation time.
Already in the early fifties, Ter-Mikaelian postulated the existence of the for-

mation length [Fei94] for the emission of radiation. This is, loosely speaking, the
length it takes to separate the photon from the electron by one (reduced) wave-
length such that one can consider the photon ‘formed’.
As long as the particle is non-relativistic, the formation time roughly corre-

sponds to the time it takes for the photon to travel a distance of one wavelength.
However, once the penetrating particle becomes relativistic, this ’formation time’
is boosted1 by a factor 2γ2 where γ = E/mc2 is the Lorentz factor of the particle,
E being the total energy, m its rest mass and c the speed of light2. Thus, for ul-
trarelativistic particles (generally speaking, particles with Lorentz factors γ � 1,
but in the present context mostly with γ ∼ 105 − 106), the formation time - and
therefore the corresponding distance of travel for the emitting particle, the for-
mation length - becomes very long. As an example, it takes almost a distance of
100 microns for a 250 GeV electron to form a 1 GeV photon. Since the forma-
tion of photons typically takes place through scattering off the atomic nuclei in
the substance traversed, this distance should be compared to the average distance
between scattering centers which is of the order Å. In other words, there is a huge

1A factor γ from the Lorentz contraction of the distance of travel in the frame of the electron,
and a factor 2γ from the relativistic Doppler shift in the forward direction (valid for γ � 1).

2In the following, standard notation will be used, and symbols where ambiguities are not likely
to arise will not be defined. A list of symbols is available on page 275.
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factor of roughly a million between these characteristic distances. Alternatively,
the scale of comparison would be the wavelength of the photon, which already
at 1 GeV is about one fermi - 11 orders of magnitude smaller than the formation
length. Yet, coherence phenomena do arise.
Viewed differently, the formation length describes our ignorance of the exact

location where photon emission took place. As this is a fundamental limitation
imposed by the Heisenberg uncertainty relations, it is not meaningful to ascribe
the formation to a particular location, but only to a formation zone, i.e. the zone
delimited by the formation length and similarly constructed distances in the di-
rections transverse to the direction of travel. In the following chapter a thorough
explanation of the formation length is given, using several approaches.



Chapter 4

Formation length

As mentioned, it was first discovered by Ter-Mikaelian that it takes relatively long
time and therefore a long distance for an energetic electron to create a photon. The
interactions of the electron over this ‘formation zone’ affect the radiation spectrum
decisively and may lead to enhancement or reduction of total intensity as well as
changes in the spectral shape. The original claim by Ter-Mikaelian was at first
strongly opposed by Landau who found the idea counter-intuitive and repulsive
[Fei94]. As noted by Akhiezer, student and successor of Landau as director at
the Theoretical Physics center in Kharkov [AS82]: ‘It is quite remarkable that the
collective phenomena appear at arbitrarily high energies, although at first glance it
seems that if the particle wavelength is less than the average distance between the
atoms of the material, collective phenomena should not appear and the material
should behave as a gas of independent atoms’.
In somewhat more mathematical terms, following [BK05b], the electromag-

netic interaction given by

Hint(x) = eψ(x)γμψ(x)Aμ(x) (4.1)

is local since x denotes a certain space-time point, yet the power expansion of
the S -matrix in the quasiclassical limit shows a phase of (see appendix A, eq.
(A.117))

− E
E − �ω (ωt − kr(t)) (4.2)

There is thus a finite space-time region, determined by the domain where the
magnitude of the phase in eq. (4.2) is approximately equal to one, E/(E − �ω) ·
(ωtf − kr(tf)) � 1, i.e. a certain time of travel for the particle tf , that dominates the
contribution to the radiation integral and therefore to the emission. As shown in
appendix A, up to eq. (A.60), this results in a formation length given as

lf � lf0(ω) = 2ε2

ωm2
=
2γ2�c
�ω

= 2γ2
1973 eV · Å
�ω

(4.3)
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which - for a realistic Lorentz factor of 5 · 105 and emission of a GeV photon - is
one hundred microns.

The ‘collective phenomena’ do not appear due to the particle wavelength, but
due to the uncertain momentum transfer during the emission process. By the un-
certainty relation this transforms into an uncertainty of the exact location where
emission takes place and therefore a formation length over which constructive or
destructive interference can take place. Actually, Niels Bohr had similar thoughts
in connection with the early days of quantum uncertainty: In [Boh28], he com-
mented on the impossibility of events perfectly localized in both space and time:

”According to the classical concepts, the description of the scat-
tering requires a finite extent of the radiation in space and time, while
in the change of the motion of the electron demanded by the quantum
postulate one seemingly is dealing with an instantaneous effect taking
place at a definite point in space. Just as in the case of radiation, how-
ever, it is impossible to define momentum and energy for an electron
without considering a finite spacetime region. In consequence, ac-
cording to relation (2), the associated spacetime regions can be given
the same size for both individuals in interaction.”

Here, Bohr is referring to ”relation (2)”: ΔtΔE = ΔxΔIx = ΔyΔIy = ΔzΔIz = h,
where E and I are the energy and momentum respectively, i.e. the lower limit of
the uncertainty relations. The ”finite spacetime region” necessary to endow mean-
ing to the concepts of energy and momentum, is precisely what is only ’written
between the lines’, but must be understood for the electron spinors and four-vector
potential in eq. (4.1) to be meaningful. Therefore, the ”finite spacetime region” is
in the present context an expression of the formation zone, the existence of which
thus corroborates the ideas of Bohr.

4.1 Classical formation length

In the following, a couple of approaches to the formation length as they appear in
a classical theory are given.
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4.1.1 A reduced wavelength distance from the electron to the
photon

Perhaps the simplest approach is to consider the photon ‘formed’ by the time tf it
takes for a photon to separate from the electron by one reduced wavelength, λ/2π:

vtf = lf

ctf = lf +
λ

2π
(4.4)

and by the corresponding distance of travel of the electron, lf :
lf
v
= (lf +

λ

2π
)
1
c

(4.5)

which for γ � 1 and v =
√
(1 − 1/γ2)c � (1 − 1/2γ2)c � c yields

lf =
2γ2c
ω

(4.6)

Early approaches to the formation length in QCD were also based on this idea
[Sør92, GW94].

4.1.2 Ignorance of the exact location of emission
Also in the emission of synchrotron radiation there exists a formation length. Let
us consider the passage of an electron through a bending magnet with a field B
as e.g. in a synchrotron light source. Due to the relativistic transformation of the
radiation in the instantaneous rest frame to the frame of the laboratory, the typical
width of emission angles of the photons is 1/γ, see eq. (13.18) below.
Therefore, a detector with angular resolution poorer than 1/γ will not give

information on the actual position of radiation emission over the distance, a to
b, see fig. 4.1. In other words it is impossible to determine the exact location of
photon emission over this length, i.e. the distance from a to b is a measure of
the formation length. Since the emission angle, 1/γ, connects the gyromagnetic
curvature radius, rc = pc/eB, and the formation length, lf , by lf = rc/γ for small
angles, the result is

lf =
pc
eBγ

(4.7)

where p is the momentum. Synchrotron radiation has a ‘characteristic’ frequency
ωc = 3γ3eB/2p. Inserting ωc in eq. (4.7), eq. (4.6) reappears, although with a
slightly different constant. This constant clearly depends on the choice of ‘char-
acteristic’ frequency or the somewhat arbitrarily accepted emission angles in fig.
4.1. More rigorous derivations of the formation length for synchrotron radiation,
based on the same line of thought, can be found in [BLP82, RAD98]. A very early
treatment of the problem is given in [Sch52].
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Figure 4.1: Synchrotron radiation emission by an energetic electron traversing
a magnetic field, B. The typical emission angle, 1/γ, makes photon emission
from any point within the arc length from a to b indistinguishable by a detector.
Therefore, the distance ab represents the formation length.

4.1.3 ‘Semi-bare’ electron
Following [Fei66], another approach is to consider the ‘semi-bare’ electron, i.e.
the electron and its semi-detached electric field during the time immediately fol-
lowing a scattering event. Although the concept of the ‘semi-bare’ electron is
questionable, and perhaps even misleading since the electron always keeps its
electric field [BS72], the analysis of the time it takes for the electron to ’readjust’
the field remains valid.
Before the scattering event the electron and the electromagnetic field are co-

moving (what in textbooks is labeled as an ”extraordinary coincidence” [Gri99]
that the field - given from retarded potentials - points to the present position of
the particle). After a scattering event, the time it takes the field to adjust to the
new direction of the electron is finite: In the rest frame of the electron, the ‘re-
generation time’ t′ of the field at position x′ is proportional to the distance from
the electron to x′, i.e. by a Fourier transform t′ � 1/ω′ where the primed coor-
dinates here denote the electron rest system. By Lorentz transformations to the
frame of the laboratory, t = t′γ and ω = 2γω′ the ‘regeneration time’ becomes
t � 2γ2/ω which is the same as eq. (4.6). This interpretation is very useful for
the Ternovskii-Shul’ga-Fomin (TSF) effect of radiation emission in a thin target
[Ter60, SF98a] to be discussed in section 8.

4.1.4 Field line picture of radiation
This can be shown a little more figuratively. In the early 1970’s, Nobel laureate
Tsien, then in his teens, used a method for the visualization of radiation by means
of electric field lines, to show a field line interpretation of radiation [Tsi72]. This
method dates back to J.J. Thomson at the turn of the previous century [Tho04].
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Figure 4.2: In this figure is shown the electric field lines shortly after the electron
has scattered once at the scattering center indicated by a cross. For illustration
purposes, the velocity of the particle has been set to β = 0.9. The tangential
component of the field lines can be interpreted as the radiation field, propagating
outwards at the speed of light [Tsi72, Tho04, Oha80].

The approach is based on the distorted Coulomb field of the electron immediately
following a scattering event. A similar field line interpretation is applicable for
the magnetic field [Oha80], which allows to produce a fully classical picture of
radiation from the tangential components of the magnetic and electric fields.

In figure 4.2 is shown such an electric field line picture, generated1 based upon
the procedure outlined in [Tsi72]. An important thing can be learned from such
pictures: At a time t after the scattering event, the Coulomb field of the electron is
distorted due to the finite propagation speed of disturbances of the electric field:
Outside a radius ct from the scattering center, the field has not been ’informed’
of the new direction of the particle, while inside this radius the field must have
accomodated to the modified motion. This leads to a distortion of the Coulomb
field near r = ct resulting in a tangential component of the electric field (and
similarly for the magnetic field [Oha80]) that propagates outwards at the speed of
light — radiation.

1By K.K. Andersen.
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Figure 4.3: A schematic diagram showing the photon emission by an energetic
lepton in the nuclear field. Angles are exaggerated for clarity.

4.2 Quantum formation length
The formation length can of course also be calculated in quantum theory, where
e.g. the recoil imposed on the electron by the emitted photon is taken into account.
This is done by using the longitudinal momentum transfer to the nucleus, q‖ =
p − pf − �ω/c, where p and pf denote the momentum of the electron before and
after the radiation event, respectively.
Expanding the longitudinal momentum transfer q‖ to first order in 1/γ and

applying small angle approximations, q‖ becomes

q‖ =
�ωm2c4

2E(E − �ω)c (1 + γγ f (θ
2 + ψ2(E − �ω)/�ω + ω2p/ω2)) (4.8)

where γ f = (E − �ω)/mc2, ψ is the electron scattering angle and θ is the photon
emission angle with respect to p (see fig. 4.3).
In a medium with index of refraction

nr =
√
ε(ω) =

√
1 − ω2p/ω2 (4.9)

a dielectric function ε(ω) and plasma frequency

ωp =
√
4πnZ2e2/m (4.10)

the photon propagates with velocity c/nr and momentum �kr = �nrk. Here, n is
the number density of atoms and Z2 the atomic number of the target.
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For a penetration depth larger than the multiple scattering length lγ = αX0/2π �
a0 the term involving the electron angle can be neglected compared to the ω2p/ω2
term since ψ = 1/γ, even when ω � ωp. Here, α = e2/�c is the fine-structure
constant, a0 is the Bohr radius and X0 is the radiation length, eq. (5.2). Typical
photon angles are θ � 1/γ such that the allowed range of q‖ is given by (see also
[Tim69])

δ ≤ q‖ � 2δ (4.11)

where δ is equal to the minimum longitudinal momentum transfer.
In the case where a measurement is unable to resolve the photon and elec-

tron emission angles θ and ψ, the longitudinal momentum transfer is thus uncer-
tain by an amount � δ. Therefore, by the lower limit of the uncertainty relation
lf = �/Δq‖, the formation length can be obtained by subtracting the minimum
longitudinal momentum transfer from eq. (4.8) with θ � 1/γ:

lf =
2E(E − �ω)
ωm2c4

1
1 + γγ f (θ2 + ψ2(E − �ω)/�ω + ω2p/ω2)

(4.12)

which, for ψ � θ, reduces to

lf =
2E(E − �ω)
ωm2c4

1
1 + γγ f (θ2 + ω2p/ω2)

(4.13)

which is essentially the same as that obtained by the quasiclassical operator method,
from eq. (4.2), see eq. (A.59)

lf =
2E(E − �ω)

ωm2c4((1 + γ2θ2 + γ2ω2p/ω2)
(4.14)

Furthermore, for sufficiently high photon energies �ω � γ�ωp � γ · 50 eV the
plasma frequency term can be neglected. Thus, with this additional approximation
and θ � 1/γ, ψ � 0 as shown above, the formation length becomes:

lf =
2γ2c
ω∗ with ω∗ = ω · E

E − �ω � ω (4.15)

where �ω is the energy of the photon.
In the classical or recoil-less limit, �ω � E, eq. (4.15) coincides with eq. (4.6)

as must be required by the correspondence principle.

Switching to pair production, a classical version of the formation length is
the length it takes to separate a created pair transversely by two (reduced) elec-
tron Compton wavelengths, �c. The Compton wavelength is loosely speaking a
measure of the uncertainty in the location of the electron, so unless the leptons
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constituting the pair are separated by a distance of this order, the pair cannot be
real. As the pair is emitted with an opening angle 1/γp

γp ≡ �ωmc2 (4.16)

the formation length is obtained as:

lpairf = 2γp�c =
2γ2pc
ω

(4.17)

Therefore, the formation length increases with the energy of the pair.
When calculated in quantum theory, by means of the longitudinal momentum

transfer, the formation length for pair production becomes:

lpairf =
2γ2pc
ω#

with ω# =
ω

η+η−
(4.18)

where η± is defined as Ee± /�ω with Ee± being the energy of the created electron or
positron. It is an important distinction that lpairf increases with increasing energy
of the pair, whereas the formation length for radiation emission increases with
decreasing energy of the emitted photon for fixed energy of the radiating particle.
As the detected particles are usually the pairs for photons impinging on a target,
and the photon when electrons act as projectiles, there are opposing behaviours of
the formation length with increasing energy of the observed particle. This is of
course due to the fact that the detected particles are equal in energy to the primary
in the former case, but not (necessarily) in the latter. Nevertheless, as required
from the crossing symmetry of the processes, there is a strong similarity between
the two formation lengths when expressed as functions of γ, γp, ω∗ and ω#.
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Interactions in amorphous targets
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Chapter 5

Bremsstrahlung

5.1 Incoherent bremsstrahlung
A quite accurate cross section for radiation emission in an amorphous foil - in-
coherent bremsstrahlung - can be found from the Bethe-Heitler formula [BH34]
which is given in the extreme relativistic limit by [Hei54, § 25, eq. (26)]:

dσ
d�ω

=
16
3
Z22αr

2
e
1
�ω

· [(1 − �ω
E
+
3
4
(
�ω

E
)2) ln(183Z−1/32 ) +

1
12
]

(5.1)

where re = e2/mc2 = α�c = α2a0 is the classical electron radius and the logarith-
mic factor indicates complete screening, γ � 1. In many cases, and likewise in
the following, the 1/12 term is neglected. From the Bethe-Heitler cross section,
the radiation length can be found

1
X0
=
n
E

∫ E

0
�ω
dσ
d�ω

d�ω = 4Z22αnr
2
e ln(183Z

−1/3
2 ) (5.2)

An incident particle statistically loses all but 1/e of its energy by emission of
bremsstrahlung in passing a foil of thickness X0. The Bethe-Heitler formula was
derived in lowest order perturbation theory for a scattering off a single, screened
atom. It is therefore applicable for thin targets (the exact meaning of ’thin’ will
appear later) and for thicker targets in cases where coherence phenomena and suc-
cessive (cascade) interactions can be neglected. Equations (5.1) and (5.2), how-
ever, include only the scattering off the screened nucleus. The contribution from
the target electrons can be taken approximately into account by the replacement
Z22 → Z2(Z2 + 1) (each interaction involves the square of the electric charge of
the target object, i.e. Z2e2 for the nucleus and only e2 for the electrons of which
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Figure 5.1: Measurements of the incoherent bremsstrahlung emission from
0.2 mm Ta foils, using 206 GeV electrons and positrons, open squares from
[HUB+04] and filled triangles (unpublished), originating from the same experi-
ment as [TEK+09]. The dash-dotted line shows the calculated value based upon
equations (5.1) and (5.2) with the replacement Z22 → Z2(Z2 + 1), and the dashed
line shows a GEANT simulation [MBSU08]. The non-conventional abscissa, cut
at 20 GeV, is due to the fact that at lower energies other effects enter, to be dis-
cussed in detail below.

there are however Z2 per nucleus) which brings eq. (5.2) in good agreement with
tabulated values for the radiation length [Tsa74]. The small difference that re-
mains is due to a different argument of the logarithm originating from a differ-
ence in screening for the electrons. In figure 5.1 is shown 2 measurements (from
[HUB+04] and unpublished) of the radiation emission from 0.2 mm Ta foils, using
206 GeV electrons and positrons. The dash-dotted line shows the calculated value
based upon equations (5.1) and (5.2) with the replacement Z22 → Z2(Z2 + 1), and
the full line shows a GEANT simulation [MBSU08]. Clearly, for most purposes,
the Bethe-Heitler expression suffices.
According to Tsai [Tsa74] the bremsstrahlung cross section equals

dσ
d�ω

=
4αr2e
�ω

[(
4
3
− 4
3
y + y2)[Z22(Lrad − f ) + Z2L′rad]

+
1
9
(1 − y)(Z22 + Z2)]

(5.3)

where y = �ω/E and (for Z2 ≥ 5) Lrad = ln(184Z−1/32 ) is the radiation logarithm
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for interaction with the nuclear field (∝ Z22), f is the Coulomb correction given as

f = α2Z22
∞∑
n=1

1
n(n2 + α2Z22)

(5.4)

and L′rad = ln(1194Z
−2/3
2 ) is the radiation logarithm for interaction with the target

electrons. Equation (5.3) as well applies in the limit of complete screening, i.e.
for electrons of sufficiently high energy and excluding photon emission energies
very close to that of the incident electron. The requirement of complete screening
is in the below mentioned cases always fulfilled.
The tabulated values of the radiation length are inversely proportional to eq.

(5.3) if the term c(y) = (1 − y)(Z2 + Z)/9 is ignored [Tsa74]. This correction
term is 2.4% of the terms retained in the case of Ir and 1.7% in the case of C
for soft photons (y ≤ 0.2) and tends to zero for hard photons. In [KM59] a
comprehensive review of bremsstrahlung formulas — with eq. (5.1) appearing
as ’Formula 3CS(a)’, including the Coulomb correction, and a discussion of the
Z22 → Z2(Z2 + 1) replacement — is found.

5.2 Generic experimental setup
In essence, the experimental values shown in figure 5.1 have been obtained with
a ’generic’ radiation emission experiment, shown schematically in figure 5.2.
’Generic’ in this context means that it is a basic version that has the necessary
elements that almost all the experiments described in the following have, and it
therefore makes sense to discuss that experimental setup already at this point.
Other experimental setups are essentially refinements of this one, using additional
detectors either to provide redundancy – as a means to verify internal consistency
– or to give supplementary information concerning the processes investigated.

5.2.1 Detectors employed
Scintillator counters (SC)

Scintillator counters are used to define the size and timing of the beam, by pro-
viding a trigger for the datataking system. Typically, the primary trigger consists
of two thin scintillator counters in coincidence (one of them set to ’decide’ the
timing), combined with a third, hole-scintillator used in anticoincidence to define
the transverse dimensions of the beam. As the timing is not critical at the sub-ns
level, a standard plastic scintillator like BC-400 combined with a Philips XP2262
photo-multiplier tube (PMT) is usually by far sufficient. Since the radiation length
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Figure 5.2: A ’generic’ experimental setup, the basis of nearly all the experiments
described in the following. An electron or positron beam is incident from the
left and is initially detected with high efficiency and timing accuracy in two thin
scintillator counters S1 and S2. The beam then passes a scintillator counter with
a hole of typically 15 mm diameter used in veto, S3, to define the transverse
dimensions of the usable beam. Then comes the target, typically a few percent of
a radiation length. After the passage of the target, a magnetic dipole is used to
deviate the beam particles from the produced photon. The drawing is not to scale;
the typical length scale is 40-80 metres, whereas the transverse dimensions are of
the order half a meter.

of plastic scintillator material is around 40 cm, thicknesses must be kept to a few
mm in order not to generate too much bremsstrahlung from the detection process,
while still keeping the detection efficiency high. In special cases, however, thick-
nesses down to 10 microns can be applied, albeit at the cost of efficiency [Lj09].

Lead glass calorimeter (LG)

The lead glass detectors employed were of the same type as used in the HER-
MES calorimeter at DESY [ABC+96], only here with elements of length 70 cm
(approximately 25 radiation lengths) instead of 50 cm, and transverse dimensions
90×90 mm2. The lower energy threshold for the lead glass spectrum is usually 2
GeV, determined by the pedestal in the ADC, while the relative resolution under
suitable conditions has been measured to be σE/E � 0.16/

√
E[GeV] + 0.0029 +

1.2·10−4E[GeV] as found by directing an electron beam into the LG, see figure 5.3
[HUB+04]. This is in accordance with expectations [ABC+96, ADt08], assuming
that the last term is due to leakage. The LG calorimeter was in the case shown
in figure 5.3 composed of 4 blocks arranged such that the beam was incident on
the lower-right block. By scanning the beam across the main LG block it was
assured that the beam hit this block centrally to within 5 mm. A small leakage to
the adjacent 3 blocks was found and corrected for. Likewise, non-linearity in the
response of the LG calorimeter in its entirety was corrected for in the analysis.
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Figure 5.3: The relative resolution of the lead glass calorimeter, σE/E, as a func-
tion of electron energy. Adapted from [HUB+04].

In order to improve the resolution for low energy photons, the LG signal can
be fed to a passive splitter to produce two signals, one of which is attenuated by a
factor 10. The unattenuated signal in that case covers the range � 2 to � 55 GeV,
while the attenuated LG covers the region from � 2 GeV to substantially beyond
the endpoint, E. This technique gives only marginal improvements in resolution
and has not been used frequently. Calibration of the LG calorimeter was typically
performed by use of beams of energies 10, 25, 50, 100, 149, 178, 207, 235, 261
and 287 GeV, depending on the top energy relevant for the experiment in question.

Bismuth germanate calorimeter (BGO)

For photon energies below � 5 GeV, a bismuth germanate calorimeter was used.
In principle this type of detector can detect photons with energies as low as a
few keV, but operation of the BGO detector in a high energy photon beam re-
quired special care. Instead of the recommended value for operation of the photo-
multiplier at 700-1100 V, it was necessary to run it at a much reduced HV of 400
Volts where no artefacts due to saturation of the photo-multiplier appeared. This
saturation is believed to originate from high energy photons (that are unavoidable
when using primary particles with an energy of several hundred GeV) that de-
velop a large electromagnetic shower in the block, leading to complete saturation
of the PMT. Remanents of the high pulse leading to saturation was visible in sub-
sequent signals on time-scales as long as several tens of microseconds and could
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Figure 5.4: A typical spectrum obtained with 580 MeV electrons incident on the
bismuth germanate calorimeter as found in tests at the ASTRID storage ring in
Aarhus. The small peak at low energies is due to particles at the edge of the BGO,
since the ASTRID extracted beam is of the order 5 cm RMS at that location.

be corrected for by discrimination against signals arriving close together in time.
A thorough discussion of this complication can be found in [TEA+10].
Testing with 100-580MeV electrons from the ASTRID storage ring in Aarhus1,

showed that even with the very low HV applied to the PMT of the BGO, the sig-
nal from the detector was linear to better than 1% with energy. The relative RMS
width of the BGO signal was about 4-5%, see figure 5.4, in accordance with sim-
ulations performed using GEANT [Bal08, TEA+10]. However, due to the expo-
sure at CERN to the high energy (� 1 GeV) photon beam that in some cases
completely saturates the detector, the efficiency was reduced and calibrated using
known targets (emission in the Bethe-Heitler regime), based on comparison with
simulated values. Such simulations were performed using GEANT, as outlined in
[MBSU08], but with an improved version that makes it possible to go to much
lower photon energies.
As lepton energies below about 10 GeV are not directly available in the H4

beamline of the CERN SPS, the BGO detector was energy-calibrated at CERN by
letting electrons pass a 1 mm Cu foil in which they suffer bremsstrahlung energy
loss. From this, energy tagging was obtained by deflecting them by a precisely

1Thanks to Jørgen S. Nielsen and Niels Hertel for operating ASTRID and the extracted beam.
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Figure 5.5: A ’full-scale’ experimental setup for radiation from amorphous ma-
terials, with drift chambers for tagging as well as position- and angle-selections.
The drawing is not to scale; the length scale is 40 metres, whereas the transverse
dimensions are approximately half a meter.

calibrated magnet onto the BGO detector in coincidence with a scintillator of
transverse size � 10 mm, positioned at a precisely measured angle with respect to
the undeflected beam. This was a time-consuming process and was only done once
per experiment, establishing the signal height of 2 GeV electrons. As discussed
above, the BGO is known to be linear in the range 0.1-0.58 GeV and the 2 GeV
calibrations confirmed the extrapolation of measurements at ASTRID, giving a
reliable energy-calibration 0.1-2 GeV, see [TEA+10].

5.3 Expanded experimental setup
In figure 5.5 is shown an expanded experimental setup, where a number of position
sensitive detectors, drift chambers, have been added to provide redundancy, e.g. in
the energy measurements, while at the same time enlarging the number of relevant
observables, for example by giving the possibility of measuring entry- and exit-
angles with respect to the target.

Drift chambers

At high energies, the almost undisturbed penetration of charged particles through
thin films enables the use of a sequence of position sensitive devices, such that
tracking between these devices becomes possible. For many of the below de-
scribed experiments, an essential component was drift chambers. The chambers
employed were constructed by K. Kirsebom and P. Aggerholm in the mid-90’s,
following procedures outlined by - and with help from - F. Sauli in G. Charpak’s
group at CERN.
The drift chamber operates on the principle that a penetrating charged particle
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ionizes the gas in the chamber, and the liberated electrons drift towards the anode-
wire where an electron avalanche is created in the electric field present. If the
electric field is (almost) constant over the drift-region and the gas-mixture chosen
appropriately, the drift-time for the electrons to reach the sense-wire, depends (al-
most) linearly on the distance from the sense-wire at which the particle passed.
A gas-mixture with 31% argon/methylal, 42% argon and 26% isobutane has been
shown to be a good choice to optimize the performance and lifetime of the cham-
bers. The isobutane prevents electrical break-down in the gas, but is destroyed by
the beam and tends to create carbon-layers on the wires. Therefore, methylal (with
a final concentration of 2.5% obtained by ’bubbling’ argon through the fluid) is
added to keep the wires clean in order to prolong the lifetime of the chambers.
The electric field is kept approximately homogenous by a voltage division

along the drift wires of the -4kV on the field wire and the +2kV on the anode
(sense)-wire. The approximate drift velocity of the drifting electron avalanche is
50 μm/ns though with a small acceleration. The separation between anode- and
field-wire is 25 mm and the two adjacent anode-wires (each detecting particles
on one side) are separated by 50 μm. This means that the chamber, which has a
sensitive region of 15 cm by 15 cm is made from 12 cells (6 in x and 6 in y), each
25×25 mm2. Neighbouring cells are not completely independent due to cross-talk
and left/right ambiguity across the sense-wire which can result in the confusion of
two simultaneous particles on either side of the sense-wire. For this reason, when
used as a component in a pair spectrometer, the drift chambers were positioned
asymmetrically with respect to the beam, such that the nominal beam was incident
on the field-wire, reducing cross-talk.
In order not to create electrical break-down in the gas or wear the chambers

too quickly, the drift chambers can normally not run in intensities above � 5 · 104
s−1 and for the medium energy ≈ 100 GeV (i.e. high intensity) beams, this sets the
upper limit for the used intensity.
To compensate for the non-uniform drift velocity of the electrons in the drift

chambers and the resulting non-linear dependence of the real hit-position on the
registered hit-position, a number of ’slit-counters’ were used. These slit-counters
consist of a thin scintillator (3 mm) with 0.3 × 3 mm2 holes, accurately spaced 3
mm apart as a veto. This was counted in coincidence with another overlapping
scintillator and Sc1·Sc2 (to avoid rejection by Sc3) as pre-scaled events in the
trigger, see figure 5.6.
Tagging spectra were routinely used when operating with drift chambers. Since

the energy of the incoming particle is known with high accuracy (few permille)
and the integrated field in the deflecting magnetic dipole is precisely calibrated, by
measuring the deflection of the original particle in a precisely calibrated chamber,
it is possible to determine the radiated energy.
In figure 5.7 is shown results obtained for an iridium target with 287 GeV elec-
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Figure 5.6: Calibration data for a drift chamber. The ‘comb’ is due to slits in the
veto combined with hits in an overlapping scintillator counter as indicated in the
upper part of the figure. Adapted from [HUB+04].

trons by use of the lead glass calorimeter and the tagging procedure [HUB+04].
Clearly, the overall agreement is good in the sections of overlapping sensitive re-
gions.
The relative energy resolution is given by

d�ω
�ω
=
dθ
θ
(
E
�ω

− 1) (5.5)

where θ is the deflection angle. When the magnet is operated at 4.052 Tm (yield-
ing a deflection of 4.2 mrad at 287 GeV) and with a combined angular resolution
of two DCs of dθ � 10μrad, a relative resolution of 10% was obtained at a photon
energy of 7 GeV for the most distant chamber and substantially poorer for the
closer one. This explains the excess counts observed at low photon energies.

Solid-state detector

Solid-state detectors (SSDs) were usually inserted to give information on the num-
ber of charged particles in the beam at a specific location, e.g. behind a production-
target. For one particular experiment, see chapter 10, the energy deposition in
the solid-state detector was the main subject of investigation. The detectors em-
ployed were commercially available surface-barrier detectors from Ortec. A typ-
ical thickness was 0.5 mm from which a clear separation in signal between e.g. 2
and 3 charged particles was obtained while the amount of additional material thus
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Figure 5.7: Counting spectra, dN/d�ω, as a function of photon energy, �ω, lin-
early binned and plotted on a logarithmic vertical scale. The dotted line denotes
the tagging in a DC positioned at 1.7 m from the center of the magnet (run at∫
Bdl = 4.052 Tm, where geometry dictates sensitivity in the range 0-271 GeV),

the dashed line denotes the tagging in a DC positioned at 17.2 m from the center of
the magnet (sensitivity in the range 0-180 GeV) while the full line represents the
data obtained by the lead glass calorimeter. All three sets are for 287 GeV elec-
trons on 0.128 mm Ir (4.36% X0). Background has been subtracted from the data
sets but corrections for efficiencies have not been included. Data points where the
relative uncertainty exceeds 25% have been discarded. The dip in efficiency ob-
served for photon energies near 130 GeV is correlated with hits in the DC near the
anode-wire where the efficiency is low due to a poorer development of the elec-
tron avalanche in the chamber. Especially reassuring is the very good agreement
between tagging and calorimetry in absolute scale. Adapted from [HUB+04].
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Figure 5.8: A typical SSD spectrum, where the peaks in energy deposition cor-
responding to 1 and 3 minimum ionizing particles can be clearly identified near
channels 400 and 1200 [EKK+10]. For details, see chapter 19.

introduced was not excessive, Δt/X0 � 0.5%. An example of a SSD spectrum is
shown in figure 5.8, where the peaks in energy deposition corresponding to 1 and
3 minimum ionizing particles are clearly seen.

Targets

When the radiation emission is detected by means of calorimeters or tagging, it is
only sensitive to the energy lost by the projectile in the complete radiation process.
That means that if several photons are emitted during the passage of the particle
through the target, they are detected as if it is a single photon possessing the
summed energy. This ’pile-up’ artefact has a few complications connected: The
energy of the emitting particle is not known at the moment of emission, and the
true energy of the photon is likewise unknown at that instant. Therefore - unless
exactly these cascaded processes are the subject of study - the target thicknesses
must be chosen as an optimize between high yield and small pile-up. Typically a
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Figure 5.9: Multi-photon correction factor fm as a function of energy for Ir foils
of various relative thicknesses Δt/X0, based on [BK99, eq. (2.27)] (LPM) and
[BK99, eq. (2.11)] (BH). The division between the BH and LPM regimes is taken
as �ωc = 4πγ2�c/αX0 � 17.8 GeV for Ee = 200 GeV in Ir [BK99, eq. (2.14)].

target thickness of a few percent (effective) radiation length is a good choice, but
in some cases - in particular for crystalline targets - this is not achievable, either
due to lack of mechanical stability (in general, targets thinner than about 100 μm
tend to bend and/or become very sensitive to motion and temperature) or due to
limitations in the production process (e.g. for diamonds that cannot be produced
with thicknesses much beyond 1 mm).
Most theories only consider single-photon emission, but as mentioned, multi-

photon emission has a considerable effect on the photon spectrum, giving rise to
pile-up. In [BK99], Baier and Katkov have discussed multi-photon effects for soft
photons (y � 1) in various foil thickness regimes, and provide relatively compact
expressions useful for numerical estimates. The correction is described by a factor
fm(Δt, �ω), which is calculated from the single-photon emission probability in
either the BH or LPM regimes, the latter to be discussed shortly.
In figure 5.9 the multi-photon correction is plotted, based on [BK99, eqs. (2.11)

and (2.27)], valid in the BH and LPM regimes, respectively. As expected, the
correction to the single-photon expression depends very much on the total tar-
get thickness and the photon energy. As an example, the radiation level for a
Δt/X0 = 1% (corresponding to only 29 μm) thick Ir foil is 95% of the single-
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photon value at 1 GeV with Ee = 200 GeV electrons.
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Chapter 6

Landau-Pomeranchuk-Migdal
(LPM) effect

As it takes time for a charged particle to produce a photon, and if for some reason
the electron is influenced during this formation, the yield of photons may increase
as in the case of crystalline targets (see Part III) or it may be reduced, e.g. by
multiple scattering as discussed in the following. The formation length is thus
the basis of a reduction in emission probability, the Landau-Pomeranchuk-Migdal
(LPM) effect, [Mig56, Lan65] which arises from multiple scattering in the forma-
tion zone. It is a twist to the story of this effect that Landau, who as mentioned
was initially skeptical about the existence of the formation zone [Fei94], eventu-
ally laid name to an effect based on exactly this phenomenon.
Several experiments performed before 2000 have presented evidence for the

LPM effect, see e.g. [Kle99]. But only the SLAC experiment performed with 8
and 25 GeV electrons [ABSB+95, ABSB+96, ABSB+97] can be considered a truly
successful systematic study of the effect in amorphous targets. However, the high
energy limit, where quantum corrections to the LPM effect become important,
was not examined. In 2001, we performed an experiment at CERN to investigate
the LPM effect in the regime where the extension of the quantum effect and a
possible verification of the change of the effective radiation length could be ad-
dressed [HUB+03, HUB+04]. Even though such questions were not addressed in
the SLAC experimental this was a pioneering study in accuracy and coverage and
spurred a lot of theoretical interest e.g. to increase the accuracy of calculations1
[BKS98, BK99, BK00, Zak96b, Zak96a] and Delbrück scattering [BK01].
The effect may have a significant impact on the behaviour of air-showers in the

neighbourhood of the Greisen-Zatsepin-Kuz’min cut-off of high energy photons
[THH+98]. Furthermore, it may influence the emission of soft gluon radiation as a

1Many of which are highly sophisticated mathematical papers.

47
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QCD effect that parallels the effect in QED [Sør92, KP00, Zak05]. Finally, recent
analyses show that it is a relevant effect in connection with radiation from the so-
called electrosphere of strange stars [HC05], and it may be a contributing factor
in the observational distinction between neutron stars and strange stars [JGPP04],
such that perhaps even the SN 1987A remnant could turn out to be a quark star
[CCH+09].

6.1 Formation length and LPM effect
The length over which a particle statistically scatters an angle 1/γ in an amorphous
material due to multiple Coulomb scattering (MCS) is given by

lγ =
α

4π
X0 (6.1)

Loss of coherence during the formation time results in suppression if the elec-
tron scatters outside the emission cone of opening angle 1/γ. So if half (in the
convention of [Kle99]) the formation length exceeds the length lγ, the emission
probability decreases, i.e. the LPM effect starts to become significant at energies:

�ω
q
LPM =

E2

E + ELPM
(�ωcLPM =

E2

ELPM
) (6.2)

where
ELPM = mc2X0/4πa0 = 7.684 · X0 TeV/cm (6.3)

and a0 is the Bohr radius. The values in parenthesis denote the classical (recoil-
less) limit, where the momentum lost to the photon is insignificant compared to
the momentum of the electron. Thus, defining xq ≡ �ωcLPM/�ωqLPM = 1 + E/ELPM
a measure of the influence of the quantum effect is obtained. This correction
originates from the recoil, and so is of quantum nature.
We note that �ωLPM is roughly proportional to E2 at moderate energies which

is why electrons of 287 GeV affect the photon spectrum in a much wider range
than at the SLAC energies of 8 or 25 GeV. Moreover, for the latter the LPM ef-
fect is described with sufficient accuracy for all targets by use of �ωcLPM since e.g.
xq=1.02 for 25 GeV electrons in gold. This is barely detectable and justifiably ne-
glected by the SLAC group that quotes a 3.5% total systematic error. However, for
an Ir target at 287 GeV we get xq=1.27, a quantum correction which is significant.
The expected ‘threshold’ energies, �ωqLPM, calculated from eq. (6.2) for the

targets Ir, Ta, Cu and C at experimentally relevant energies are given in table 6.1.
The LPM cross section for bremsstrahlung is given by Migdal as [Mig56]:

dσLPM
d�ω

=
4αr2eξ(s)
3�ω

· (y2G(s) + 2
[
1 + (1 − y)2

]
φ(s))Z2 ln(184Z−1/3)

(6.4)
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287 207 149
Iridium 32 17 9.3
Tantalum 24 13 6.8
Copper 7.2 3.8 2.0
Carbon 0.44 0.23 0.12

Table 6.1: Theoretical values of �ωqLPM in GeV.

where G(s), φ(s) and ξ(s) are functions of

s =

√
ELPM�ω

8(E(E − �ω)ξ(s)) (6.5)

i.e. ξ(s) is given recursively, but can be well approximated, see e.g. [Kle99, SVS+82].
In the limit G(s) = φ(s) = 1 the Bethe-Heitler cross section, eq. (5.1), is obtained.
For large s ≤ 1, i.e. small suppression, the functions G(s) and φ(s) can be ap-
proximated as G(s) = 1 − 0.22/s4 and φ(s) = 1 − 0.012/s4. In figure 6.1 is shown
examples of the emitted power �ωdσ/dω for e− in gold, from the Migdal cross
section, eq. (6.4). Clearly, very high energies are required to achieve a substantial
suppression.
The second quantum effect besides that given by xq is due to a possible com-

pensation to the LPM effect. This additional effect could appear at high energies
as has been discussed by J.S. Bell [Bel58], based on a completely classical theory,
however. It leads to an enhancement at high photon energies that exactly compen-
sates the reduction of emitted power at low photon energies. Such a compensation
would leave the radiation length constant. It is thus not a priori a sign of changing
radiation length if the lower few percent of the radiation spectrum is suppressed.
On the other hand, Bell even expressed his own doubts: ‘However, the compen-
sating enhancement is in a region where classical theory is quite wrong, so that as
an essentially quantum effect the increase of penetrating power [...] may indeed
exist.’. In fact, his analysis is applicable for photon energies �ω/E ≈ 10−3γ, which
for the conditions of the experiments presented here, γ > 2.9 · 105, is evidently
meaningless.
In a more recent theoretical investigation of the variation of the radiation

length due to the LPM effect, Baier and Katkov [BK00, BK04] calculate the be-
haviour of the effective radiation length as a function of energy with inclusion
of the Coulomb correction. Their result [BK04, eqs. (2)-(5)] is not easily imple-
mented in a program, but they also provided a fairly compact expression for the
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Figure 6.1: The emitted power �ωdσ/dω for e− in gold, from the Migdal cross
section, eq. (6.4), per radiation length in g/cm2 and as a function of normalized
photon energy, ξ = �ω/E.

energy dependence given for E � Ee, that in the case of Ir is

1
X0(E)

=
1
XBM0

(
1 − 0.464 E

Ee
+ 0.045

E2

E2e
ln(
Ee
E
) + 1.492

E2

E2e

)
(6.6)

where XBM0 denotes the radiation length according to the Bethe-Maximon theory
of bremsstrahlung [BM54, DBM54] (equal to the Bethe-Heitler value, eq. (5.1)
with Coulomb correction, eq. (5.4)), 2.91 mm. Furthermore, Ee = 2.27 � ELPM =
2.247 TeV is a slightly differently defined expression for the energy at which LPM
effects become important.

Pair-production

Since pair-production can be considered the crossing-symmetry equivalent of pho-
ton emission, this process can be expected to be suppressed by the LPM mecha-
nism as well.
The LPM cross section for pair production according to Migdal [Mig56] is:

dσppLPM
dEe±

=
4αr2eξ(s̃)
3�ω

· (G(s̃) + 2
[ E2e±
�2ω2

+

(
1 − Ee±
�ω

)2]
φ(s̃))

(6.7)
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Figure 6.2: The reduction in bremsstrahlung emission, reflecting variation of the
effective radiation length as a function of the energy of the impinging electron in
Ir. The dotted line is based on an integration of the Migdal cross section, eq. (6.4),
the full line is based on [BK04, eqs. (2)-(5)] and the dashed line is according to
the approximate expression, eq. (6.6), applicable for E � Ee.

where G(s̃), φ(s̃) and ξ(s̃) are the same functions as for the bremsstrahlung case,
but with a different argument

s̃ =

√
ELPM�ω

8Ee±(�ω − Ee±)ξ(s̃)
(6.8)

Again, in the limitG(s̃) = φ(s̃) = 1 the Bethe-Heitler cross section is obtained. As
shown in figure 6.3, even energies as high as 1 TeV are hardly distinguishable from
the BH value, i.e. a measurement with photons derived from available electron
beams in amorphous targets requires extreme precision.
Thus, as the photon energy increases in the neighbourhood of and beyond

ELPM, symmetric pairs, for which the formation length is longest, get suppressed
first by the LPM mechanism. Therefore, an electromagnetic shower initiated by
e.g. a photon with an energy far beyond ELPM will develop in a manner quite
different from ordinary showers because the photon emission tends to favour high
photon energies and the pair production favours energetic electrons or positrons.
In figure 6.4 is shown the inverse of the effective radiation length as a function

of the energy of the projectile, for electrons and photons.
From these figures, it is seen that the LPM effect sets in approximately one

order of magnitude higher in energy for photons compared to electrons. This is
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Figure 6.3: The emission of pairs �ωdσ/dξ for photons in gold, from the Migdal
cross section, eq. (6.7), as a function of normalized lepton energy, η = Ee±/�ω
and normalized at η = 0.

not surprising, since the energy of the leptons in the pair created by photons of
a certain energy is necessarily smaller than the energy of the scattering particle
when the projectile is electrons of the same energy as the photon projectiles. Fur-
thermore, the significance of the effect as a function of energy is clearly seen. As
an example, for lead tungstate, relevant for calorimeters at some of the LHC ex-
periments [IBB+05], at 5 TeV the suppression reduces the total cross section for
radiation emission to 77%. However, such lepton energies are highly improbable
to be emitted in directions transverse to the beam at LHC, so the LPM effect for
pair production is unlikely to be experimentally verified in amorphous materials
in the near future, unless an extracted beam becomes available (for a crystal-based
suggestion in this direction, see [Ugg04b]). A possibility for its detection is nev-
ertheless possible already now in crystalline targets, see section 18.1.3.

6.2 Transition radiation
Upon penetration into a substance with refractive index nr a particle may emit
Cherenkov radiation if its velocity is greater than the local phase velocity of light.
Likewise, if it crosses suddenly from one medium to another with a different re-
fractive index, transition radiation may result, loosely speaking because the field
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Figure 6.4: The inverse of the effective radiation length as a function of the energy
of the impinging electron (upper figure) and photon (lower figure). The lines
are based on an integration of the Migdal cross sections, eq. (6.4) and eq. (6.7),
respectively, for the elements indicated. Lead tungstate, PbWO4, is the material
used e.g. for the calorimeter of CMS and the heavy-ion experiment ALICE, both
at the LHC [IBB+05].
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of the electron has to accomodate to the new environment. Both processes are
important for particle detection and identification, but they are not significant for
the energy loss by emission of radiation. Nevertheless, as mainly the latter has
some significance for a few of the discussed experiments, a cursory presentation
is given in the following.
For radiated frequencies significantly above the plasma frequencyω � ωp and

for β → 1, the Ginzburg-Frank formulas for the intensity of transition radiation
at the boundary between vacuum and a semi-infinite medium can be written as
[TM72, eq. (26.17’)]

dI
dθdω

=
2e2

πc
θ3
ω2

c2
(lv − lm)2 (6.9)

where lv � c/ω(1 − β2 + θ2) is the formation length in vacuum and lm � c/ω(1 −
εβ2 + θ2) is the formation length in the medium, θ being the observation angle
for the radiation with respect to the incoming beam. For radiation from a plate of
thickness Δt, this must be multiplied by the factor

4 sin2(
ωΔt
2c
(1 − v

c
√
ε cos(θ))) (6.10)

which for sufficiently thick plates Δt � 2c/ω averages to 2 due to the fast oscilla-
tion of the argument, i.e. there is non-interfering radiation emitted from the front
and rear of the plate. This condition translates into Δt � 4 Å/�ω[keV] which is
practically always fulfilled. An alternative expression for a singly charged, rela-
tivistic projectile is [Jac75]

dI
dνdη

=
e2γωp
πc
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2

(1 + η)2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(6.11)

where η = γ2θ2 is a normalized angular variable and ν = ω/γωp is a normalized
frequency. Clearly, emission beyond γ�ωp corresponding to ν > 1 is heavily
suppressed.

6.3 Dielectric suppression - the Ter-Mikaelian effect
In a medium with index of refraction, nr, the velocity c/nr replaces the photon
velocity c. By use of this replacement in eq. (4.5) and the index of refraction
expressed as nr = 1 − ω2p/2ω2, valid for ω � ωp, a modified formation length is
obtained

1
lfε

� ω

2γ2c
+
ω2p

2ωc
=
1
lf
+
1
ldf

(6.12)
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The inverse of the dielectric formation length, ldf = 2ωc/ω2p, becomes dominating
in eq. (6.12) for photon energies below the value

�ωd = γ�ωp (6.13)

Therefore - in close analogy with the density effect in ionization energy loss -
formation lengths beyond ldf are effectively cut off. Thus, for photon energies in
the regime below �ωd the photon yield is suppressed by the Ter-Mikaelian effect,
also known as dielectric suppression or the longitudinal density effect see e.g.
[TM72]. However, as plasma frequencies are of the order 50 eV/�, even electron
energies as high as 287 GeV in iridium lead to a suppression only below �ωd =86
MeV, i.e. practically irrelevant for most of the below described experiments.

6.4 CERN LPM Experiment
The CERN LPM experiment was performed in the H2 beam line of the CERN
SPS in a tertiary beam of electrons of a nominal energy which was variable in
the range 10-300 GeV, with a strongly energy-dependent intensity. A schematical
drawing of the setup is shown in figure 5.5. The incident electron beam was
defined by three scintillator counters, S1, S2 and S3 and the position and direction
of each electron was found from its impact on drift chambers both before, by DC1
and DC2, and after, by DC3 and/or DC4, a dipole magnet, B8. In front of S3 the
target of about 4% radiation length (X0) was placed. The magnet and the position
sensitive DCs enabled tagging of the photons emitted in the target and the photons
were finally energy analyzed in a lead glass detector. For the tagging, DC3 was
used for maximum acceptance while DC4 provided the optimum resolution for
low energy photons.
The expected cut-off energies calculated from eq. (6.2) for the targets Ir, Ta

and C are in GeV: �ωqLPM =58.8 (�ω
c
LPM =74.0), �ω

q
LPM =44.7 (�ω

c
LPM =53.0) and

�ω
q
LPM =1.0 (�ω

c
LPM =1.0), respectively. The corresponding values of xq are 1.27,

1.19 and 1.004. Thus, as the experiment was only sensitive to photon energies
above 2 GeV, we can consider the carbon target as a target without LPM effect
in the detected range. This enabled a normalization of the carbon spectrum to
the expected Bethe-Heitler value that compensates for pile-up (up to 20%) and
leakage from the calorimeter (less than 2%).

6.5 Results and discussion
In figures 6.5 is shown examples of counting spectra obtained for 287 GeV elec-
trons in the Ir, Ta and Cu targets where the empty target data has been subtracted.
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The lines denote least squares fits by use of eq. (6.4) for the two cases of 1) No
LPM suppression (indicated by ‘Bethe-Heitler’) and 2) including LPM suppres-
sion (indicated by ‘LPM’). In the first case, the fit is performed by forcing ELPM
to be more than 1 PeV and using data above 60 GeV only. In the second case, the
fit is performed with three free parameters, ELPM, E and Δt/X0 with E forced to
be within 0.5% of the nominal energy, 286.6 GeV.
A comparison between experimental values, the LPM suppressed spectrum

and the unsuppressed Bethe-Heitler type spectrum clearly shows the strong sup-
pression and its increase with increasing target charge and density. The overall
agreement between the experiment and the LPM spectrum is very satisfactory, al-
though at low photon energies the scale of the experimental values seems about
5% too low. The slight discrepancy at the highest photon energies where the cross
section (which is strictly valid only for γ → ∞) has a local maximum, is due to
the finite resolution of the lead glass which ‘smears’ the peak.

Contribution from target electrons and the Coulomb correction

We note that eq. (6.4) transforms into eq. (5.3) in the limit G(s) = φ(s) = 1 when
c(y) is neglected, by the substitution Z2Lrad → Z2(Lrad− f )+ZL′rad, corresponding to
a redefinition of the radiation length. This redefinition is possible since the energy
behaviour of terms proportional to Z and Z2 are equal in the complete screening
case. Disregarding the small correction c(y), the contribution from target electrons
(and the Coulomb correction f which amounts to 8% for Ir) is thus taken into
account by scaling, through the usage of Tsai’s tabulated values for X0.
Since the kinematics of scattering off electrons or nuclei are different, it is

possible that the term proportional to Z remains unsuppressed for energies where
the term proportional to Z2 is suppressed. Simulations where both terms are sup-
pressed and with suppression of only the nuclear term show that the difference
between these descriptions is small.

6.5.1 Determination of ELPM
To compare the experimental data with the predictions based on the theoretical
model outlined above and Montecarlo simulations, the LPM effect had to be in-
cluded in the GEANT code by modifying the subroutines which calculate the dif-
ferential and total bremsstrahlung cross section. The implementation in GEANT
was done by A. Mangiarotti, P. Sona and S. Ballestrero [MBSU08]. Eq. (6.4)
above (together with the approximations given in eqs. (73)-(77) of [Kle99]) was
used for the former. For the total cross section, in order to reduce the influence of
the 1/�ω factor in eq. (6.4), it proved very convenient to integrate numerically the
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Figure 6.5: Counting spectra, dNγ/dln(�ω), as a function of photon energy, �ω,
logarithmically binned and plotted on a logarithmic energy scale. The data points
are for a) 0.128 mm Ir (4.36% X0), b) 0.182 mm Ta (4.45% X0) and c) 0.629 mm
Cu (4.40% X0). The upper line is the best fit for photon energies above 60 GeV,
excluding the LPM effect (Bethe-Heitler) and the lower line is the best fit above 3
GeV by the LPM expression, eq. (6.4) (LPM). Adapted from [HUB+04].
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Figure 6.6: Experimental and theoretical values of ELPM as a function of nomi-
nal radiation length. Both statistical (wide error bars) and estimated systematic
uncertainties (narrow error bars) are shown. Adapted from [HUB+04].

difference between eq. (6.4) and the standard Bethe-Heitler expression and to add
the integral of the latter obtained analytically.
In order to determine an experimental value of ELPM we followed a minimum

chisquare procedure whereby, for every target and beam energy, a set of Monte-
carlo simulations for different values of this parameter were performed determin-
ing analytically, for each of the resulting histograms, the overall normalization
factor which best fitted the corresponding experimental histogram. The energy
resolution of the calorimeter was taken into account in the simulations.
According to the χ2-analyses, for Ir the agreement is good for all three ener-

gies, for Cu it is substantially worse, while for Ta the agreement is good for 287
GeV while being clearly poorer for lower energies.
The values found by the χ2 fitting procedure are given in table 6.2, including

an evaluation of the systematic uncertainties. Since the lower energy threshold
coincides with �ωqLPM for Cu at 149 GeV, the value of ELPM cannot be extracted in
this case.
Ignoring the term c(y) = (1 − y)(Z2 + Z)/9 in eq. (5.3) makes a small correc-

tion at low photon energies (1.7% correction for carbon and 2.4% for Ir) which,
however, would only make a minute impact on the evaluation of ELPM.
On the theoretical side, the application of the Migdal expression, eq. (6.4), is
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287 207 149 theory, eq. (6.3)
Iridium 2.2 ± 0.1 ± 0.2 1.9 ± 0.1 ± 0.3 2.1 ± 0.1 ± 0.3 2.247
Tantalum 2.5 ± 0.2 ± 0.3 2.3 ± 0.1 ± 0.4 2.1 ± 0.1 ± 0.5 3.143
Copper 7.4 ± 0.5 ± 2 7.5 ± 0.4 ± 2 - 11.06

Table 6.2: Experimental and theoretical values of ELPM in TeV for each energy (in
GeV) and each target. Both statistical and estimated systematic uncertainties are
given.

slightly doubtful when it comes to corrections on the few percent scale. Other,
more recent theories of e.g. Baier and Katkov [BKS98, BK99, BK00], include
Coulomb corrections directly in the expression for the spectral distribution of the
radiation probability [BKS98] as well as a correction term derived from an ex-
pansion of the electron propagator. This correction term is energy dependent and
not insignificant for 250 GeV electrons penetrating gold [BK00], peaking near
y � 0.1, i.e. in the main region of interest here. It increases the theoretically ex-
pected values near and below �ωqLPM and thus makes the agreement between the-
ory and data slightly poorer in all cases. It is emphasized that no re-normalization
of the target thicknesses has been performed, in contrast to the SLAC measure-
ments.
If an average of the experimentally determined values of ELPM is used to ex-

tract the coefficient of proportionality from eq. (6.3) the result is ELPM = 5.3 ±
0.3± 1.5X0 ·TeV/cm with statistical and estimated systematic errors, respectively.
This barely agrees with the expected value, 7.684 TeV/cm, from eq. (6.3).
Following these measurements, several groups applied their theory to the con-

ditions of the experiment. Zakharov [Zak03] found good agreement, with normal-
ization factors applying a few percent correction (reduction) to theory. Baier and
Katkov likewise found ’satisfactory’ agreement, although the experimental values
appear to be slightly low compared to theory [BK04].

6.5.2 Suppression and possible compensation

As discussed in [HUB+03], by integration of each of the two intervals split by
�ω

q
LPM we get suppression factors, ηlow and ηhigh (integral of the Bethe-Heitler

simulated spectrum divided by the data). As seen from table 6.3 the latter is clearly
consistent with 1 while the former indicates a strong suppression. Furthermore,
the same procedure applied to the upper 10 or 20% of the spectrum, η10/20, shows
no sign of a compensating effect - in fact the trend is the opposite. Inclusion of a
5% systematic uncertainty does not alter this conclusion.
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The possible compensation effect that could counteract the LPM suppression
discussed by J.S. Bell [Bel58] is thus not observed in the presented data.

Energy ηtotal ηlow ηhigh η20 η10

287 GeV 1.02 ± 0.09 1.27 ± 0.10 0.99 ± 0.08 1.00 ± 0.06 1.04 ± 0.06
207 GeV 1.02 ± 0.13 1.22 ± 0.09 1.00 ± 0.12 1.06 ± 0.11 1.10 ± 0.12
149 GeV 1.06 ± 0.07 1.20 ± 0.05 1.06 ± 0.07 1.14 ± 0.06 1.21 ± 0.07

Table 6.3: The suppression factors for Ir; see text for details.

The original observation that ‘The penetrability of electrons and positrons in-
creases when E > E0’ (where E0 is equal to ELPM in modern notation) [Lan65]
has thus been experimentally confirmed. Thus, as the energy of electrons is in-
creased in the neighbourhood of ELPM, the effective radiation length increases as
well. Furthermore, we observe that quantum effects are essential to describe the
phenomenon at high energies.
It is interesting to note that for photon energies near the Greisen-Zatsepin-

Kuz’min cut-off, the LPM effect is substantial, even for a substance as dilute as
the atmosphere. The LPM effect may have a significant impact on the interpre-
tation of signals from the Pierre Auger Observatory, detects cosmic rays of the
highest known energies [BBDC00]. At EeV-ZeV energies, the penetrability of
air-showers increases drastically since the LPM effect causes the photon to cre-
ate highly asymmetric pairs and the photon distribution to be peaked towards the
energy of the created lepton [Kle99]. Moreover, as discussed in connection with
future projects in chapter 24, there are indications that the theoretical descriptions
of the LPM effect in low-Z materials may be insufficient - clearly relevant for
a showers in the atmosphere. However, recent analyses essentially rule out the
existence of cosmic photons with energies near 1020 eV [RDF+06].
However, the LPM theory applies only to a semi-infinite target. For particle

energies of a few hundred GeV, the formation length of a few hundred MeV pho-
ton becomes more than 100 microns long. In this case, e.g. a 30 micron thick
target can clearly not be considered semi-infinite. This is the subject of the fol-
lowing 2 chapters.



Chapter 7

Very thin targets

To summarize from the above, in the bremsstrahlung emission from an energetic
positron or electron traversing a solid, there are four basic scales of length: The
radiation length, X0, the foil thickness, Δt, the formation length lf = 2γ2c(E −
�ω)/Eω and the ‘multiple scattering length’, lγ = α/4π · X0. Of these lengths,
the only one that depends on photon and particle energy is the formation length,
whereas the other lengths depend on the target material or shape. This chapter
concerns formation zone effects once the available target thickness Δt becomes
comparable to the multiple scattering length lγ which in turn is smaller than the
formation length lf , i.e. when lγ � Δt < lf . Theoretically, the target will then
act as a single scatterer and will produce radiation according to the unsuppressed
Bethe-Heitler mechanism, even though lf > lγ [SF98a]. However, when very
thin targets are used, it is necessary to use several foils simultaneously, to ob-
tain sufficient signal-to-noise ratio, since backgrounds from trigger scintillators,
vacuum-windows etc. are generally of the order a few % X0 in the CERN SPS
extracted beams. Thus, transition radiation may become of relevance. But since
the emission of ’standard’ transition radiation is limited to energies below γ�ωp,
where �ωp ∼ 50 eV, this type of emission is only relevant below ∼ 25 MeV, even
for the most energetic projectiles available, see also section 6.2. There is, how-
ever, a related phenomenon, the so-called multiple scattering dominated transition
radiation (MSDTR), which may give a significant contribution to the radiation in
the few-GeV region. Therefore, if very thin targets are used for calibration pur-
poses, e.g. to give a ’Bethe-Heitler standard’ for an efficiency calibration, foils of
low charge must be used to reduce multiple scattering.
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Figure 7.1: An illustration of the mechanism behind multiple scattering dominated
transition radiation.

7.1 Theory
The multiple scattering dominated transition radiation can be described with an
analogy to the mechanism giving rise to normal transition radiation. In the latter
case, the field of the electron must adjust from the configuration it has in vacuum
to the configuration it has in a polarizable medium, upon entry to the substance.
This polarization adjustment gives rise to radiation emission. Similarly, for multi-
ple scattering dominated transition radiation, the ’pancake’ field that an ultrarela-
tivistic particle possesses in vacuum - essentially perpendicular to the direction of
motion must be adjusted to an average over all the ’pancakes’ to which the direc-
tion of the multiple scattered particle is normal during the formation length, see
figure 7.1. This adjustment also leads to radiation emission.

7.1.1 Multiple scattering dominated transition radiation
Following the discussion in [TM72] there are two different regimes of emission
of transition radiation corresponding to the requirements E < E0 or E > E0 where
E0 � ωplγmc separates the two regions according to whether or not multiple scat-
tering is important. Here ωp is the plasma frequency yielding E0 �0.4 GeV for
Au where ωp � 80 eV. In the region E < E0 the number of photons emitted per
edge is given by the ‘standard’ expression (see e.g. [Jac75])

dN
d�ω

=
α

π�ω
[(1 +

2ω2

γ2ω2p
) ln (1 +

γ2ω2p

ω2
) − 2] (7.1)
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while in the region E > E0 the number of photons emitted per edge is given by

dN
d�ω

≈ α

π�ω
[ln (

1 +
√
1 + 4ωLPM/ω
2

) +
2

1 +
√
1 + 4ωLPM/ω

− 1] (7.2)

which is valid for �ω > γ�ωp and a not too thin foil.
These expressions approximately agree for energies smaller than � 0.1γ�ωp

corresponding to 2.8 MeV in Au. For an energy �ω = 5 GeV in 2μm Au, eq.
(7.1) multiplied by 2X0/Δt, i.e. normalized to thickness and taking entry and
exit edge into account, gives dN/d�ω = 10−11 GeV−1. For the same condi-
tions, eq. (7.2) gives dN/d�ω ≈ 0.34 GeV−1. Both conditions E > E0 and
�ω > γ�ωp are fulfilled by a reasonable margin. This can be compared with
an alternative treatment [Paf65] (see also [ABSB+97]) valid for photon energies
γ�ωp(γ�ωp/�ωLPM)1/3 < �ω � �ωLPM, corresponding to 4 MeV< �ω �11.5
GeV in Au

dN
d�ω

=
α

π�ω
ln (
2
3

√
�ωLPM

�ω
) (7.3)

which at �ω = 5 GeV yields dN/d�ω ≈ 0.019 GeV−1. In fact, [Paf65] shows eq.
(7.2) with different numerical coefficients yielding a lower result dN/d�ω ≈ 0.22
GeV−1. Thus, it is not unreasonable to expect that eq. (7.2) - which is anyway
only approximate - may overestimate the yield of transition radiation.
A more recent theory of the multiple scattering dominated transition radiation

is provided by Baier and Katkov [BKS98]. Although rather compact, their expres-
sion (eq. (4.9) [BKS98]) requires the definition of a number of auxiliary variables,
and the reader is refered to the original publication for details. The yield is about
a factor 2 higher than that given by eq. (7.2).
In any case, the analysis shows that transition radiation dominated by multiple

scattering may be a necessary ingredient in the description for targets of many
layers and heavy elements.

7.2 MSDTR Experiment
This experiment was performed in the H4 beam line of the CERN SPS using a
tertiary beam of positrons with an energy of 178 GeV. The reason for choosing
positrons in this case is based on the design of the beam delivery system from the
SPS. The tertiary beam for H4 is produced from the same target, T2, as used for
H2, and the choice of polarity (positively or negatively charged particles) in the
neighbouring beamline gives constraints on the purity and intensity for particles
of the same sign of charge. Thus, in this particular case, positrons were chosen.
Due to the presence of scintillator and air in parts of the beam-line, the back-

ground corresponded to about 3% X0. Since a gold target of thickness comparable
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to lγ must be of the order 2 μm (0.06% X0) thick, a stacking technique was used to
achieve a sufficient signal-to-background ratio, while maintaining a fixed distance
between each pair of Au foils. The resulting so-called ‘sandwich’-target consisted
of 53 layers of 2 μm Au, interspersed with 30 μm of Low-Density-PolyEthylene
(LDPE) mounted in a holder with an open area of 12 × 12 mm2. Since the radia-
tion length of LDPE is about 350 mm, corresponding to a total of 0.4% X0 in the
‘sandwich’-target, the influence of the extra material is marginal and the LDPE
can to a first approximation be treated as air-gaps. The background measured
with an empty target was subtracted from the data.

7.3 Results
In figure 7.2 is shown a power-spectrum, focusing on the region below �ω = 20
GeV, compared to simulated values based on the nominal value for ELPM (LPM)
and ELPM set to 109 GeV (Bethe-Heitler). The measured values shown here have
been adjusted by a factor 1.2 to improve the agreement with the simulated values,
since the overall scale of the experiment is slightly low compared to the simula-
tion. For lower photon energies, there is a clear tendency to exceed the simulated
values including the LPM effect, and the experimental points even exceed the
Bethe-Heitler values.
The excess compared to the Bethe-Heitler value is likely to be partly due to

the multiple scattering transition radiation. Replacing the coefficient 4 in eq. (7.2)
by 1 and reducing the yield by a factor 3 gives a tendency in the right direction
to match the excess appearing in figure 7.2, while the theory of Baier and Katkov
comes reasonably close to the excess without adjustments.
The ‘transition region’ from the LPM effect back to the Bethe-Heitler mecha-

nism as the target thickness is lowered, is around 4-5 GeV for a target of thickness
comparable to lγ � 2 μm. This photon energy corresponds to a formation length
of about 10 μm. It is unlikely that the effect is due to transition radiation alone
since this contribution is reduced by more than a factor 5 going from a 2 μm thick
target to a 10 μm thick target which was also investigated. Finally it should be
mentioned that the simple, but approximate form for lγ as equal to α/4π · X0 em-
ployed here, probably is too inaccurate for a detailed theoretical description of the
phenomenon. Modifications of the expected scattering angle distributions as from
e.g. [ADt08] may lead to slightly different results for the onset of the TSF effect.
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Figure 7.2: Normalized bremsstrahlung power-spectrum, �ωdN/d�ω · X0/Δt, for
178 GeV positrons on 53 layers of 2 μm Au with 30 μm LDPE spacers. The
vertical scale is normalized to the number of incoming positrons and the thickness
in units of the radiation length. The filled squares represent 1.2 times the measured
values, the dashed line the simulated values including the LPM effect and the
full line the simulated values for the Bethe-Heitler mechanism. The dash-dotted
and dotted lines show the Bethe-Heitler value plus the contribution from multiple
scattering dominated transition radiation according to [BKS98, eq. (4.9)] and the
modified eq. (7.2), respectively, as described in the text. Adapted from [jKB+05].
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Chapter 8

Ternovskii-Shul’ga-Fomin (TSF)
effect

Since the formation length for radiation emission from an electron of a certain
energy increases with decreasing photon frequency, below a particular photon en-
ergy, the formation zone extends beyond the thickness of the foil. Alternatively,
for fixed photon energy, one may use thin foils lγ ≤ Δt ≤ lf . In this case, the ra-
diation yield also becomes suppressed by the LPM effect, but that suppression is
’lifted’, due to the lack of multiple scattering in the last part of the formation zone.
The radiated intensity in the intermediate regime between BH and LPM becomes
a logarithmic function of the thickness, as explained in the following.

8.1 Theory
Theoretical studies of this effect were first performed by Ternovskii [Ter60] and
later extended by Shul’ga and Fomin [SF78, FS86, SF96, SF98b, SF98a], fol-
lowed by Blankenbecler and Drell [BD96] based on their eikonal approximation
to beamstrahlung phenomena, and by Baier and Katkov [BKS98]. These ap-
proaches give almost identical results concerning radiation emission from a thin
foil. The situation of thin targets was previously considered in connection with ex-
perimental investigations of the LPM effect at SLAC [ABSB+97] where it turned
out [SF96], that edge effects were important, see also [TEK+09]. These experi-
ments, however, did not establish the thickness dependence directly, but showed
good agreement as a function of photon energy, for one thickness, with the men-
tioned theories supporting logarithmic thickness dependence. The phenomenon is
also of substantial interest in QCD [KST99] with the appearance of gluon brems-
strahlung from a quark propagating through a nucleus, clearly a target of limited
extent. Emission from a thin target may also be relevant in the radiation from the
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≈ 10−12 m thick electrosphere of hypothetical strange stars, where the standard
LPM theory hitherto applied [JGPP04] must be modified.
As to the extent of the effect, the analysis of Shul’ga and Fomin is applicable

for target thicknesses lγ < Δx < lf , see e.g. [SF98a]. Therefore, by use of eq.
(4.15) and setting Δx = lf/kf the effect appears for photon energies

�ωTSF =
E

1 +
kfΔx
2γ�c

(8.1)

where kf , expressing the factor by which the target extent is smaller than the
formation length, must be larger than 1. The ’threshold’ of the effect is lo-
cated at kf = 1, i.e. when the target extent is equal to the formation length, for
E/(1 + Δx/2γ�c).
The magnitude of the effect is evaluated from the averaged radiation spectrum

[SF98a]
<
dE
dω

>� 2α
π
(ln(
Δx
lγ
) − 1) (8.2)

and since for the Bethe-Heitler case < dE
dω >= 4Δx/3X0, the suppression factor, κ,

can conveniently be expressed as

κ � kγ
6(ln kγ − 1)

(8.3)

where Δx = kγlγ with kγ as the factor by which the target extent is larger than the
multiple scattering length, i.e. the theory is only valid for kγ ≥ 1. As an example,
for Δx = 4.4%X0 and E = 287 GeV, kγ = 0.044 ·4π/α � 76 yielding a suppression
κ = 3.8, but for photon energies lower than �ωTSF = 0.9 GeV in Ir and 0.2 GeV in
Cu, lower than the detection limit of the lead glass calorimeter, but in the sensitive
range for the BGO.

8.1.1 Logarithmic thickness dependence
As for example shown by Shul’ga and Fomin, the radiated intensity in the in-
termediate regime between BH and LPM becomes a logarithmic function of the
thickness. However, their expression [SF98a, eq. (4.9)] is rather complex:

〈dE
dω

〉 = 2e
2

π

E − �ω
E

[F0(a) +
1
B
F1(a) − 1] (8.4)

where
Fn(a) =

4
a2

∫ ∞

0

2ξ2 + 1√
ξ2 + 1

ln(ξ +
√
ξ2 + 1) f (n)(

2ξ
a
) (8.5)
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and the angular distribution function

f (0)(ϑ) = 2 exp(−ϑ2/ϑ2), f (1)(ϑ) =
∫ ∞

0
ηJ0(η

ϑ√
ϑ
2
)
η2

4
ln(
η2

4
) exp(−η

2

4
)dη

(8.6)
(and a similar additional expression taking recoil into account in [SF98b] which,
as expected, is negligible for �ω � E) with a2θ = γ2ϑ

2
as the scattering variable,

ϑ
2
being the mean square angle of multiple scattering and J0(x) is the Bessel

function of order 0.
In the limit of aθ � 1 equation (8.4) tends to

〈dE
dω

〉 = 2e
2

π
[(ln(a2θ) −C)(1 +

2
a2
θ

) +
2
a2
θ

+
C
B
] − 1 (8.7)

with C = 0.577..., Euler’s constant and B is given recursively from B − ln(B) =
ln(χ2c/χ2a) + 1 − 2C, with χc = 4πnδtZ22e4/(pv)2 and χa = �/paTF so eq. (8.7) does
not converge appropriately to the Bethe-Heitler limit as δt → 0. This is perhaps
one reason why they write ”We draw attention to the fact, that taking into account
only a logarithmic term in Eq. (28) leads to absurd results on the analysis of the
experimental data ...” [SF98b]. Equation (8.4) has been derived, however, for
thicknesses large compared to the mean free path of the particle in the medium,
so it cannot be expected to perform well as δt → 0.
Instead, based on the physical argument of proper convergence in the limit of

δt → 0, given that the thickness dependence is (natural) logarithmic, the simplest
function describing the intensity is a ln(bt + 1) where t = Δt/X0 is the thickness
in units of radiation length, and a and b are parameters where a · b is equal to the
constant BH level of emission power, and b is the inverse of the thickness in units
of radiation length at which the radiation per unit thickness has dropped to ln 2 of
the BH value.
This results in the simplest logarithmic thickness dependent power spectrum

per electron being given as

1
Ne

dNγ
d ln �ω 1

=
a
X0

× ln(b × δt + 1)
b

(8.8)

which for N foils and normalized to total thickness becomes
X0
Δt
1
Ne

dNγ
d ln �ωN

= N × a
Δt
× ln(b × 〈δt〉 + 1)

b
= a × ln(b × 〈δt〉 + 1)

b × 〈δt〉 (8.9)

where the subscripts indicate the number of independent foils in question.
In the experiment, the targets were composed of N foils of thickness δt for

practical reasons – essentially a necessary minimal signal-to-noise ratio – and
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Figure 8.1: The figure shows the electric field lines shortly after the electron has
scattered twice. As seen from a comparison of one of the field lines (indicated by
the thick red line) here and in figure 4.2, the rapid succession of scattering events
may lead to closely spaced tangential component field lines pointing in opposite
directions. To the observer, these field lines cancel each other for low frequencies.

with a distance between neighbouring foils of more than the maximum accepted
formation length value, thus each sub-target acting independently. The total thick-
ness is given by Δt =

∑
δt = N〈δt〉.

The logarithmic expression has been shown1 to be the major component of the
theory of Blankenbecler for thin foils [Bla97], from which the value of b equal to

bB = 2π/3αX0 � 287/X0 (8.10)

is found. The simple logarithmic expression closely approximates (accuracy of a
few percent) the much more complex theoretical expression, eq. (8.4), while at
the same time being correct for δt → 0. So both simplicity of description and
an increase in the range of applicability is gained by use of eq. (8.9) compared to
equation (8.4).
In figure 8.1 is shown another electric field line picture, generated as for figure

4.2, but improved to allow for two scattering events in close succession. Due to
the distortion of the field lines, a subsequent scattering event may lead to closely

1By H.D. Thomsen, see [TEA+10, App. A].
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spaced tangential component field lines pointing in opposite directions. From
general arguments of Fourier decomposition, the low frequency component of
the radiation passing the observer - the one with the longest separation in time
- will therefore contain field vectors that suffer mutual cancellation. Thus the
radiation intensity per unit length for two scattering events in close succession
may be suppressed at low frequencies. This illustrates the suppression mechanism
believed to be relevant.
In [BK98], Baier and Katkov also derive an expression displaying logarithmic

thickness dependence. Their spectral distribution is given as

dwth
dω
=

α

πω
(r1 + r2J) (8.11)

where r1 = (�ω/E)2, r2 = 1 + (E − �ω)2/E2 and in the limit where the impact
parameters in units of the Compton wavelength � are small, J explicitly shows the
logarithmic function

J = (1 +
1
2k
)(ln(4k) −C) + 1

2k
− 1 + C

Lt
(8.12)

with C = 0.577... Euler’s constant k = Δt f · πZ22α2nLt�2c2/m2 is a dimension-
less thickness, Lt = 4a2s2/�

2
c�
2
t − 2C, as2 = as exp(1/2 − f ) the screening distance

including Coulomb corrections, eq. (5.4), as = 0.81a0Z−1/32 being the usual screen-
ing distance, and �t denotes the lower limit of normalized impact parameter values
which contribute to the integral. However, the limit of sufficiently small impact
parameters is inapplicable for very thin targets, such that the more complete ex-
pression for J must be used [BK98, eq. (5.11)]

J = J1 + J2

J1 = 2
∫ ∞

0
K21(�)[1 − exp(−k�2)]�d�

J2 = −2k
Lt

∫ ∞

0
K21(�) exp(−k�2) ln(

�2

�2t
)�3d� (8.13)

from which, however, the logarithmic dependence on thickness is not explicitly
given.

8.2 Results
A few examples - taken from [TEA+10] - are shown in figure 8.2. Loosely speak-
ing, the horizontal scale is an expression of the number of interactions and the
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vertical scale the radiation level per interaction. Therefore, as the number of in-
teractions increases, the radiation emission per interaction drops logarithmically
from the BH level to the LPM level.
As seen from figure 8.2, the measurements are in very good agreement with

the theories of Blankenbecler and Shul’ga and Fomin, although the former does
not converge completely to the LPM limit for high photon energies and large
thicknesses. The (asymptotic approximation to the) theory of Baier and Katkov,
however, shows some discrepancy, in particular on the slope. Furthermore, as
shown in detail in [TEA+10], the value of b extracted from the least-squares fit is
in good agreement with bB from eq. (8.10).
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Figure 8.2: The normalized power spectrum level as a function of the indepen-
dent foil thickness 〈δt〉 in units of X0, in the different photon energy bins with the
centroid value given. With squares (error bars denoting the statistical uncertainty
only) are shown the measured values. The data point at δt = 3 · 10−4 is for the
80 × 25 μm Al foil. The horizontal lines are the GEANT3 simulated values for
100 μm Ta according to Bethe-Heitler (long-dashed line) and LPM theory (dot-
ted line). The falling curves are calculations of the logarithmic dependence of
intensity on thickness (which decreases when divided by the thickness) following
[SF98b] (long-dashed), [BK98] (dot-dashed), [BD96] (dash-dot-dotted) and the
function in equation (8.9) (full). Adapted from [TEA+10].
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Chapter 9

King-Perkins-Chudakov (KPC)
effect

In 2004, published in [VTU+08], we investigated the reduced energy deposition
from a positron-electron pair in the vicinity of their creation point. This reduction
is due to the internal screening of charges, the so-called King-Perkins-Chudakov
effect [Chu55, Per55]. Historically, the effect has typically been known only as
the Chudakov effect, although it was actually first discovered experimentally by
D. Perkins following a proposition by D. King, at about the same time as the
first theoretical treatment by Chudakov [Chu55], see [Per08]. As for many of the
other effects investigated, the effect has an analogue in QCD, here known as color
transparency [FMS94, Pia09].

9.1 Introduction to the KPC effect
As stated in the introduction of the classical calculation of Chudakov: ”The ex-
pected effect consists of a decrease in the ionization (compared to the double
relativistic value) along those parts of the path where the distance between the
positron and the electron is less than the range of their interaction with the elec-
trons of the medium. This decrease in ionization is associated with the fact that
the field of a pair of opposite charges drops off at long ranges much more rapidly
than the field of a single charge.” [Chu55]. In the following, this observation is
treated in somewhat more detail.
For ionization energy loss of a relativistic electron, the expression without the

density effect is given as [Jac75]

(
dE
dx

)
b>a

�
e2ω2p
c2

ln(
1.123γc
a〈ω〉 ) (9.1)

75
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with b as the impact parameter, a of the order atomic dimensions and 〈ω〉 the
geometric mean of oscillator strength weighted atomic frequencies. Including the
density effect, the expression is modified to

(
dE
dx

)
b>a

�
e2ω2p
c2

ln(
1.123c
aωp

) (9.2)

i.e. effectively a replacement 〈ω〉 → γωp. Since the argument of the logarithm
originates from an integral from bmin to bmax, the inclusion of the density effect
effectively corresponds to a replacement of the maximum impact parameter bmax =
γv/〈ω〉 by bmax = v/ωp.
Therefore, in a dense medium, a considerable contribution to the ionization

energy loss originates from transverse distances, bq � v/ωp. If a penetrating
assembly of separate charges are internally spaced less than this distance, the
ionization is influenced by interference terms from the charges. This can be the
case e.g. for an energetic hydrogen molecule that is stripped upon entry to the
substance [SST94]. Of more relevance in the present context, the KPC effect is
present for a created electron-positron pair where - in the vicinity of the vertex -
each participating charge screens the charge of the other as seen from the relevant
distance bq in the medium.
Let us consider such a pair: In the comoving system, the created pair is emitted

back-to-back. When applying the Lorentz transformation of angles to go to the
laboratory system, the created electron and positron appear with an approximate
angle of 1/γ = mc2/Ee± � 2mc2/�ω to the photon momentum �k. Thus, defining
η± = Ee±/�ω and γp = �ω/mc2 we get an opening angle of the pair

φ � 1/γp(η−(1 − η−)) (9.3)

the so-called Borsellino angle [Bor53].
Under the assumption that the created pair moves in a straight line after cre-

ation, the only angle that contributes to the separation is the emission angle �
1/γp, resulting in an opening angle of the pair � 4mc2/�ω. Thus, after having
traversed a distance given by

ls � β�ω

4mcωp
(9.4)

the pair from a photon of energy �ω would be separated by bq = v/ωp. We note
that bq is larger than the reduced Compton wavelength �c = �/mc - the transverse
separation beyond which the pair can be considered created, see eq. (4.18) - by a
factor mc2/�ωp � 104. Thus, the characteristic length scale for the pair formation
zone is negligible in comparison to the length relevant for the Chudakov effect,
i.e. the pair is real, but its charges are screening each other.
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The original calculation by Chudakov [Chu55] has the benefit of providing a
very compact expression for the relative ionization loss R of the pair with respect
to two separate particles

R =
ln(

s
rmin
)

ln(
rmax
rmin
)

(9.5)

valid for s = ϑx ≤ 0.6rmax with rmin = �c and rmax = c/ωp, where the angle of
divergence of the pair is ϑ and x is the distance from the creation vertex. The
energy is found approximately as E ∼ 4mc2/ϑ (in [Chu55] there is a misprint of
an additional factor π).
In figure 9.1 is shown the first measurements, based on tracks in emulsions,

performed by Perkins [Per55]. The experimental values are compared with the
Chudakov calculation, based on eq. (9.5), and a calculation by Burkhardt [Bur58]
(who was inspired to perform the calculations by his supervisor Dalitz who knew
of the measurement from Perkins [Per08]). The calculation of Burkhardt is based
upon treating the two particles as wavepackets - one for the centre of mass and
one for the internal separation, propagating with a small angle of divergence. The
result is very similar to the classical treatment, as expected by Chudakov from
arguments of the dominance of large impact parameter collisions for the effect:
”There is no reason to suppose, therefore, that quantum-mechanical treatment
will substantially alter the obtained result” [Chu55]. As seen in figure 9.1, there
is a clear effect of reduction in energy deposition at small distances, but the statis-
tical errors do not allow a more precise conclusion. Moreover, the energy of the
pair is typically determined experimentally from the opening angle or the ’blob
density’ - with substantial uncertainty (see below) at high energies - and not by
calorimetry. The theory not tending towards 1 at large distances has not been
commented by Burkhardt who also neglected measured points at higher distances
with R consistent with 1.
The mutual screening results in a reduced restricted energy loss at distances

smaller than about ls � 45 μm from the creation vertex (using �ωp ∼ 30 eV as the
plasma frequency), showing the originally expected logarithmic dependence on
separation [Per55]. The energy loss thus diminishes close to the creation point if
the created pair is sufficiently energetic γp � 1 and therefore forward directed φ ∼
1/γp. This is the KPC (or so-called Chudakov) effect. In a sense, the KPC effect
is the pair production analogue of the more familiar density effect in radiation
emission.
A closely related effect - both to the density effect [Jac75, 13.5] and the KPC

effect - has been calculated for Cherenkov radiation emission from e+e− pairs
in the vicinity of the creation point [GIIP96, MKJ05]. This internal screening
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Figure 9.1: The relative energy deposition R determined from the ’blob density’
(total number of resolvable gaps per unit length) as a function of distance to the
pair creation point. The experimental data are taken from [Bur58, Table 1], orig-
inating from [Per55], the theoretical curves from [Bur58, eq. (6.4)] and the Chu-
dakov calculation based on eq. (9.5), both calculated at 180 GeV.

effect may affect decisively the behaviour of the Cherenkov emission in neutrino-
induced electromagnetic showers. This is particularly interesting in the context
of the IceCube experiment at Antarctica [AAtC10], where e.g. neutrino-induced
showers will be detected by Cherenkov emission in the unusually transparent ice
present at large depths. A similar reduction may apply in the case of vacuum-
assisted photo-ionization [BS06], where the created pair that knocks out the elec-
tron may suffer internal screening, leading to a reduced photo-ionization cross
section compared to the case where internal screening is neglected. Finally, the
radiation emission from relativistic positronium may be influenced by screening
effects, depending on emission frequency [j06].
The result from the destructive interference term from the opposite charges is a

modified (restricted) energy loss of the pair which in the approach of Berestetskii
and Geshkenbain becomes [BG57, AS96]

dE±
dt
= 2

α�ω2p

β
[ln(

√
2mc2Tcut/max
�ωp

) − K0(
sωp
βc
)] (9.6)

where the first term corresponds to the usual restricted energy loss of two separate
charges e±, and the second term is due to interference. Here, K0(x) is the mod-
ified Bessel function of the second kind with order zero and s is the transverse
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separation of the pair. For relativistic particles and to order 1/γ2 the distance
between the e+ and e− is Δz � (1/γ1 + 1/γ2)ct in the transverse direction and
Δx � (1/2γ21 − 1/2γ22)ct in the direction of propagation of the photon, resulting in
Δx/Δz � (γ2−γ1)/2γ1γ2. The transverse separation therefore exceeds the longitu-
dinal separation by at least a factor γ, so the latter is usually neglected. However,
due to the Lorentz-contraction, the transverse extent of the electric fields exceeds
that of the longitudinal by a factor γ, so there may result interference from a term
stemming from the longitudinal separation as well. Other calculations include the
classical by Yekutieli [Yek57] - very similar to eq. (9.6) - and the semi-classical
(Weizsäcker-Williams) approach of Mito and Ezawa [Mit57], in agreement with
Chudakov’s for small separations.
For small separations s the modified Bessel function can be approximated by

K0(x) � ln(1/x) which results in

dE±
dt

� 2
α�ω2p

β
[ln(s

√
2mc2Tcut)] (9.7)

at small distances from the vertex. For large separations the modified Bessel func-
tion tends exponentially to zero, corresponding to loss of effective internal screen-
ing, and twice the standard expression for the stopping power for a single charge
at high speed in a Fermi gas, see e.g. [Sig06, eq. (5.165)], is retrieved from eq.
(9.6).
Wolter and Miesowicz also measured the reduction for a single event with an

estimated lower limit of energy 100 GeV and found - within the rather large un-
certainties of e.g. a factor 10 in admissible angle - reasonable agreement with the
theory of Chudakov [WM56]. In figure 9.2 is shown some slightly more recent
measurements by Iwadare [Iwa58], also based on tracks in emulsions. The agree-
ment between theory and experiment is generally good, although the assignment
of energy to a specific pair event is connected with systematic errors - depending
on the chosen method - of up to a factor 5 [Iwa58, Fig. 4].
As shown above, previous measurements were performed using cosmic rays,

where the energy was determined by indirect methods and with substantial un-
certainty. For more precise measurements with pairs of known energy, the KPC
effect must be investigated in an accelerator-based beam. There existed one pre-
vious proposal - in this connection [SST94] does not qualify as a proposal - for
a measurement in an accelerator environment [Zie85], but this proposal neglects
the inherent noise contribution from thin solid-state detectors, originating from
the capacitance.
The typical noise in a standard (but state-of-the-art) solid state detector de-

pends on thickness x and area A since the capacitance of the detector varies
roughly as 100pF/mm2/x[μm], see the insert in figure 9.3. A typical connection
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Figure 9.2: Measurements of the ionization versus the distance from the origin,
normalized to 1 at large distances. The points have been extracted from [Iwa58,
Fig. 1]. The theoretical curves are based on eq. (9.6) for the average energies of
the data points Ec = 138 GeV (full line, filled squares), Ec = 425 GeV (dashed
line, open circles) and Ec = 1450 GeV (dash-dotted line, stars).

cable has 45 pF/m and the half-width of the restricted energy loss distribution is
50 eV/μm·x. The restricted, most probable energy loss (MPEL) is �210 eV/μm
in a thin silicon detector of thickness �10 μm [BBP+87]. With available beams
of � 100 GeV photons, the relevant distances are � 100 μm to achieve a signif-
icant suppression according to equation (9.6). A thickness � 20 μm of both the
conversion target and the detector itself is thus required to establish the condition
that conversion takes place at a known distance (on the scale of � 100 μm) and
is unlikely to happen within the detector itself. If the latter happens, the pair that
is created at e.g. halfway through the detector, will only deposit half the expected
energy - even in the absence of the KPC effect - and therefore the behaviour of
the signal will mimick the searched effect. On the other hand, a detector thickness
� 10 μm is required to obtain a measureable signal (restricted energy loss larger
than noise) and a reasonable efficiency. This results in a slightly arbitrary detector
thickness of 10 μm which in turn sets the detector capacitance to 10 pF/mm2. To
get minimum noise, one obtains a maximum admissible area of the detector of 10
mm2, see figure 9.3, i.e. barely 4 mm in diameter. More realistically, for a detector
of thickness 10 μm and a detector area � 3 mm2, the noise is � 2 keV, to be com-
pared to the signal per penetrating lepton which is 2.1 keV. Typical beams at the
CERN SPS are a factor ≈1000 larger in area, which means that using a ’standard’
solid state detector results in a very inefficient use of the beam, taking into account
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Figure 9.3: Connections between noise, thickness and area for state-of-the-art
SSDs. Adapted from [Ort].

the noise. So the above mentioned proposal was not considered a viable route.

9.2 KPC Experiment
In our ’proof-of-principle’ experiment, instead of a standard solid state detector,
we used a CCD detector (E2V CCD77-00-358) with an active layer thickness of
16 μm, 512×512 pixels, removable window and a sensitive area of 12.3 mm ×
12.3 mm, thus making efficient use of the relatively large tertiary beam at CERN.
By grouping the columns, i.e. reading the CCD in 512 rows only, read-out time
could be reduced to less than 10 ms, allowing for detection on an event-by-event
basis1. Clearly, according to eq. (9.4), small plasma frequencies are preferable
for the measuring medium, as e.g. in a silicon based CCD detector. On the other
hand, since pair creation is roughly proportional to Z22 it is advantageous to use
high-Z materials for the pair creation, of which gold is a good choice because
of its structural properties. The experiment was therefore performed with two

1I have since 1992 had the pleasure of working at CERN with Per B. Christensen, an extremely
skilled electronics technician, who also developed the electronics for the CCD read-out.
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conversion-foils of gold, kept at fixed distances to the detector, by means of thin
mylar foils used as spacers. An additional experiment, using a single foil of gold,
with a small angle of inclination to the CCD-surface was also performed. In that
case, the distance to the CCD surface was at one end of � 100 μm and � 6 μm at
the other end, and in combination with the simultaneous position read-out in that
direction, this arrangement was intended to lead to a very precise measurement.
However, mechanical tolerances and poor statistics as a result of lack of beam
time prevented a meaningful result for the latter setup.
With the CERN SPS H4 beam of � 104 178 GeV electrons per second during

the 2.4 second long burst approximately 4 times a minute, the measurement was
done by use of a thin radiation target (4.4% X0, ensuring ’single photon condi-
tions’), and a trigger based on the detection of a pair generated in the 20 μm thick
Au target (0.6% X0, 35 times more probable than within the CCD). The choice of
a 20 μm thick gold conversion target was a good compromise between knowing
the exact distance at which the pair is produced and the multiple scattering it intro-
duces (favouring thin foils and low Z) and high conversion probability (favouring
thick foils and high Z). A schematic setup is shown in figure 9.4. In short, the
electron beam first passed a scintillator with a Ø 9 mm hole (ScH) that defined
the beam, then the 0.125 mm thick Ir foil used to produce photons (R, Ir was cho-
sen to optimize the fraction of high energy photons utilizing the LPM effect) and
was finally deflected in the magnetic dipole (B16) through a helium vessel (He).
The produced photons passed (B16) and (He), after which a veto-scintillator (ScV)
with a minimal dead layer discarded events where the photon had converted up-
stream the vacuum chamber in which the CCD was located, see also figure 9.5.
The entry and exit windows of the vacuum chamber were 22 μm thick aluminized
mylar and on the downstream side, the trigger scintillator (ScT) contributed to the
start of data-taking if � 1.5 minimum ionizing particles were detected. Finally,
the photon and/or pair energy was determined from the downstream lead glass
calorimeter (LG).
In the upper part of the CCD, see figure 9.5, the sequence of foils in the di-

rection of the beam was (A): 20 μm Au, 100 μm mylar and 6 μm mylar; in the
central part (B): 100 μmmylar and 6 μmmylar; and in the lower part (C): 100 μm
mylar, 20 μm Au and 6 μm mylar. Since the CCD was read out as a function of
the 512 available vertical positions (grouping the 512 horizontal channels in each
case), the effective distance to the conversion vertex was given as 116± 10 μm for
the upper channels (Au2) and 16 ± 10 μm for the lower channels (Au1), while the
central part measured the background. In each case, and for each photon energy
bin, a fit by a Landau distribution was performed to find the most probable energy
loss (MPEL), i.e. the location of the peak of the distribution.
The uniformity of the response of the CCD detector and read-out was inves-

tigated by use of an undeflected beam of electrons traversing the detector, thus
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Figure 9.4: Schematic setup of the KPC experiment at CERN. For details, see
text. From [VTU+08].

Figure 9.5: A photograph of the CCD setup inside the vacuum chamber. To reduce
dark current, the CCD was cooled to � 200 K by thermal contact to a liquid
nitrogen reservoir through the Cu-blocks shown. From [VTU+08].

giving rise to a restricted energy loss distribution with a MPEL corresponding to
only a single charged particle. A comparison of the response in the CCD areas
(A), (B) and (C) described above show an excellent uniformity with MPEL(A) =
(1.01 ± 0.03)MPEL(B) = (0.99 ± 0.03)MPEL(C). Moreover, it is possible to com-
pare the MPEL in section (A) for the pairs generated at an average distance of
116 μm to the CCD, MPEL(A,2e) to the energy loss of the single charged particle in
the same section and for the same energy, MPEL(A,e), obtained with B16 off. This
ratio is somewhat lower than two, MPEL(A,2e) = 1.62 ± 0.08MPEL(A,e) and we
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have corrected for this systematic error by multiplying the data points by 2/1.62,
forcing the ratio MPEL(A,2e)/MPEL(A,e) to be consistent with two.

9.3 Results

Figure 9.6: The most probable energy loss (MPEL) for the gold foil positioned at
an average distance of 16 μm from the CCD, divided by the MPEL for the gold
foil positioned at an average distance of 116 μm from the CCD. The filled squares
show the values obtained in the experiment, the dashed line (B & G denoting
[BG57]) the expected ionization reduction based on equation (9.6) with η± = 1/2
and the contour plot represents simulated values based on equation (9.6), includ-
ing multiple Coulomb scattering, an angular distribution according to [Bor53], the
Bethe-Heitler distribution of energies in the pair and the finite target thicknesses.
The colours of the contour plot represent intensity. The full line represents the ex-
pected ionization reduction from a quantal treatment [Bur58] and the dash-dotted
line is the classical value of the Chudakov calculation [Chu55], based on eq. (9.5)
with the dash-dot-dotted lines denoting that calculation for the outer limits of un-
certainty of 116±10 μm for Au2 and 16±10 μm for Au1. Adapted from [VTU+08].

In figure 9.6 is shown the experimental results for the ratio of the most prob-
able energy loss (MPEL) for Au1 to that of Au2, compared to four theoretical
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expectations. We note that since this is a relative measurement, uncertainties con-
nected to departures from an exact Landau-shape [BBP+87] or a possible reduced
energy deposition at high energies [OGGM78, Bic88] - see chapter 10 - are in-
significant. The dashed line shows the expected values based on equation (9.6),
where the pair separation s has been found from the opening angle, equation (9.3)
with η± = 1/2, and the distance traversed. The value for Tcut = 105 eV in equa-
tion (9.6) is the energy at which the range of an electron corresponds to the active
thickness of the CCD, 16 μm of Si.
As contours is shown the result of a simulation which includes 1) the angu-

lar distribution generated according to the Borsellino distribution [Bor53], 2) the
energy distribution dNp/dη± ∝ (η2+ + η2− + 2

3η+η−) [Hei54], 3) multiple Coulomb
scattering according to the standard expression [ADt08] and 4) finite target thick-
nesses. An effect similar to the KPC effect is to be expected for multiple Coulomb
scattering as well, since the charge of one pair constituent screens that of the other
leading to a reduction in its scattering. But since the relevant impact parameters
are about two orders of magnitude smaller than v/ωp, such an effect is completely
insignificant at the energies investigated here. The simulation is performed on the
basis of the KPC effect expected from equation (9.6) [BG57, AS96]. We note that
equation (9.7) is also a classical result (does not contain � when α is accounted
for). The quantum treatment of Burkhardt [Bur58] is shown as a full line and
the classical theory of Chudakov [Chu55] by a dash-dotted line. The theory of
Burkhardt is different from one even at energies as low as 10 MeV where it pre-
dicts a suppression to 88% for the setup considered (nevertheless it does converge
to 1 as the energy is lowered sufficiently).
As seen in figure 9.6, our experimental data points show a slightly stronger ef-

fect than expected from theory. The measurement favours the quantum treatment
of the KPC effect [Bur58] compared to the (semi-)classical [BG57, AS96], but
also the original theory of Chudakov [Chu55] does well in comparison. In fact,
it seems like the (semi-)classical approach [BG57, AS96] is erroneous. How-
ever, a more firm conclusion would require better statistics. But, since the data
sample presented here has been acquired in approximately 16 hours of beamtime
(about 2 ·107 electrons in total), the statistics can be improved substantially. Thus,
the KPC effect has been shown possible to measure directly (i.e. from the ac-
tual ionization energy loss, not through blob densities in nuclear emulsions) in
an accelerator environment with the advantages that this gives on e.g. a similarly
direct measurement (by calorimetry instead of e.g. pair opening angles) of pair
energies. Moreover, even with the rather limited statistics, the measurement tends
to display the insufficiency of the semi-classical model, eq. (9.6). Last, but not
least, the KPC effect has been shown to contribute substantially to the decrease
of restricted energy loss for detectors close to the creation vertex, an effect that is
significant - even up to distances of mm - at energies relevant for the LHC.
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Chapter 10

Ultrarelativistic ionization energy
loss

In a recent experiment, we investigated the restricted energy loss of ultrarelativis-
tic electrons in a thin silicon detector, to verify or disprove claims (both theoretical
and experimental) for deviations from a constant energy loss for sufficiently ener-
getic particles in thin layers of matter.

10.1 Introduction
These claims, put forward in previous studies [OGGM78, AS96] have shown ef-
fects with trends in opposite directions, giving either an increasing or a decreasing
restricted energy loss for sufficiently high Lorentz factors. In spite of disagree-
ments on the sign of the slope above the cut-off they both predict negligible effects
for Lorentz factors below γc = Δtωp/2c, where Δt is the thickness of the target.

10.1.1 Loss of density effect
As discussed above, the (restricted) ionization energy loss is affected by target
polarization effects, the so-called density effect. This was hitherto also experi-
mentally well established over a wide range of target thicknesses and Lorentz fac-
tors, except in the region of simultaneously high Lorentz factors and thin targets,
γ > γc(Δt) or γ/Δt > ωp/2c = 1/127Å. A comprehensive experimental investi-
gation is presented in [BBP+87]. However, as originally suggested by Garibyan
[Gar59] and later further developed [AC79], there is a theoretical possibility of
loss of the density effect for particles of sufficiently high Lorentz factors penetrat-
ing sufficiently thin targets, see also [AS96, p. 301]. This loss arises due to the
existence of a formation length D = 2γc/ωp (the definition of which varies by a
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factor 2 among different authors) as for the generation of transition radiation, see
also [Jac75, p. 687]. Loosely speaking: if the target is too thin, the plasma does
not have time to accomodate to the penetrating particle before it has exited, so
screening effects become negligible in the energy-loss process. Similar conclu-
sions were drawn from experimental and theoretical studies of ’the so-called lack
of the density effect mystery’ [BMP+83, Sor87], observed in K-shell excitation at
ultrarelativistic impact energies. The loss of density effect leads to a logarithmic
rise in the restricted energy loss for increasing γ. An observation of this was re-
ported in [AGL+63], but as that experiment was based upon luminescence from
a thin scintillator film deposited on a relatively thick substrate, and fitting was
necessary to get agreement with theory, this result is not considered conclusive, at
least not in terms of restricted energy loss.

10.1.2 Coherence length effect
In opposition to the possible extinction of the density effect, Ogle and collabora-
tors [OGGM78] found experimentally that the restricted energy loss diminishes
for sufficiently high Lorentz factors. They suggested an explanation based on
the existence of a ’coherence length’ that vanishes for Lorentz factors less than
a critical value γ � γc = Δtωp/2c and for γ � 2mc2/�ωp the latter of which
is � 3.3 · 104 for Si. The explanation is very similar to the loss of density ef-
fect discussed above, but in the present context it is of the opposite sign. Since
in their model the thickness of the target ”... acts as a screening distance”, the
effect is reminiscent of the longitudinal density effect in radiation emission - an
effect that reduces the cross section. The critical value of the Lorentz factor is
γc = 7881 · Δt/100μm, corresponding to an energy of 22 GeV for a 535 micron
thick detector.
However, the explanations and calculations of Ogle and collaborators [OGGM78]

are difficult to understand. There are numerous misprints and unexplained factors
of 2 and applying their calculational scheme to Si targets thicker than � 270 μm
the effect changes sign for γ = 105 particles, see figure 10.1.
This situation — loss of coherence leading to increase for some thicknesses

and decrease for others — has not been commented. Furthermore, the calcula-
tional scheme based on their equation (2) for targets thicker than � 270 μm leads
to values significantly different from 1 below 2mc2/�ωp � 3.3 · 104, as seen in
figure 10.1, where the theory is stated as giving no correction. Concerning their
measurements, a weak point is that the conclusion hinges on a single calibration
point without background subtraction at γ = 2.91 and with an uncertainty of 2%,
using electrons from a radioactive source. Their high energy measurements use
electrons from the SLAC linac. From this they derive a (7 ± 2)% effect ’for three
out of four high-energy points’ with no obvious explanation for why to exclude
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Figure 10.1: The relative restricted energy loss in a solid state detector as a func-
tion of the Lorentz factor for various thicknesses as indicated, according to Ogle
and collaborators [OGGM78].

the fourth point. On the other hand, the physical mechanism suggested — loss
of coherence leading to reduced energy loss — could be correct and its investiga-
tion was the main aim for the presented experiment, which was also suggested by
[BBP+87, Bic88].

10.2 ’Ogle’ Experiment
The experiment was performed in the H4 beam line of the CERN SPS using ter-
tiary beams of positrons with initial energies of 40.0, 119.4 and 176.9 GeV and
a supplementary study at the ASTRID storage ring in Aarhus, Denmark, where
electrons of energies 0.1-0.58 GeV can be obtained. In figure 10.2 is given a
schematical overview of the active elements in the setup of the experiment at
CERN. The incident positron beam was defined by two scintillator counters, S1
and S2, each 2 mm thick, combined with a scintillator with a Ø 20 mm hole used
in veto, S3. The radiation target of 1 mm Cu (7% of a radiation length) was
placed downstream these scintillators. The positron was deflected in a magnetic
dipole, B16, and the emitted photons were intercepted in a lead glass detector
(LG2) for photon energies above 2 GeV. Since the positron has lost energy due to
radiation emission in the Cu foil, there is a one-to-one correspondence - tagging
- between its energy, and thus its Lorentz factor, and the transverse location at
which it impinged on the solid-state detector, (SSD). Behind the SSD a veto with
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Figure 10.2: A schematical drawing of the setup used in the experiment at CERN.
The total length of the setup is about 20 m.

a Ø 9 mm hole, S4, and a trigger scintillator, S5, were placed, followed by a lead
glass calorimeter, LG1. The assembly of SSD, S4, S5 and LG1 was placed on a
remote-controlled translation table. For the measurements performed at ASTRID,
the electrons were impinging directly into an identical assembly of SSD, S4, S5
and a BGO detector.
As energies below about 10 GeV are not directly available in the H4 beamline

of the CERN SPS, the tagging method was chosen in order to be able to cover as
large a region of Lorentz-factors as possible.

10.2.1 Background from synchrotron and transition radiation

For radiated frequencies significantly above the plasma frequency ω � ωp and
for β → 1, the intensity of transition radiation from an electron passing the
boundary between vacuum and a semi-infinite medium can be written as dI/dν =
2e2γωp ln(1/ν)/πc (forω � γωp), see eq. (6.11) with a total intensity I = αγ�ωp/3,
where ν = ω/γωp [Jac75]. The important point in the present context is that tran-
sition radiation is abundant in the keV region and may be emitted at relatively
large angles compared to 1/γ, in particular for ω � γωp. Moreover, the total
intensity increases with energy of the impinging particle. This, combined with
the fact that photon absorption in the SSD is almost complete for photon energies
below � 30 keV - comparable in magnitude to the restricted energy loss of 150
keV - in a 0.5 mm thick silicon detector, makes transition radiation a significant
background.
The emission of synchrotron radiation from the passage of magnets in the

beam line, may contribute at a level of a few keV to the energy deposition in the
detector. The critical emission frequency is given by ωc = 3γ3eB/2p which in-
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creases with the square of the energy. As both background effects become rapidly
(proportional to γ and γ2, respectively) more important with increasing energy,
it could have been unimportant in the previous study with Lorentz factors up
to 1.6 · 104 [BBP+87], while being of significance in the present study where
γ ∈ [3.6 · 104; 3.0 · 105].
Using the known materials along the beam-line, as well as the value of the

magnetic field in B16, the contribution from transition radiation and synchrotron
radiation was calculated. With known cross sections for photo-absorption in sili-
con, this is converted into energy deposition in the detector. The total correction
rises from 1.5 keV for the lowest Lorentz factors investigated, to 4 keV at the high-
est. The correction for synchrotron radiation is generally small � 0.2 keV, except
for the highest Lorentz factor where it is � 1 keV. Therefore, although such a
contribution would not be directly visible in the energy loss spectrum where the
typical energy loss is around 160 keV, it becomes significant when deviations on
the percent level are sought.
Even though the mentioned background effects rise strongly in significance

with the energy of the primary particle, and with the thickness of the detector used,
both effects may have contributed in the measurements performed by Ogle et al.
[OGGM78], who used a tagged electron beam - inevitably subject to synchrotron
radiation - and varying thickness of the upstream material for the different Lorentz
factors, giving a possible difference in the contribution from transition radiation.
This may partly explain their observations, at least for the highest Lorentz factors,
4.8 · 104 and 1.0 · 105.

10.3 Results
In figure 10.3 is shown the measured values in a 535 μm thick silicon detector for
the Most Probable Energy Loss (MPEL), found by a fit using a Landau-function,
f (E) = a · exp[−(b(E − c) + exp(−b(E − c)))/2] where a, b, c are parameters
determined by a least-squares fit to the measured energy loss distribution, c de-
noting the MPEL. For all data points, the energy of the impinging particles was
determined by LG1 (or a BGO at ASTRID), and consistency with the sum of en-
ergies found from LG1 and LG2 adding up to the energy of the initial positron
was confirmed. As seen, the scatter of points is in some cases substantially larger
than the statistical uncertainty shown. This is to a small extent due to systematic
effects introduced when choosing the region-of-interest for the Landau-fits, but
mainly due to uncertainties arising from changing beam conditions, likely leading
to differences in the emission of transition and synchrotron radiation. It should
be emphasized, however, that figure 10.3 is shown with a suppressed zero on the
ordinate, and that the fluctuations are typically less than 3%.
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The effective thickness of the detector has been determined by a comparison
of the theory of Sternheimer and Peierls [SP71] to the data obtained at ASTRID.
Calibration of the detector was for both the low- and high-energy measurement
series done by 133Ba and the possible overall deviation of the CERN data with
respect to the ASTRID data resulting from the calibrations is less than 1 keV.
The theoretical lines shown in figure 10.3 are based on Sternheimer and Peierl’s
theory [SP71] (full line), the modified energy loss suggested by Ogle and collabo-
rators [OGGM78] in their equation (2) (dashed line) and the modified energy loss
suggested by Ogle and collaborators [OGGM78] from physical arguments based
on loss of coherence (dot-dashed line). The latter has been produced using their
experimentally verified curve obtained for a 101 μm thin SSD and scaling the
thickness dependence based on the notion of a critical value of the Lorentz factor,
γc = Δtωp/2c, above which the effect appears. The MPEL has been measured at
ASTRID to an accuracy of about one percent. For the measurements from CERN
the scatter is much larger, but it is nevertheless clear from figure 10.3 that the
agreement with the modified physical model suggested by Ogle and collaborators
[OGGM78] (dot-dashed line) is poor. On the other hand, an increase of a few
percent for Lorentz factors above γc cannot be excluded, nor can the alternative
model suggested by Ogle and collaborators [OGGM78] (dashed line) which for
Lorentz factors in the vicinity of γc has the same tendency as loss of the density
effect. The correction for transition radiation (which is negligible for the ASTRID
data) does not affect this conclusion.
There is clearly a contribution from systematic effects that are much larger

than the statistical uncertainty. The fact that the detector is sensitive to transition
and synchrotron radiation photons in the eV-keV range, makes such measurements
difficult, as beams in the hundreds of GeV region are required, such that energy
scales differing by 6-7 orders of magnitude are all relevant. Thus, possible future
measurements of the effect must be extremely carefully designed to control effects
of emission phenomena at eV-keV energies, from particles of GeV-TeV energies.
Taking the substantial scatter of data in figure 10.3 into account, it can be con-

cluded that any discrepancy with Sternheimer’s theory is likely to be smaller than
a 8% relative deviation in the region γ ∈ [2 · 102; 3 · 105]. Furthermore, the argu-
ments of possible coherence length effects leading to a decrease in the energy loss
as suggested by Ogle and collaborators [OGGM78] are likely to be erroneous.
However, a possible loss of density effect smaller than 8% for Lorentz factors up
to an order of magnitude above γc = Δtωp/2c where a is the detector thickness,
cannot be excluded based on the presented investigation. As only qualitative the-
ories exist for the loss of density effect for high Lorentz factors, the experimental
data presented may provide guidance in the development of quantitative theories.
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Figure 10.3: Measured values for the Most Probable Energy Loss (MPEL) in a
535 μm thick silicon detector, with statistical uncertainties shown with a zoom on
the region of interest, i.e. a suppressed zero on the ordinate. Full squares show
the uncorrected data obtained at the CERN SPS, open triangles the data obtained
at the CERN SPS, corrected for transition radiation in known materials and open
circles represent the measurements obtained at ASTRID. The full line shows the
theoretical curve based on Sternheimer and Peierl’s theory [SP71], the dashed
curve the modified energy loss suggested by Ogle and collaborators [OGGM78]
in their equation (2) and the dot-dashed curve the modified energy loss suggested
by Ogle and collaborators [OGGM78] from physical arguments based on loss of
coherence. The vertical dashed line shows γc.
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Chapter 11

Ultrarelativistic heavy ions

Although the general definition for a particle being ultrarelativistic is γ � 1,
heavy ions with Lorentz factors of ’only’ γ � 150 are - at least at accelerator
facilities like CERN - referred to as being ultrarelativistic. Cross sections for the
fragmentation of such ultrarelativistic large- and medium-size nuclei, Pb and In,
have been measured. Apart from its fundamental interest, this study was primar-
ily motivated by the need to test nuclear fragmentation models in a wide range
of masses and energies of colliding nuclei. This need arose in order to facilitate
an efficient design of a collimation system for the CERN Large Hadron Collider
(LHC) operating as an ion-collider, to reduce the likelihood of e.g. superconduct-
ing magnet quench as a result of interception of fragments. In comparison to the
LHC operating with protons, collimation of heavy ions in the LHC is a complex
task and a solid experimental foundation for an extrapolation of fragmentation
cross sections to higher beam energies was desirable.
The collimation scheme typically consists of primary and secondary collima-

tors. In the case of proton beams, the primary almost exclusively acts as a scatterer
and the secondary intercepts the scattered particles [Jea98]. In the case of heavy
ions, the primary collimator to a large extent generates fragments, the motion and
distribution of which are much less known than multiple scattering distributions.
Thus, systematic experimental tests of fragmentation models over a wide range of
beam energies, targets and/or projectiles are needed to determine the accuracy of
such models to allow for e.g. a reliable assessment of the collimation efficiency.
In [SPA+02, SPS+04] we investigated fragmentation and nuclear-charge pick-

up reactions for ultrarelativistic Pb82208 projectiles in a variety of targets. Predictions
of several fragmentation models were compared to these data. However, with the
availability at CERN of a new ultrarelativistic projectile species, In49115, the results
found for Pb could be supplemented, by measurements of the fragmentation cross
section in targets of charges Z2 = 14, 32, 50, 74 and 82.
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11.1 Fragmentation experiment
The experiments were performed in the H2 beam line of the SPS accelerator at
CERN, where Pb82+208 and In

49+
115 ions of momentum 370 GeV/c per charge unit were

available with a small divergence. In the case of In projectiles (chosen as an
example in the following), the ions were incident on several targets: Si, Ge, Sn,
W, and Pb of which Si, Ge and W were single crystals. The crystals in a ’random’
direction act as an amorphous target (see section 23 about heavy ion channeling
at high energies).

Figure 11.1: A schematical drawing of the experimental setup.

The experimental setup is shown schematically in figure 26.3. Here, S1 de-
notes a thin scintillator that was used as an event trigger. To detect the charge
state of each ion before the interaction, a MUltiple Sampling Ionization Chamber
[PGM+94], MUSIC1, was used. After the passage of the target, the charge state of
the ion was detected in a downstream chamber, MUSIC2. The distance between
MUSIC1 and MUSIC2 was 10.9 m with air at atmospheric pressure for the Si target,
for the remaining targets reduced to 6.6 m. Advantage was taken of the horizon-
tal position information of MUSIC1, by which it is possible to select events in the
central region of the target. This identification can be performed in the MUSIC
detectors on an event-by-event basis, simultaneously with the charge-state iden-
tification. An early version of this identification was by means of a solid-state
detector, for which the resolution was substantially poorer, see e.g. [Møl98, p.
63].
In figure 11.2 is shown a typical charge spectrum in the downstream MUSIC2.

Here it was required by MUSIC1 that the incoming particle was with a charge of
Z1e = 49e. It must be noted, however, that there is no information on the isotope
from the MUSICs. Charge states typically down to Z � 20 could be identified as
seen, but for clarity only the high-Z part is shown in figure 11.3. The spectrum is
fitted with Gaussians and a constant background (representing ’accidentals’), and
the resulting sum is seen to fit the data very well.
In particular the nuclear-charge pick-up process proceeding through a γn →

pπ− reaction leading to Z = 50 (for Pb projectiles leading to Z = 83) can be
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Figure 11.2: A typical charge spectrum observed in the downstream MUSIC2 for
18 TeV In49+ in Ge. The different elements can be clearly identified, at least down
to Z2 = 20 using the expected Z2 dependence of the signal on charge state with
a parabolic fit to the gaussian centroids versus Z. An adjacent averaging over 10
channels has been applied to the data points. Adapted from [UPS+05].

Figure 11.3: The high-Z part of a typical charge spectrum observed in the down-
stream MUSIC2 for 18 TeV In49+ in Si. Gaussian fits (dashed line) with a constant
background (dotted line) and the resulting sum (full line) are shown. The dif-
ferent elements can be clearly identified. The error bars indicate a 1σ statistical
uncertainty. Adapted from [UPS+05].

extracted, although with some uncertainty, given the relatively low number of
counts.
The counts extracted from the gaussian fits N(Z) normalized to the number of

incoming In49+ N(49+) were used to determine the fragmentation cross section,
σ = (R1 − R0)/nΔt, as a function of charge number Z with R1 = N(Z)/N(49+)
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being the ratio with target and subscript 0 denotes the empty target configuration.
The total nuclear charge-changing cross sections were likewise determined from
σcc = ln(R0/R1)/nΔt where R1 = Nout(49+)/Nin(49+) is the ratio of outgoing to
ingoing In49+ ions with the target in. The areal atomic density of the target is
given by nΔt. In all cases is the partial charge-changing probability much smaller
than unity, typically a few percent. However, the thicknesses in units of nuclear
interaction lengths were 13.2%, 3.79%, 2.83%, 1.7% and 1.29% for Si, Ge, Sn,
W and Pb, respectively. Thus, in particular for the light targets, single interaction
conditions were not fulfilled.

11.2 Results and discussion
The experimental results for the total nuclear-charge changing cross sectionsσ(Z2)
as a function of target charge Z2 are shown in figure 11.4. The cross sections cal-
culated within the abrasion-ablation model for hadronic interaction [SPS+04] and
the RELDIS model [PBM+01] for electromagnetic dissociation of nuclei in dis-
tant collisions are also presented in figure 11.4 along with the sum of these cross
sections. According to the abrasion-ablation model, some nucleons in the overlap
zone of nuclear densities are abraded from the colliding nuclei. As a result, excited
remnants (prefragments) of the initial nuclei are created. The RELDIS model is
a Weizsäcker-Williams type calculation employing photo-dissociation cross sec-
tions, but excluding the effect of screening. The screening effect has later been
shown to be significant, up to 12%, for collisions of heavy ions with the high-Z
(tungsten) collimator material closest to the beam in the LHC [BS09].
The contribution of electromagnetic dissociation to the total fragmentation

cross section is important for all targets, except Si.
An example of the results for the partial nuclear-charge changing cross sec-

tions σ(Z) as a function of fragment charge Z is shown in figure 11.5 with a
comparison to calculated values.
The data and calculations for lead shown in figure 11.5 show a nice agreement

in shape as well as for the absolute value. For the other targets, the agreement is
however not as convincing, see [UPS+05].
For thin targets in units of nuclear interaction lengths, Sn, W, and Pb, the cal-

culations based on the abrasion-ablation model for hadronic interaction and the
RELDIS model for relativistic electromagnetic dissociation describe the experi-
mental results quite well. The electromagnetic dissociation contributes ∼ 30−40%
of the total fragmentation cross section for the medium-weight and heavy target
nuclei.
Not surprisingly there is some discrepancy, in particular for the thick targets,

Si and Ge, as the model describes single interactions only. In view of the agree-
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Figure 11.4: Total nuclear-charge changing cross sections σcc(Z2) as a function
of target charge Z2 for 158A GeV 115In49+ ions. The error bars on the experimen-
tal points shown by filled squares indicate a 1σ statistical uncertainty. The full-
drawn line represents the calculated values from the combined hadronic (abrasion-
ablation, dashed) and electromagnetic (RELDIS, dash-dotted) interactions.

ment between measured and calculated cross sections for thin targets, one can
conclude that the methods used to estimate the excitation energy and decay modes
of prefragments created at the ablation step of Pb fragmentation [SPS+04] can be
also extended to In projectiles.

The cross sections for nuclear-charge pickup channel forming 50Sn nuclei were
also measured and calculated. This process is solely attributed to the electromag-
netic production of a negative pion by an equivalent photon as realized by the
theoretician in the group, Igor Pshenichnov.
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Figure 11.5: Partial nuclear-charge changing cross sections σ(Z) as a function
of fragment charge Z for 158A GeV 115In49+ ions in Pb. The error bars on the
experimental points shown by filled squares indicate a 1σ statistical uncertainty.
The full line is the calculated values from the combined hadronic and electro-
magnetic interaction code based on the Ericson approximation, the dashed line is
based on the Gaimard-Schmidt approximation (for details, see [SPS+04]) and the
dot-dashed line is the electromagnetic contribution. Adapted from [UPS+05].

11.3 Ionization energy loss for ions

11.3.1 Nuclear size effect
Once the de Broglie wavelength of the electron impinging on the projectile nu-
cleus - as seen from the frame of the penetrating particle - becomes of the order of
the nuclear size or smaller, the stopping force diminishes. Alternatively, expressed
as in the original paper by Lindhard and Sørensen [LS96], once the angular mo-
mentum corresponding to an encounter with the nucleus γmcR exceeds �/2 where
R = 1.2 fm · A1/3 is the nuclear radius, A being the projectile mass number, the
phase shift compared to the point nucleus case becomes modified. These condi-
tions translate into a Lorentz factor

γ =
�c

2R
� 160
A1/3

(11.1)
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beyond which the nuclear size becomes important for the stopping. Thus for γ �
27, one can expect the nuclear size for lead to be significant, and an accurate
evaluation shows that in the case of uranium, the influence of the finite nuclear size
on the stopping becomes 1 percent already at γ = 10 [LS96]. Even stronger effects
from the finite nuclear size is expected in straggling, since it originates from close
collisions. However, straggling measurements performed on ultrarelativistic ion
beams have so far been completely dominated by multiple Coulomb scattering,
such that firm conclusions were excluded [DKV+96].

11.3.2 Free-free pair production and bremsstrahlung
Apart from the nuclear size effect in stopping, there remain the possibilities of
the penetrating ion producing bremsstrahlung and/or pair creation. Both of these
processes may contribute to the slowing down of the projectile and have been
treated theoretically by Sørensen [Sør03, Sør05]. In [Sør03] it is shown that the
discrepancy between measured values [DKV+96] and theoretical values including
the nuclear size effect [LS96] is likely to be due to energy loss originating from
pair production in the screened nuclear field. In [Sør05] it is shown that the con-
dition that the projectile stays intact during the slowing down process, is in fact
a very restrictive one. It limits the bremsstrahlung emission which in this treat-
ment amounts to a few permille of the stopping power related to pair production.
Thus, for bare lead on a lead target, Sørensen found that the stopping force related
to pair production becomes dominant compared to the ionization contribution for
γ exceeding a few 103, with the bremsstrahlung channel constantly being much
smaller. This subject is treated in somewhat more detail in chapter 26 on possible
future developments.

11.3.3 Bound-free pair production
A closely related effect appears in electron capture by relativistic heavy ions where
one of the contributing channels is bound-free pair production instead of free-free
as above. This effect is of particular interest to the heavy ion collider community
since it may limit the lifetime of stored heavy ion beams - an ion capturing an elec-
tron no longer has the correct charge per momentum to stay within the machine
acceptance.
There are three mechanisms for the ion to capture an electron: Radiative elec-

tron capture (REC), non-radiative electron capture (NRC) and electron capture
from pair production (ECPP). In ECPP, the pair is created in the strong electro-
magnetic field of the interaction with the target nucleus, the electron is captured,
while the positron is lost. The REC and NRC processes become of less importance
than ECPP for projectiles with γ � 100. Measurements have been performed of
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the cross section for ECPP summed over all final nl states [KVD+01]. Surpris-
ingly, these measurements agree very well with theoretical values for capture to
the 1s state only, although capture to higher states are expected to yield a � 30%
increase. This discrepancy is not understood.



Part III

Interactions in crystalline targets
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Chapter 12

Strong crystalline fields

It is perhaps a surprising fact that strong crystalline fields enable experimental
investigations of phenomena that are otherwise in comparison very technically
demanding or appear exclusively as astrophysical phenomena. The relevance of
such investigations range over quite different phenomena from beamstrahlung,
heavy ion collisions and γγ-colliders to the gravitational ‘analogue’, Hawking
radiation.

12.1 The critical field
In the present connection, ‘strong’ means comparable to the quantum mechanical
critical field in a Lorentz-invariant expression. In atomic physics, the scale for
’strong’ fields is set by the electric field a 1s electron is exposed to in atomic
hydrogen, the atomic unit Ea = e/a20 = 5.14 · 109 V/cm and the magnetic field
that gives rise to the same force on the 1s electron Ba = Ea/cα = 2.35 · 105 T.
In quantum electrodynamics, on the other hand, the strength of the electric field
is measured in units of the critical field E0 (and the corresponding magnetic field
B0), obtained from a combination of the electron charge and mass, the velocity of
light and Planck’s constant (with values from [ADt08])

E0 = m
2c3

e�
= 1.323285 · 1016V/cm B0 = 4.414005 · 109T (12.1)

These scales of strength are thus related as Ea = α3E0 and Ba = α2B0. As we shall
see shortly, classical strong fields are even stronger Ec = E0/α and Bc = B0/α.
The critical field E0 is frequently referred to as the Schwinger field [Sch51],

although it was treated as early as 1931 by Sauter [Sau31a, Sau31b], following
a supposition by Bohr on the magnitudes of fields relevant in the Klein paradox
[Kle29].
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Rewriting the expression for the critical field to E0 = mc2/e�, where �c =
�/mc is the reduced Compton wavelength, it appears that in a critical field a (vir-
tual) electron may obtain an energy corresponding to the electron rest energy mc2
while moving over a distance corresponding to the uncertainty of its location �c.
Thus, the strong gradient of the potential combined with quantum uncertainty, as
e.g. also seen in Zitterbewegung, may produce new particles - a QED phenomenon
analogous to the Hawking radiation, discussed in chapter 21.
In a classical analogue, a similar field strength is obtained from the field at a

distance of a classical electron radius from the ’center’ of the electron, Ec = e/r2e .
This field on the surface of a classical electron (which is a mathematical object
only) is likewise where e transported over re yields mc2, Ec = mc2/ere = E0/α,
and, as must be required of a classical field, it does not contain �. It is approx-
imately equal to the Born-Infeld limiting field strength bl. The latter was intro-
duced ’dogmatically’ by a Lagrangian L = −b2(1 −

√
1 − (E2 − B2)/b2l ) (inspired

by the relativisticmc2(1−
√
1 − v2/c2) where c is the limiting speed) and described

a transition to non-linear, classical electrodynamics [BI34]. The classical strong
field is thus 137 times larger than the quantum one, i.e. a tunneling process re-
duces the necessary field strength required to produce a pair in quantum theory
[Fey48].
The decay rate of the vacuum state in a strong electric field w is given by

[Sch51], see [GR94, eq. (7.101)]

w =
1
4π3

(
eE�
m2c3

)2 mc2
�

(mc
�

)3 ∞∑
n=1

1
n2
exp

(
−nπm

2c3

|e|E�

)
(12.2)

where the factors mc2/� and (mc/�)3 are inverse time and volume, respectively:

w =
1
4π3

( E
E0

)2 c
�c

(
1
�c

)3 ∞∑
n=1

1
n2
exp

(
−nπE0E

)
(12.3)

The first term in this series expansion is the pair production rate per unit volume
and time [CM08]:

wp =
c

4π3�4c

( E
E0

)2
exp

(
−πE0E

)
(12.4)

where eq. (12.1) has been used. It is seen that the natural scale of strength is given
by E0 and for weak fields, E � E0, the decay rate and pair creation is exponen-
tially suppressed. In passing, one may note that the theoretical limit for magnetic
fields is possibly some 40 orders of magnitude higher than given by eq. (12.1)
[Dun00], and therefore such fields do not ’spontaneously’ (i.e. without an external
perturbation) decay to electron-positron pairs.
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Probably the first treatment of a critical field and one of the first indications of
the existence of antiparticles was a treatment of electrons impinging on a poten-
tial barrier giving rise to a field of the order E0 [Kle29, Sau31a, Sau31b]. This
phenomenon - that rapidly became known as the Klein paradox - was one of
the first applications of the Dirac equation and has lately received some attention
[NKM99, KSG04].
In a single particle relativistic quantum mechanical model as used by Klein

[Kle29], the reflection coefficient R of an electron incident on a potential step of
height V0 → ∞ becomes (E − pc)/(E + pc) and the fraction of electrons penetrat-
ing the barrier 1 − R is therefore 2pc/(E + pc) or 2v/(c + v) which approaches 1
as the particle velocity approaches c. In figure 12.1 is shown the reflection coef-
ficients R for electrons of a number of energies as a function of potential height,
calculated based on [WGR85, eq. (5.17)] which follows the original by Klein
closely. The reflection coefficient is seen to be close to 1 for potential heights
in the [−mc2;mc2] neighbourhood of E and as the energy increases, the fraction
of electrons that penetrate the barrier approaches 100%. Thus, even for a poten-
tial barrier approaching infinite height, an energetic electron seems to penetrate,
a result that Klein did not himself describe as paradoxical, but as a ”difficulty of
relativistic quantum mechanics”.

Figure 12.1: The reflection coefficients R, calculated based on [WGR85, eq.
(5.17)], for electrons of energies 20mc2, 50mc2 and 100mc2 as a function of po-
tential height in units of mc2.

However, as realized by Hund [Hun41] and later elaborated upon by Hansen
and Ravndal [HR81], and Holstein [Hol98], the resolution of the Klein paradox
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should be sought in ’second quantized’ theory, i.e. quantum field theoretical lan-
guage, where particles may be created and destroyed. In this case, the transmis-
sion and reflection coefficients become T = 4ρ/(1+ ρ)2 and R = [(1− ρ)/(1+ ρ)]2
where ρ = q/p · (E + mc2)/(E − eV0 + mc2) with the momenta p =

√
E2 − m2c4

and q =
√
(E − eV0)2 − m2c4 in the regions x < 0 and x > 0, respectively, the

potential being V0 to the right of x = 0 and zero to the left. Thus, upon impact
with a high potential barrier, the reflection coefficient rapidly exceeds one as the
Lorentz factor is raised showing the increasing importance of pair production.
An analogous - but not identical - problem has been addressed experimentally

by means of strong crystalline fields, in the trident process, described in chapter
19.

Figure 12.2: Synchrotron spectrum dependence on the magnitude of χ - a measure
of the rest frame field strength in units of the critical, defined in eq. (14.4). For
small χ values the spectrum tends to a classical synchrotron spectrum. For χ � 1
the spectrum, when scaled to the Lienard energy loss and the critical frequency,
is invariant [Jac75]. On the other hand, for χ � 0.1, the spectrum shape becomes
strongly dependent on the exact value of χ and for χ � 1 peaked towards the
energy of the incoming particle, i.e. typically ξ = �ω/E0 → 1.

The main emphasis in the following is on the phenomena ‘strong field effects’
that are achievable by relatively simple means in crystals. These effects are mainly
explained from experimental results, supplemented by theoretical estimates that
at a slight expense of precision offer transparency.
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12.2 Strong fields in crystals
The word ‘crystalline’ in the present context refers to the field originating from
a periodic arrangement of atoms. Despite the periodicity, the effective field has
only a small non-continuous component in its interaction with a charged particle
and the trajectory is therefore locally well described as a segment of a circular
path. Therefore, although the crystalline fields are purely electric in the laboratory
system, the resulting radiation emission becomes of the synchrotron type, as if the
field were magnetic: The trajectory is decisive for the radiation emission. There
is, nevertheless, a very significant distinction between electric and magnetic fields:
In a magnetic field, pair creation is the result of conversion of a photon into a pair.
The constant and homogeneous magnetic field cannot spontaneously create a pair
and so the vacuum is stable. On the other hand, in an electric field pairs can be
created by the field itself, without the presence of a photon. The vacuum is thus
unstable once the electric field becomes of critical magnitude, 1016 V/cm, over
sufficiently large distances � �c [BK09b]. Crudely speaking, this difference can
be traced back to the fact that while electric fields may do work on a particle,
magnetic fields are unable to do so [BK09a].
Strong field effects appear as a result of a critical field in the restframe of the

particle and for instance give rise to a quantum suppression of radiation emission
as compared to the classical synchrotron radiation emission, see figure 12.2. The
reader who wishes to follow a more stringent theoretical route to the strong field
effects, is referred to the comprehensive textbook by Baier’s group [BKS98], or
to appendix A where the main results are shown.

Following experiments with electrons impinging on crystals, Stark already in
1912 wrote on the penetration of charged particles in crystals [Sta12]. He con-
cluded that penetrating particles would be guided in their motion by the very
strong interatomic fields of force and that penetration depths along ‘shafts’ in
the crystal would be much longer than in amorphous materials. Later, Williams
considered interference in radiative effects for particles passing different nuclei in
succession [Wil35]. He concluded that an enhancement or reduction in radiation
yield was possible for electrons with energy beyond 137mc2. However, it was not
until the mid-50s that Dyson and Überall [DU55] published a more quantitative
evaluation of the enhancement of bremsstrahlung intensity. Their ‘crude classical
argument’ was based on the number of atoms within the formation length. Shortly
before this, Landau and Pomeranchuk [LP53b, LP53a] used the formation length
to investigate the suppression of bremsstrahlung due to multiple Coulomb scatter-
ing, as described in chapter 6.
Due to the formation length and the aligned atomic positions in a crystal, an

increase in radiation emission compared to incidence on an amorphous foil, the
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so-called enhancement, may arise. Furthermore, the strong electric fields of the
lattice nuclei, averaged along the direction of motion open for the possibility of
investigating fields of extreme magnitudes and of macroscopic extent.
For a penetrating particle the direction of which nearly coincides with a crys-

tallographic axis or plane, the strong electric fields of the nuclear constituents add
coherently. From this coherent addition a macroscopic, continuous electric field
of the order E � 1011 V/cm is obtained. In the so-called continuum approxima-
tion - valid for angles of several tens of mrad to the crystallographic direction - this
field is continuous and extends as long as the crystal length, i.e. typically several
mm. The continuous field is evidenced by the channeling phenomenon [Lin65] or
the so-called doughnut scattering [SU89] to be discussed shortly.
Furthermore, in the restframe of an ultrarelativistic electron with a Lorentz

factor of γ � 105, the field encountered becomes Lorentz-boosted and thus may be
comparable to the critical field, E0 = m2c3/e� = 1.32 ·1016 V/cm. Therefore, from
the combination of elementary particles with high Lorentz factors and crystalline
fields, the behaviour of charged particles in macroscopic, strong fields of the order
E0 can be investigated - strong field effects.

12.3 Crystal parameters

12.3.1 Crystal lattice
The structure underlying any single crystal is the Bravais lattice:

R = n1a1 + n2a2 + n3a3 (12.5)

which is constructed from the primitive vectors ai and where ni is an integer
[AM76].
From any point in the lattice, the crystal looks the same in the same direction,

i.e. its atomic density is periodic, ρ(r+R) = ρ(r), and therefore so is the potential,
U(r + R) = U(r). The reciprocal lattice represented by q is obtained as a Fourier
series of the direct lattice and vice versa

U(r) =
∑
q
G(q)e−iq·r (12.6)

where G(q) depends on the particular choice of crystal. In fig. 12.3 is shown a
primitive cubic lattice and the main crystallographic axes.
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Figure 12.3: A primitive cubic lattice with the main crystallographic axes indi-
cated.
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Chapter 13

Channeling

In the continuum approximation [Lin65], charged particles incident on a single
crystal with small angles to crystallographic directions, experience the individual,
screened nuclear fields as constituting a coherent whole.

Figure 13.1: A schematical drawing of the discrete nature of the scattering centers
in a crystal and the resulting continuum approximation. The target atoms with
atomic number Z2 and distance d along the string, impose a curved trajectory on
the penetrating particle with atomic number Z1 through binary encounters over
the transverse distance r⊥. The resulting trajectory with entrance angle ψ can be
accurately described as if being the result of interaction with a string of continuous
charge distribution, i.e. the charges Z2e being ‘smeared’ along the direction of
motion z.

The trajectory of the penetrating particle - due to the sequence of binary en-
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counters - becomes indistinguishable from the trajectory obtained from ’smearing’
(averaging) the charges along the string or plane, see fig. 13.1. For incidence with
angles smaller than the so-called critical angle ψc, the particle has a low transverse
momentum with respect to the axis or plane of the crystal. Thus it can be restricted
to areas away from the nuclei (positively charged particles) or close to the nuclei
(negatively charged particles).
In this case the particle is channeled - guided by the lattice. From the position

invariance in the longitudinal direction of the potential inside the crystal, follows
a separation of the longitudinal and transverse motions, since p‖ is conserved. The
result is a conserved ‘transverse energy’ and a transverse potential U(r⊥) in which
the particle moves:

U(r⊥) =
1
d

∫ ∞

−∞
V(r⊥, z)dz (13.1)

where V(r⊥, z) is the potential of the atom at the location of the projectile. For an
introduction to channeling at high energies, see e.g. [Sør91, SU89].

Figure 13.2: An example of a transverse potential in the continuum approxima-
tion for diamond along the 〈110〉 axis at room temperature. The main regions
for channeled e− and e+ are indicated. The Doyle-Turner approximation for the
atomic potential has been used.
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The transverse potential or field obtained by averaging in the longitudinal di-
rection can be obtained from different approximations, e.g. the Lindhard ’stan-
dard’ potential [Lin65], the Molière [Mol47] or the Doyle-Turner/Waasmeier-
Kirfel potential [DT68, WK95]. An example based on the Doyle-Turner approx-
imation is shown in fig. 13.2. The finite value of the transverse potential shown
in fig. 13.2 at the location of the atomic strings is due to the inclusion of thermal
vibrations modelled by a gaussian distribution.
In the continuum model the transverse motion is given by:

d
dt
γmṙ⊥ = − d

dr⊥
U(r⊥(t)) (13.2)

where the dot denotes differentiation with respect to time, t, and r⊥ is the trans-
verse coordinate. Neglecting terms of order 1/γ2, the transverse energy reduces
to

E⊥ =
1
2
pvψ2 + U(r⊥) (13.3)

where ψ is the particle angle to the axis [JAP83, BEM+85].

13.1 Critical angles
Strictly speaking, critical angles are theoretically well-defined only for positively
charged particles. However, observables for negatively charged particles show
a similar dependence on the angle to crystallographic directions (usually with
opposite sign, i.e. enhancement instead of suppression or vice versa, depending
on the nature of the process investigated). The characteristic angles for negatively
charged particles are equal to those for positively charged particles within a factor
� 1 − 3, for a recent example see e.g. [Ugg03].
When the particle approaches the center of the continuum string it has a fair

chance - partly due to thermal vibrations - of acquiring a transverse energy ex-
ceeding the height of the transverse potential such that it is no longer channeled.
For an incident angle ψc to the axis where

E⊥ =
1
2
pvψ2c � U(ρt) (13.4)

where ρt is a thermal vibration amplitude, the particle is likely to escape the well,
i.e. be dechanneled. Using the Lindhard ‘standard’ potential [Lin65], this gives
for the axial effect a critical angle for channeling

ψ1 =

√
4Z1Z2e2
pvd

(13.5)



116 CHAPTER 13. CHANNELING

For the planar motion the critical angle is

ψp =

√
4Z1Z2e2ndpCLas

pv
(13.6)

and generally ψ1 � 3ψp since the transverse axial and planar potentials differ in
amplitude by about a factor 10. Here, dp denotes the planar distance, d the spacing
of atoms along the axial direction, Z1e is the charge of the penetrating particle,
CL �

√
3 is Lindhard’s constant and as is the (Thomas-Fermi) screening distance.

The continuum approximation is valid far beyond the critical angle, persisting up
to angles as large as 50ψ1.

13.2 Positively and negatively charged particles
The potential energy for negatively charged particles is equal in shape but has
the opposite sign as compared to that for positively charged particles, see fig.
13.2. So in general channeled negatively charged particles are focused around
the nuclei (’flux-peaking’) whereas positively charged particles mainly move in
regions of low electronic and nuclear density. For positive particles the planar
potential is nearly harmonic whereas the potential for negative particles is strongly
anharmonic. Another difference is that positively charged particles move freely
from channel to channel (unless being ’proper channeled’), whereas negatively
charged particles mostly are bound to a single string.

Number of bound states

According to Bohr’s correspondence principle, the higher the number of available
quantum states, the better becomes a classical description of the phenomenon.
For planar channeled positrons and electrons the approximate numbers of bound
states are given as [JAA77]:

ν+p �
√
γZ1/32

√
nd3p (13.7)

see also eq. (14.1) below, and

ν−p �
√
γ
4a0
dp

√
nd3p (13.8)

while for axially channeled positrons and electrons the numbers are

ν+s � γ
1
π

d
a0
Z2
1
nd3

(13.9)



13.2. POSITIVELY AND NEGATIVELY CHARGED PARTICLES 117

and
ν−s � γ

4a0
dp
Z1/32 (13.10)

where the number for positrons is the number of states per unit cell for below-
barrier particles. As an example, the numbers are ν+p � 2.5, ν−p � 1.1, ν+s � 34
and ν−s � 4, for 1 MeV in the (110) plane and 〈110〉 axis of silicon, respectively
[JAA77]. As the number of states is proportional to √γ and γ for planar and axial
channeling, it is seen that the motion of GeV channeled particles is well described
by classical theory.

Reversibility and blocking

The focusing of negatively charged particles around atomic strings or planes leads
to an increase in the yield of close-encounter processes. As a consequence of the
‘rule of reversibility’ [Lin65], the time-reversed process of directing a beam into
the crystal to observe e.g. Rutherford backscattering, corresponds to the emission
of particles from the string or plane and observation at the location of the ex-
ternal beam source. Therefore, if the close-encounter processes are suppressed,
the emission in that crystallographic direction must be suppressed as well. This
happens for positively charged particles and is referred to as ‘blocking’.

Doughnut scattering

In the continuum model the angular momentum Lφ with respect to the axis is
conserved - giving an effective potential Ueff equal to

Ueff = U(r⊥) +
L2φ
2mr2⊥

(13.11)

for interaction with a single string.
For incidence along an axial direction with large angles ψ1 < ψ � 50ψ, thus

still in the continuum approximation, the penetrating particle scatters off many
strings of atoms, preserving the polar angle in each collision (due to conservation
of E⊥) while changing the azimuthal angle in a stochastic fashion [AAS91]. For a
sufficiently thick crystal, this leads to a uniform doughnut in angle (and position)
space of the emerging particles. This is the so-called doughnut scattering where
the beam may reach an equilibrium state in azimuthal angles, see fig. 13.3.
The ’sufficient thickness’ is given for ψ ≤ ψ1 by [Lin65]:

λ<⊥ �
4ψ

π2ndasψ21
(13.12)



118 CHAPTER 13. CHANNELING

Figure 13.3: Doughnut formation for 150 GeV electrons after (e−) and during (γ)
their photon emission. The selected incident polar angle range is given below each
plot of vertical versus horizontal exit angle, θx,out×θy,out ∈ [−150 μrad, 150 μrad]×
[−150 μrad, 150 μrad]. The radiated energy is restricted to the interval 10-70 GeV.
Adapted from [KKM+01].

and for ψ ≥ ψ1 roughly as [AFN+80]:

λ>⊥ ≈ 4λ<⊥
ψ2u1
ψ21as

(13.13)

where u1 is the one-dimensional thermal vibration amplitude of the lattice atoms.

13.3 High energy channeling radiation

Traditionally, channeling radiation is separated into three groups depending on
the energy of the penetrating particle: At low energies, �10-100 MeV, the trans-
verse potential contains a limited number of quantum states such that a classical
description is insufficient, see eqs. (13.7)-(13.10). At intermediate energies, �100
MeV-1 GeV, the number of states is so high that, according to the correspondence
principle, a classical calculation of the motion becomes a good approximation and
the radiated frequencies are sufficiently small that a dipole approximation suffices.
At high energies, above about 1 GeV, the dipole approximation is no longer justi-
fied because the longitudinal velocity varies as a result of a relativistic transverse
momentum.
The time dependence of γ initially neglected in eq. (13.2) makes the longi-

tudinal motion differ from a uniform translation. In the few GeV region this
deviation is significant - here photon emission can change γ drastically (while
β is essentially unchanged, i.e. the particle becomes lighter, not slower, by pho-
ton emission). Besides radiative processes, when the transverse momentum, p⊥,
gets relativistic the longitudinal velocity, βzc, is affected since (neglecting terms



13.3. HIGH ENERGY CHANNELING RADIATION 119

of order p⊥/p‖):

β2z = β
2 − β2x � 1 −

1
γ2
(1 + (

p⊥
mc
)2) (13.14)

such that the longitudinal motion becomes non-constant, even in the absence of
direct forces in this direction. This is due to the interaction of the particle possess-
ing a relativistic transverse velocity with the magnetic field present in the average
rest-frame of the longitudinal motion. The magnetic field leads to a Lorentz force
in the longitudinal direction which depends on the transverse velocity, i.e. the
transverse position and direction in the channel, such that a ’figure-eight’ motion
results [BEM+85, BKS81].
This means that as the energy is increased, the appropriate description varies

from a quantized transverse potential, through the dipole approximation in classi-
cal electrodynamics to a stage where transverse relativistic effects must be taken
into account. Yet another stage is achieved when the multi-GeV region is consid-
ered, since the field in the rest frame of the electron becomes critical.
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Figure 13.4: An illustration of a Lorentz transformation of the quantized trans-
verse potential from the laboratory frame to the average rest frame of the particle.
Adapted from [JAP83], but with the additional ’figure-eight’ motion due to the
magnetic field in the average rest frame.
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Following [JAP83], in the particle rest frame the transverse potential present
in the frame of the laboratory is boosted by the Lorentz factor such that transitions
of ΔE⊥ = �ω0 in the laboratory become ΔER⊥ = �ωR = γ�ω0 in the particle rest
frame, see figure 13.4.
Transforming the emission frequency back to the frame of the laboratory is

performed by applying the relativistic Doppler shift

ω = γω′(1 + β cos(θ′)) (13.15)

such that ω = ωR/(γ(1−β cos(θ))) � 2γ2ω0/(1+γ2θ2), i.e. essentially it is boosted
by another factor 2γ in the forward direction.
Furthermore, from the relativistic Doppler shift eq. (13.15) and its inverse

ω′ = γω(1 − β cos(θ)) (13.16)

follows the relativistic transformation of angles

cos(θ′) =
cos(θ) − β
1 − β cos(θ) �

1 − γ2θ2
1 + γ2θ2

(13.17)

where the last approximation is valid for small laboratory angles θ which must
be of the order θ � θ′/

√
2γ, i.e. θ ∼ 1/γ. Partly due to this transformation, the

angular envelope of emission that may be of the dipole ’doughnut’ character in
the particle rest frame, is transformed into a forward directed ’beaming’ shape
[Jac75]

dP(t)
dΩ

=
e2

4πc3
a2

(1 − β cos(θ))4 [1 −
sin2(θ) cos2(φ)
γ2(1 − β cos(θ))2 ] (13.18)

such that the emission angles become peaked in the forward direction with a char-
acteristic opening angle 1/γ as shown in figure 13.5. The raising of power in the
denominator in eq. (13.18) from 3 to 4 compared to [Jac75] is due to the shift
from the emission time t′ to the detection time t [LL75].

13.4 Coherent bremsstrahlung
The Bethe-Heitler cross section, differential in angles and photon energy, can be
represented in terms of momenta transferred longitudinally and perpendicularly
to the direction of motion, �q‖, �q⊥ [TM72, Sør83]. The allowed values of q‖ and
q⊥ are given by [Tim69], see also eq. (4.11)

0 ≤ q⊥ � 1/�c (13.19)

δ ≤ q̃‖ � 2δ (13.20)
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Figure 13.5: Relativistic beaming for dipole radiation. An excerpt of the angular
dependence of the intensity, shown in a logarithmic polar plot with a factor 10
between each grey circle, for particles with different values of γ as indicated.
Already for a Lorentz factor of 3 (purple, dash-dot-dotted curve), the backward
emission becomes completely negligible. Furthermore, the essentially complete
restriction to angles 1/γ (19 degrees for γ = 3 as indicated by the yellow lines,
the outer ’lobes’ are several orders of magnitude weaker) becomes evident.

for all emission angles. Collimation to angles less than the radiation cone 1/γ
is usually beyond experimental capability at sufficiently high energy. In q̃‖ =
q‖ − �cq2⊥/2γ the subtracted term gives a curvature to the ‘Überall pancake’, i.e.
to the three-dimensional formation zone which has the shape of a pancake in the
reciprocal lattice (see e.g. [Tim69]).
To first order in (�cq⊥)2 the Bethe-Heitler cross section, equation (5.1), then

becomes [TM72]

dσ
dω

=
2Z22r

2
eα

πγ2c

∫
d3q
q2⊥(1 − F(q))2

q4q̃2‖

·[1 + �
2
cωδ

c
− 2δ
q̃‖
+
2δ2

q̃2‖
] (13.21)

Here, δ denotes the inverse of the formation length, eq. (4.15), and

F(q) = Z−12
∫
exp (iq · r)ρ(r)d3r (13.22)

is the atomic form factor which takes the screening into account through the term
(1 − F(q))2.
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For N atoms, the single interaction potential V must be replaced by a sum over
all interactions

∑
ni V(r − rni) where rni denotes the position of atom ni. Thus the

differential cross section for N atoms becomes [SU89]

dσ
d�ωd3qN

=
dσ

d�ωd3q s

∣∣∣∣∣∣∣
∑
ni

e−iq·r
∣∣∣∣∣∣∣
2

(13.23)

where subscript s denotes the single atom cross section. The last term yields N in
the case of an amorphous substance since the mixed terms contain random phases
which sum to zero.
For a static single crystal in the limit N → ∞ we get [SU89, Sør83]∣∣∣∣∣∣∣

∑
ni

e−iq·r
∣∣∣∣∣∣∣
2

=
N(2π)3

N0Δ
|S (g)|2

∑
g
δ(q − g) (13.24)

like in the calculation of diffraction from a grating, see also [Pal68]. Here N0 is the
number of atoms in the unit cell of volume Δ, δ(q − g) is the Dirac delta function
and S (g) is the structure factor for the lattice in question [AM76].
Again to first order in (�cq⊥)2 the expression then becomes

dσ
dω

=
N(2π)3

N0Δ
2Z22r

2
eα

πγ2c

∑
g
|S (g)|2g

2
⊥(1 − F(g))2
g4g̃2‖

·[1 + �
2
cωδ

c
− 2δ
g̃‖
+
2δ2

g̃2‖
] (13.25)

where g̃‖ = g‖ − �cg2⊥/2γ. There is a strong similarity between the expressions for
the differential cross sections in amorphous and crystalline matter, eqs. (13.21)
and (13.25), respectively. The main difference is that the coherent cross sec-
tion given by eq. (13.25) only becomes appreciable when the recoil momentum
is equal to a vector of the reciprocal lattice (as can also be seen from the delta-
function in eq. (13.24)). This gives rise to ‘coherent peaks’, i.e. enhancements
that can be highly polarized, see e.g. [Pal68, Tim69, TM01].
A collimation of the photon emission angles will result in less radiation (a

‘sharpening’ of the leading-edge of the coherent peak), even though the forma-
tion length according to eq. (4.13) gets longer. This is due to the corresponding
shortening of the relevant zone in the reciprocal lattice, i.e. fewer reciprocal lattice
points contribute to the radiation. There is thus not a one-to-one correspondence
between the number of atoms within the formation length and the radiation yield.
Nor is this the case for the amorphous case, since the Bethe-Heitler formula is de-
rived for scattering off a single atom and therefore is independent of the formation
length.
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In the transverse potential picture, coherent bremsstrahlung can be regarded as
free-free transitions, i.e. transitions among states above the potential barrier, while
channeling radiation originates from bound-bound transitions within the potential
well [AFN+80, JAL81], see fig. 13.6.

��

��

Figure 13.6: Two particle trajectories in a crystal lattice. Track a) gives rise to
the emission of channeling radiation while b) leads to coherent bremsstrahlung.
Adapted from [AFN+80].
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Chapter 14

Quantum or classical description?

At sufficiently high energies, the motion of particles in a crystal - even when chan-
neled - becomes quasi-classical due to the high number of quantum states in the
transverse potential. On the other hand, as the energy is further increased, eventu-
ally a regime is reached where the radiation may carry away a substantial fraction
of the energy and momentum of the emitting particle, such that the radiation emis-
sion itself must be described as a quantum process.

14.1 Particle motion
The number of quantum levels in a harmonic oscillator (as for a planar chan-
neled positron, see also eq. (13.7)) of potential height U0 may from ν�ω = U0 =
γmω2(dp/2)2/2 be estimated to be

ν =
1
�

√
γmU0
2

dp
2
∝ √

γ
√
Z2d2p (14.1)

which due to its simplicity slightly overestimates the dependence on Z2 and dp
(see eq. (13.7)). The number of levels is of the order a thousand at 100 GeV and
therefore, according to Bohr’s correspondence principle, the motion of the particle
is well described classically. Likewise, by use of L = ν� and the Lorentz force
one may evaluate the transition energies between quantum states of an electron in
a magnetic field �ωB. The fractional size of this transition energy with respect to
the energy of the electron, �ωB/E, is then, up to an accuracy (v/c)2

1
ν
� �ω
E
=
B
B0
m2

p2
= κ f

m2

p2
(14.2)

where κ f is the laboratory field in units of the critical field. Thus, as long as the
electron fulfills the weak criterion γ � √

κ f , also this motion is quasi-classical.
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14.2 Emission of radiation
Concerning the recoil in the emission process, a classical calculation of the syn-
chrotron radiation emission in a magnetic field leads to a spectrum which extends
to ωc � 3γ3eB/2p = 3γ3ωB/2 [Sch52, Jac75], i.e.

�ωc

E
� 3γB
2B0
=
3γκ f
2
=
3χ
2

(14.3)

which for sufficiently large γ exceeds 1. Here ωB = eBv/pc is the cyclotron
angular frequency and χ is the strong field parameter. Thus, for γ values beyond
a certain point, the classically calculated radiation spectrum extends beyond the
available energy [Sch54, Sør91, TY73, Tsa73]. In figure 14.1 this phenomenon
is illustrated by a classical calculation of the synchrotron radiation spectrum from
a 100 GeV electron in a ’standard’ 1 meter long magnetic dipole at 2 T and a
’simulated’, but quite realistic, crystalline field corresponding to 25.000 T over
0.1 mm. Clearly, for the latter the classically calculated spectrum violates energy
conservation.

Figure 14.1: A classical calculation of the synchrotron radiation spectrum from a
100 GeV electron in a ’standard’ 1 meter long magnetic dipole at 2T (dashed line)
and a silicon axial crystalline field equivalent to 25.000 T over 0.1 mm (full line).
The vertical dash-dotted line shows the energy of the electron.

In this case a quantum treatment taking recoil into account becomes necessary:



14.2. EMISSION OF RADIATION 127

‘..the condition for quantum effects to be unimportant is that the momenta of the
radiated quanta be small compared with the electron momentum.’ [Sch54].
Following [NR64] and [BLP71] three dimensionless invariants can be con-

structed from the the electromagnetic field strength tensor, Fμν, and the momen-
tum four-vector pν (or, in the case of a photon, �kν):

χ2 =
(Fμνpν)2

m2c4E20
(14.4)

Ξ =
F2μν
E20
=
2(B2 − E2)

E20
(14.5)

Γ =
eλμνρFλμFνρ

E20
=
8E · B
E20

(14.6)

where eλμνρ is the antisymmetric unit tensor and contraction is indicated by re-
peated indices. For an ultra-relativistic particle moving across fields E � E0, B�
B0 with an angle θ � 1/γ the invariants fulfill χ � Ξ,Γ and Ξ,Γ � 1. The
relation of χ to the fields E and B is given by [BLP71]

χ2 =
1

E20m2c4
((pc × B + E · E)2 − (pc · E)2) (14.7)

For an ultrarelativistic particle moving perpendicularly to a pure electric or pure
magnetic field this reduces to

χ =
γE
E0

or χ =
γB
B0

(14.8)

which is implicit in eq. (14.3). Due to E0 and γ being proportional to m2 and 1/m,
respectively, we note that χ scales with 1/m3 such that e.g. the coherent production
of muon pairs becomes appreciable only at energies 2073 ≈ 107 times larger than
electron-positron pairs.
As discussed above, for the emission of radiation it is the trajectory that is

decisive. Therefore, it is insignificant if the field responsible for the path is electric
or magnetic and as a consequence they are mostly used indiscriminately in the
following. Since χ is invariant, γB (or γE) is the same in any reference system
and thus it is reasonable to transform to the electron frame. In this reference
system, by definition the Lorentz factor of the electron is 1 and the field present
in the frame of the laboratory is boosted by γ = E/mc2, where E is the energy
of the electron in the laboratory. This means that the field in the rest-frame of the
electron can become critical for achievable γ-values.
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14.3 Classical recoil
What happens to eq. (14.3) if the recoil imposed on the electron by the photon
emission is taken into account? Let in this section the barred values denote the
values where recoil (momentum �ω/c lost to the photon) is taken into account and
unbarred values denote variables where this is not the case. The discussion follows
Jackson’s estimate [Jac75, section 14.4] closely: The time interval in which a
finite pulse is detected by an observer is related through a Fourier decomposition
to its frequency components. A comparison between the time duration of the pulse
with and without account of energy loss of the particle in the emission process
therefore gives an estimate of the effect of recoil. After emission of the photon,
the particle Lorentz factor becomes

γ f = γ f (1 −
�ω

E
) (14.9)

since E = γimc2 is the initial energy of the projectile and γ f mc2 = E − �ω =
E, γ f mc2 = E. The gyration frequency ωB = eB/γmc changes as a result of
including the energy loss (recoil), and the particle moves with velocity βc =

c
√
1 − 1/γ2 after the emission. So the front-edge of the pulse emission travels

a distance D = cΔt = ρ/γβ while the rear edge - in this somewhat crude approx-
imation - travels d = cβΔt = ρβ/γβ with β/β � 1 − �ω/γ2E. Thus the critical
frequency will be approximately

ωc � ωc(1 − �ωE ) (14.10)

In combination, the radiation cone and the velocity decide the duration of the
pulse in a manner similar to the discussion connected to fig. 4.1. Suppose now the
radiation emitted has the critical frequency, �ω = �ωc, then:

�ωc

E
=
�ωc

E
(1 − �ωc

E
) (14.11)

which is the modification of photon frequencies sought. In the limit �ωc/E � 1
the usual behaviour is obtained, �ωc/E � �ωc/E.
Thus, the modifications of photon frequencies ω∗ and ω in equations (4.15)

and (14.10) take into account the recoil, i.e. it ‘represents a QED correction to
classical electrodynamics’ [KCB86], but the corrections can in a qualitative man-
ner be found from classical electrodynamics.



Chapter 15

Radiation emission in strong fields

The equations (4.15) and (4.18) show the formation length in the lab-frame. What
is the formation length in the particle rest-frame?
Let us consider pair production first: In the frame with a Lorentz factor of γp ≡

�ω/mc2, the formation length would become Lorentz contracted by γp: lpairf /γp =

2γ′�c/γp � �c/2 where γ′ ≡ �ωη+η−/mc2. This is roughly what one would expect
for pair production in a strong field1 since for χ = 1 a pair can be created over 2�c.
Turning to radiation emission, the formation length in the rest-frame of the

radiating electron with the emission of ξ = �ω/E leads to

lradf
γ
=
2γ∗�c
γ
=
2�c(1 − ξ)

ξ
(15.1)

which is 2�c for ξ = 1
2 and decreases with increasing ξ. Here, γ

∗ = γ · (1 − ξ)/ξ.
Bearing in mind the definition of the critical field where mc2 is produced over
�c it is natural to expect that the formation length is given by the so-called field
deflection length, λγ, ie. the length over which the particle is deflected by an angle
1/γ by the transverse force F⊥:

λγ =
E0
E �c =

�c

κ f
=
mc2

F⊥
(15.2)

leading to λγ/γ = �c/χ such that the effective length for radiation decreases with
increasing χ. Thus by setting λγ = lradf , according to eq. (15.1) the diminishing
field deflection length leads to a ’preference’ for radiation closer to the edge of the
spectrum:

ξ =
χ

χ + 1
2

(15.3)

1Alternatively, the length it takes to deflect a created positron of p = 1
2γmc by an angle θ = 1/γ

with respect to the photon direction in a critical, χ = 1, B-field is 2�c/2.
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as is indicated in the discussion of critical frequencies, eq. (14.3). The addition of
one half in the denominator of eq. (15.3) arises from the factor 2 in eq. (15.1) and
turns out to be 1 in a more accurate calculation, see eqs. (15.7), (15.14) and (25.2).
The basis of the expression is the inverse dependence of the formation length on
the photon energy. This behaviour with a minor modification is also obtained in
the more accurate Constant Field Approximation (CFA) to be discussed below.
As discussed above in connection with amorphous materials, the length over

which a particle statistically multiple scatters an angle 1/γ is given by lγ from eq.
(6.1) which leads - as for the case of λγ - to a higher radiation yield at high photon
energies compared to lower energies and an increase of the effective radiation
length at sufficiently high energies of the projectile.

15.1 Threshold for strong field effects

As an estimate of the peak electric field originating from an axis in a crystal, one
may set E � U0/

√
2eu1, where U0 is the transverse potential height. This can for

instance be seen in fig. 13.2 where u1 � 0.1 Å and U0 � 140 eV leads to E � 1
kV/Å, i.e. a field of the order 1011 V/cm. For a good summary of relevant crystal
parameters, see e.g. [Gem74]. From the definition of the critical field and χ in eq.
(14.3) then follows that the ’threshold’, χ = 1, for the quantum effects is obtained
for

�ωt = γtmc2 = mc2
√
2u1mc2

U0�c
(15.4)

where the field becomes critical in the Lorentz-frame boosted with γt or �ωt/mc2.
Table 15.1 compares the values obtained from eq. (15.4) with the more accurate
ones obtained in the Constant Field Approximation [BKS98] where �ωt is defined
as the energy at which the probability for the coherent strong field mechanism
equals the Bethe-Heitler value.

Estimate, eq. (15.4) [BKS98]
Si 〈110〉, 293 K 102 GeV 120 GeV
Ge 〈110〉, 280 K 74 GeV 70 GeV
Ge 〈110〉, 100 K 45 GeV 50 GeV
W 〈110〉, 293 K 14 GeV 22 GeV
W 〈110〉, 77 K 8 GeV 13 GeV

Table 15.1: Comparison of threshold values for the strong field effect from eq.
(15.4) and [BKS98].
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As eq. (15.4) is a rather crude estimate, it is not surprising that there is some
disagreement. Nevertheless, eq. (15.4) is a useful estimate of the energy of onset
of strong field effects. Furthermore, it directly explains the origin - namely that
the field in the restframe becomes critical.

15.2 The classical limit of synchrotron radiation
According to classical electrodynamics, the intensity per unit frequency and unit
solid angle emitted by a charged particle in synchrotronic motion can be expressed
as [Jac75]:

d2I
dωdΩ

=
e2

4π2c
|
∫ ∞

−∞

n× [(n− β) × β̇]
(1 − β · n)2

· exp(iω(t − n · r(t)/c))dt|2 (15.5)

where β(t) = v(t)/c and n denotes the direction of photon propagation. Eq. (15.5)
leads to a counting spectrum [Sør91] by use of dNγ/dξ = 1/E�ω · dP/d�ω where
the emitted power is P = ωBI/2π, ωB = eBv/pc:

dNγ
dξ

=
αc√
3πλ�c

1
γ
[2K2/3(δc) −

∫ ∞

δc

K1/3(t)dt]

(classical) (15.6)

where δc = 2ξ/3χ, ξ = �ω/E, Kν is the modified Bessel function of order ν and χ
is the invariant strong field parameter defined in eq. (14.8), χ = γBe�c/mc2. Equa-
tion (15.6) is also derived following the approach of Baier, Katkov and Strakhovenko
in appendix A, eq. (A.92).

15.3 The Constant Field Approximation (CFA)
Radiation emission

The classical spectrum of synchrotron radiation becomes modified when quantum
corrections are taken into account as for emission in a sufficiently strong field.
According to [Sch54, ST78], and [Lin91] following the correspondence principle,
the approximate quantum spectrum can be found by a replacement of variable in
eq. (15.6). The substitution ω → ω∗ = Eω/(E − �ω) in the rhs. of eq. (15.6)
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will take into account the quantum (recoil-) effects (see also [BLP71], eqs. (59.9)
and (59.20) or appendix A, eq. (A.117), where the same result is derived from the
semi-classical approach):

ξ∗ ≡ �ω
∗

E
=
�ω

E − �ω =
ξ

1 − ξ (15.7)

where, as above, ξ = �ω/E. This substitution reappears in the definition of the
formation length, eq. (4.15) in going from the classical limit to the accurate ex-
pression and likewise in eq. (14.11) as well as in Lindhards approach from the
replacement of the Thomson cross-section for the virtual photon scattering by
the Klein-Nishina cross-section [Lin91, eq. (15)]. It is thus a ’generic’ replace-
ment taking recoil into account. The result is a modification of eq. (15.6) where
δc = 2ξ/3χ→ δq = 2ξ/3(1 − ξ)χ leading to

dNγ
dξ

=
αc√
3πλ�c

1
γ
[2K2/3(δq) −

∫ ∞

δq

K1/3(t)dt]

(substituted) (15.8)

In the Constant Field Approximation [BKS83, KCRM83] (reviewed in [BKS89a]
and [KC85]) the corresponding result for emission of radiation is:

dNγ
dξ

=
αc√
3πλ�c

1
γ
[(1 − ξ + 1

1 − ξ )K2/3(δq)

−
∫ ∞

δq

K1/3(t)dt]

(CFA) (15.9)

where as found above δq = 2ξ/3(1 − ξ)χ, see also appendix A, equation (A.136).
Fig. 15.1 shows in (a) the term in square brackets from eq. (15.9) multiplied by

ξ/χ to obtain a power-spectrum and normalized by χ such that the spectra become
comparable.
In (b) is shown the contribution from the spin (see [Sør91], [Lin91] and [BLP71,

eq. (59.20)] where the first factor depends on the spin), i.e. the difference between
(a) and the square bracket term from eq. (15.8) multiplied by ξ/χ. Clearly, the
end of the spectrum is seriously affected by the spin for high energies. This con-
tribution - also clearly seen in figure 12.2 - originates in Lindhards approach from
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Figure 15.1: Synchrotron radiation in a strong field, where (a) is the power spec-
trum rescaled by χ according to eq. (15.9) and (b) shows the contribution from
the spin, see text for details. The labels on the curves denote the value of χ which
are in both cases χ = 5−1 (dashed), χ = 1 (full), χ = 5 (dash-dotted), χ = 52
(long-dashed) and χ = 53 (long-dash-dotted). From [Sør91].

the replacement of the Thomson cross-section by the Klein-Nishina cross-section
which takes both recoil and spin into account.
As a result of the quantum correction, the total radiated intensity for the clas-

sical emission is according to Schwinger reduced by a factor

I/Icl = 1 − 55
√
3�cωBγ2/16c (15.10)

due to first order quantum corrections when χ � 1 [Sch54]. Including the second
order term the reductions for small values of χ are [BLP71]

I/Icl = 1 − 55
√
3χ/16 + 48χ2 χ � 1 (15.11)

and asymptotically for large values of χ

I/Icl � 1.2χ−4/3 χ � 1 (15.12)

Furthermore, an approximate expression (”accuracy better than 2% for arbitrary
χ” [BKS98, eq. (4.57)])

I/Icl � (1 + 4.8(1 + χ) ln(1 + 1.7χ) + 2.44χ2)−2/3 (15.13)

gives a compact analytical expression applicable e.g. in computer codes. From
this, it is clear that the emission of synchrotron radiation is affected already at
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fairly small values of χ. A graphical representation compared to measured values
is given in [BKS86b] and [BBC+88].
In passing, one may note that possible Lorentz invariance violating terms as

given from the standard model extension by Kostelecky’s group have been claimed
to give detectable signatures in synchrotron radiation [FZ07], with fields accessi-
ble in crystals. Even if true, a measurement would be quite demanding, though,
in terms of angular resolution of the photons.
As a general observation, it is important that even though the quantum correc-

tions imply a reduction compared to the classical synchrotron law, the emission
probabilities in the quantum regime are still enhanced in a crystal with respect to
the Bethe-Heitler value, due to the coherence. The enhancement is defined as the
emission probability for an aligned crystal in units of the random value.
The ‘endpoint’ of the radiation spectrum, �ωc - beyond which the frequencies

are exponentially suppressed - is found in the CFA [BKS89b], [Art88] as being
the approximate fraction of the incident energy:

�ωc

E
� χ

1 + χ
(15.14)

in good agreement with the estimate of the critical frequency, eq. (15.3) and eq.
(14.11) combined with eq. (14.3).
There is therefore nothing extraordinary in the ’emission under recoil’ in terms

of the emission process in itself, except that one has to take conservation of energy
and momentum as well as spin into account. It therefore seems natural that a full
quantum mechanical calculation of these phenomena using the Dirac equation
concludes that ultrarelativistic channeling does not involve quantum effects which
are not included in the semi-classical treatment [ASG95]. On the other hand,
what is remarkable is the large enhancement with respect to random incidence
which is a result of the large field in the rest-frame of the emitting particle and the
coherence. So, even though the emission process can be calculated reliably in a
semi-classical theory, it shows a drastic change from the usual classical behaviour.
Thus, crystals give the opportunity of investigating the behaviour of synchrotron

radiation in the region where quantum effects become decisive for the spectrum.
Moreover, crystals open for the possibility of investigating modifications to the ra-
diation spectrum of a ‘nonsynchrotron’ character, i.e. when the trajectory is better
approximated by segments of non-constant acceleration [KN02].
For a single crystal, the quantum recoil parameter, χ, is approximately given

by [BKS98]

χ � U0γ�
m2c3as

(15.15)

where as is the screening distance and U0 is a measure of the height of the trans-
verse potential. This leads for example for tungsten to χW � 3, at an energy of 100
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GeV. For the energies 30 and 300 GeV the energy losses are reduced by factors of
6 and 45, respectively, compared to the classical synchrotron radiation [Kon88].
More details on this suppression are given in the discussion of beamstrahlung,
chapter 20.

χ � 1 χ � 1
I ∝ γ2/3 γ2

W ∝ γ−1/3 γ0

�ωc ∝ γ γ2

Table 15.2: Behaviour with γ for the intensity, the radiation and pair production
probability and the characteristic energy of emission for the quantum and classical
limits.

Table 15.2 summarizes the behaviour of the intensity, I, the radiation prob-
ability, W, and the critical energy, �ωc, with γ for the two limits χ � 1 and
χ � 1 [Kon88]. Note that the radiation probability and pair production proba-
bility have the same behaviour with γ (or γp) in both the quantum and classical
limits, in agreement with expectations from crossing symmetry2. These drastic
changes in behaviour with γ from the classical to the quantum limit have so far
only been investigated by means of the strong fields in crystals which thus provide
unique tools for tests of QED as shown from experimental results below.

Variations with energy, material and temperature

The conclusion from eqs. (15.4) and (15.15) is that the strong field effects appear
at lower energies the higher the Z of the crystal and the lower the temperature. The
maximum enhancement, on the other hand, decreases with increasing Z since the
maximum achievable formation length before the onset of the self-suppressing
field deflection is inversely proportional to Z. Furthermore, the maximum en-
hancement is only slightly dependent on temperature. Nevertheless, it can be use-
ful to cool a crystal intended to serve as a target for conversion of photons, simply
to reduce the threshold below the region of typical energies of the impinging pho-
tons and by these means obtain a significant increase in enhancement. This is due
to the deeper transverse potential in a cooled crystal of high Z which implies a
high field and thus χ = 1 at a lower value of γ.

2Of course, pair production is always a quantum process so the separation between classical
and quantum limits are understood as those belonging to the synchrotron radiation case, ie. χ � 1
and χ � 1. Likewise, the pair production probability for χ � 1 is understood as the dominant
process, ie. the Bethe-Heitler contribution, since the coherent part is exponentially small in this
region of χ.
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Clearly, the crystal material, orientation and temperature are crucial parame-
ters for an application as a target for conversion of photons.

Characteristic angle for CFA

Following [Sor87], conservation of transverse energy leads to

p2

2γm
ψ20 =

p2

2γm
(ψ0 + Δψ)2 − U0 (15.16)

where ψ0 and Δψ denote the incident and deflection angle, respectively. For Δψ �
ψ0 in the region ψ � ψc this gives

Δψ =
1
γ

U0
mc2

1
ψ0

(15.17)

such that the angle
Θ0 =

U0
mc2

(15.18)

separates two regions where the deflection angle is larger than or smaller than
the opening angle of the emission cone, 1/γ. Thus it separates the regions where
the radiation has dipole nature, ψ � Θ0, and where it has a synchrotron nature,
ψ � Θ0. Θ0 is the so-called Baier-angle. This characteristic angle does not
depend on energy (see [CK84] for a different approach) such that at relatively
high energies, roughly when γ � 2mc2/U0, i.e. a few GeV for axes in Si and Ge,
we have ψc < Θ0 since ψc ∝ 1/√γ. Thus the non-dipole regime has an angular
extension beyond that of the channeling regime for particles with energy above a
few GeV. Furthermore, in accordance with the continuum approximation the field
registered by a particle incident at this angle can be considered constant along the
string.
From eq. (15.17) and fig. 15.2 it is again possible to conclude a ’self-suppression’

effect of the strong field: Coherence takes place within the ’1/γ-zone’ which be-
comes shorter and shorter as ψ0 decreases since Δψ increases [PAB86, PAB87],
so the strong field enhancement is smaller than the enhancement calculated from
coherent theory (first Born approximation).
An alternative derivation shows the constant field more explicitly:

ΔE = U
ase

− U
(as + Δx)e

� E = U
ase

⇒ Δx � as (15.19)

Since the transverse displacement with incident angle ψ0 over the deflection length,
eq. (15.2), λgamma = �cE0/E is

Δx =
ψ0�cE0
E (15.20)
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Figure 15.2: Emission of bremsstrahlung by a charged particle crossing a string
of atoms. In the upper part, the deflection due to the field from the string is
sufficiently small such that coherent superposition can take place over many atoms
- this is the limit with an angle ψ > Θ0 to the axis. The lower part reflects the
increased deflection when incident with an angle ψ < Θ0 to the axis which results
in a shorter distance for the coherent superposition. From [Sor87].

which - through E = U/ase - is

Δx =
ψ0mc2as
U

(15.21)

such that the transverse displacement over the deflection length becomes

Δx =
ψ0

Θ0
as (15.22)

by use of eq. (15.18). Therefore, under the assumption that the field deflection
length is the formation length, the field can according to eq. (15.19) be considered
constant during the creation process for incidence inside Θ0.
Due to the thermal motion of the lattice nuclei, there is always an incoherent

component of radiation. For a comparison of theory and experiment, it is neces-
sary to add this contribution - a slightly modified Bethe-Heitler cross section, see
e.g. [TM72, p. 60] - to the CFA contribution.

15.4 Virtual photon density
An alternative approach shows the interaction strength more explicitly in a pic-
ture where the penetrating particle interacts with the field seen as virtual photons:
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Following [BKS89b] the flux of equivalent photons can be calculated as

Jq =
γ

4πe2
|G(q)|2
�c|q‖|

q2⊥ (15.23)

where the strength of the potential is expressed through |G(q)|, see eq. (12.6). The
resulting number of photons is Nq � JqVr in the interaction region of approximate
size in the restframe Vr � 2π��2c/γq‖ (given by the volume restricted by the inverse
of eqs. (13.19) and (13.20)). The strength of the interaction is then given by

αNγ = α
∑
q

Nq �
∑
q

|G(q)|2q2⊥
m2c4q2‖

(15.24)

From |G(q)| � U0 and q‖ � q⊥θ0 then follows

αNγ ≈ ( U0mc2θ
)2 (15.25)

from which it is seen that there are two regions of angles separated by Θ0 =
U0/mc2: For αNγ � 1 the interaction is like a constant field, while for αNγ � 1
perturbation theory is valid.

15.5 Spin processes
The first calculation of the photon spectrum emitted by ‘particles of arbitrary spin
moving in an arbitrary electromagnetic field’ was done by Baier and Katkov in
the late sixties [BK67]. Earlier, Sokolov and Ternov [ST64] considered polariza-
tion and spin effects for electrons moving in a homogeneous, constant magnetic
field. However, their realization that the spin influences the spectrum decisively
for large values of χ, was not discussed as an observable phenomenon. Never-
theless, radiation intensities were calculated for spin 0, 12 and 1. In fact, the in-
fluence of spin was left out from many discussions of quantum effects: ‘quantum
effects in synchrotron radiation originate in two ways: from the quantisation of
the motion of the electron, and from the quantum recoil when a photon is emitted’
[BLP71, BKS98].
The first discussion of the possibility of observing spin-flips in axial channel-

ing was done by [BTK84], but these results were later questioned by Greiner’s
group [ASG95], based on a calculation starting from the Dirac equation. Spin-flip
in planar channeling which requires energies about a factor 10 higher is discussed
by [BG83].
Later, Lindhard [Lin91] showed - as discussed above - that the contribution

from the spin can be derived from a Weizsäcker-Williams type calculation. He
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and Sørensen [Sør91] convincingly demonstrated that the contribution from the
spin dominates the hard end of the photon spectrum as soon as χ � 1, see fig.
15.1. This means that - apart from the reverse action of the photon on the elec-
tron, the recoil - an additional quantum effect of the spin of the electron influences
the spectrum, as also discussed in [ST86].

Why the spin makes its influence can be seen by a rough, but simple argument
[KMj+01]: The energy of a magnetic moment μ at rest in a magnetic field B is
given by

Eμ = −μ · B (15.26)
Therefore spin-flip transitions of electrons with μ = e�/2mc have an energy ΔEμ =
e�B/mc in the rest system. In this system, the purely electric field in the crystal is
by the Lorentz transformation converted into a magnetic field B = γβElab plus an
electric field which does not influence μ. Transformation back to the laboratory
yields a factor γ (as in the case of channeling radiation arising from transitions in
the transverse potential) such that the result is

ΔEμ = γ2β
E
E0
mc2 = χβγmc2 (15.27)

which is equal to the initial energy of the electron, E, when χβ = 1, i.e. χ � 1.
This simple estimate shows why the radiation from spin-flip concentrates near
the endpoint of the spectrum. An analogous behaviour appears for synchrotron
radiation where the typical fractional photon energy, eq. (14.3), becomes equal to
1 for χ = 2/3 and the recoil of the photon must be taken into account as discussed
above.
Asymptotically, the spin contribution becomes ξdN/dξ ∝ (ξ7/(1 − ξ))1/3 · χ2/3

for χ→ ∞ such that it is strongly peaked at the upper end of the spectrum as seen
in figure 15.1.
Considering the process of radiative polarization of the electron, the typical

time of spin-flip transitions, τs f , it is given by [ST86, BKS70, ST74]

τs f =
8�

5
√
3αmc2

(
B0
B
)3
1
γ2
=

8�
5
√
3αmc2

γ

χ3
(15.28)

For a 100 GeV electron in a χ = 1 field cτs f becomes 10 μm or τs f = 32 fs. For
the more usual situation of a 1 GeV electron in a 1 T field, cτs f is 7.3 AU and τs f
is 61 minutes - a typical polarization time in an accelerator.
Therefore a substantial fraction of the radiation events originate from spin-flip

transitions as one gets to and beyond χ � 1, even in a target as thin as 0.1 mm.
Theoretical studies [BT89] point to the possibility of obtaining polarized positrons
in a similar manner, by planar channeling through bent crystals of lengths about 1
mm.
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15.6 Doughnut scattering suppression
Suppression due to doughnut scattering can be stronger than the LPM effect due
to multiple Coulomb scattering: Let the particle be incident with a fixed angle ψ
to the axis and deflected through an azimuthal angle φ. Then the change in angle
becomes θ � 2ψ sin(φ/2) � φψ. Setting this equal to 2/γ an estimate for the length
over which the particle scatters outside the radiation cone is obtained [BEM+88]:

lγd = (
φ

2π
)2λ⊥ =

λ⊥
γ2ψ2π2

(15.29)

with λ⊥ given by eqs. (13.12) and (13.13). The length lγd can become smaller
than lγ, even along an axis where multiple Coulomb scattering is enhanced for
negatively charged particles. Therefore, if the incident particles doughnut scatter
sufficiently over one formation length, suppression of radiation may result, see
also [Ugg04b].
The energy below which the radiation emission is suppressed by doughnut

scattering can be estimated by use of eqs. (4.15), (13.12), (13.13) and (15.29) as:

�ω ≤ �cγ4π4ψ21asdn/2 · ψ (15.30)

for electrons inside the critical angle and:

�ω ≤ �cγ4π4ψ41a2sdn/8u1 · ψ−1 (15.31)

outside the critical angle. Since ψ21 ∝ 1/γ the doughnut scattering suppression
energies show a γ3 and γ2 dependence, respectively.



Chapter 16

Radiation emission experiments

Under the heading ‘New crystal-assisted pair-creation process’, the strong crys-
talline fields entered in the early 80s [KCRM83], see also [BKS83]. It was shown
that photons incident on crystals along an axis will pair produce with a probability
that is higher than that of an amorphous target and that the differential spectrum (in
η±) is completely different. Shortly after, the first experimental results followed.
The first observation of quantum recoil effects in synchrotron radiation was

in an experiment performed at SLAC [CMP+84] where a collimated beam of 4-,
15- 17.5-GeV positrons was directed along the 〈100〉 axis in a diamond crystal.
The results confirmed the newly developed theory [KC84b, KC84a] treating the
radiation emission as synchrotron-like, dividing the particle trajectory into nearly
circular segments and summing the appropriately weighted contributions. As ex-
pected, a significant suppression of the radiation yield compared to the classically
calculated value was observed. However, the value of χ was quite low, only up
to 0.02, which indicates that the explanation is rather due to a departure from the
uniform field approximation.
A few years later, the so-called ‘Belkacem peak’ was discovered [BBC+86b]

- an enhancement of radiation yield with a sharp peak at ξ � 0.85 from 150 GeV
electrons passing a thin Ge crystal at axial alignment. The first results showed an
enhancement of about 8, but this was due to an averaging over the beam width
of � 30 μrad. A later measurement, where the angle of incidence was restricted
to less than 9 μrad to the axis showed an enhancement as high as 60 [MMS+89].
Furthermore, the expected value for the enhancement based on the CFA provided
a nice fit to the data [BKS91]. The ‘Belkacem peak’, initially hoped to be a sign
of new physics, was shown to be a result of pile-up of multiple photon emission
[MMTP+90], due to radiation cooling (to be discussed in chapter 17).
The initial, comparatively crude, experiments were later refined substantially.

One example was the NA43 experiment at CERN led by Erik Uggerhøj which
during the last few runs had upgraded the detector assembly giving plenty of new

141
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Figure 16.1: Enhancement as a function of energy for an incident angle of
0 − 5 μrad. Shown is a spectrum produced by 149 GeV electrons and positrons
incident around the 〈110〉 axis in 0.7 mm diamond. Adapted from [KKM+01].

opportunities for investigations. A detailed explanation of this experiment can be
found in [KKM+01].
One of the new features was the use of a pair spectrometer which also enabled

a determination of the direction of the emitted photons. Since the photons are
emitted within 1/γ, which was comparable to the angular resolution of the com-
bined DCs, the approximate particle direction at the moment of photon emission
could be measured. In this way, not only could the angular distribution of the elec-
tron beam be measured in front of and behind the first crystal, also the direction
of the electron while emitting the photon inside the crystal could be detected, see
below.
In fig. 16.1 is shown results obtained for 149 GeV electrons and positrons

incident close to the 〈110〉 axis in 0.7 mm diamond [KKM+01]. It is seen that
there is a big difference between electrons and positrons due to the redistribution
of particles inside the channeling region [BKS86a]. Furthermore, as expected
from the CFA, the enhancement is much larger for diamond than for germanium,
up to 250.
A similar experiment to NA43 was performed by the CERN NA46 collabora-

tion which aimed to search for neutral particles produced in the strong crystalline
field (discussed below). One of the experimental results obtained as a ‘by-product’
by NA46 was the observation of blocking at ultrarelativistic energies. Since the
pair production predominantly takes place where the field is strongest, i.e. close
to the atomic string, the produced electrons are almost all channeled giving rise
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to an enhancement of yield, while the positrons show a ‘blocking’ effect of yield
suppression along the axial direction. An interesting effect, the so-called ‘side-
slip’ [Art88, AB01], corresponding to the pair being produced noncollinearly with
the photon was too small to be considered significant in the experiment and was
not included in the simulation for comparison with experimental data. Never-
theless, in the following we digress a little to discuss this interesting theoretical
phenomenon.

16.1 Side-slip
One of the few examples in physics of a dependence on the time-derivative of the
acceleration, is the radiation reaction. As has been shown by Xavier Artru and
his collaborators [ABQ02], the radiation reaction may lead to the so-called side-
slipping phenomenon - that the photon and electron trajectories are not mutually
tangential in the emission process.
A charged particle subjected to a force F will suffer an acceleration a = F/m,

disregarding the emission of radiation. However, due to the radiation emission
power as described by the Larmor formula P = 2e2(a)2/3c3, a dissipative term
- the radiative reaction force - arises [Jac75]. The non-relativistic equation of
motion in an electromagnetic field where ẍ · ẋ = 0 is given as [McD00]

mẍ = e(E + ẋ × B) + 2
3
αȧ (16.1)

where a = ẍ and the last term is the radiation reaction, a dissipative term that
depends on the rate of change of the acceleration of the particle. As stated in
[She72b], The Abraham-Lorentz-Dirac (ALD) equation [Dir38], eq. (16.1) - ex-
act within the limits of classical theory - ’is one of the most controversial equations
in the history of physics’, representing a case where Newton’s third law in a sense
is not valid due to a ’self-force’. The ALD equation contains a modification term
to the electric and magnetic forces, arising from the reaction of the fields origi-
nating from the charge upon itself, the radiation reaction, see e.g. [GS78] for an
introductory discussion.
Equation (16.1) is the non-relativistic limit of the space components of the

radiation reaction 4-force [McD00, LL75]

Fμ =
2e2

3
(
d2uμ

ds2
+
duν
ds
duν

ds
uμ) (16.2)

where uμ = γ(1, v/c) is the four-velocity and ds = cdτ the invariant spacetime
interval. The first term in eq. (16.2) is the ’Schott’-term and the last term is never
positive.
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There have been alternative suggestions, both for detection schemes [She72b]
and for formulations of an equation to incorporate the energy loss connected with
radiation emission, the latter of which has been shown to lead to results that are in-
distinguishable from those of the ALD equation, see e.g. [She72a, She78]. More-
over, different approaches have been tried to eliminate the notorious ’runaway’ so-
lutions to the ALD equation [End93] - attempts that have finally yielded sensible
results after almost a century of unphysical solutions, runaways and preaccelera-
tions, see e.g. [Roh97, Her06].
In the theory of Artru and his collaborators [AB01, ABQ02, Art05], the side-

slip - described both classically, semi-classically and quantum mechanically - is
introduced to account for energy and (angular) momentum conservation in the
emission process. The result is that the emission of the photon from an accelerated
charged particle is neither collinear nor spatially coincident with the particle at the
moment of creation. This side-slipping of the photon with respect to the trajectory
of the electron - if it exists - is an interesting, possibly observable phenomenon.
Its value is given by

δss =
γ−2 + θ2z
2

R (16.3)

where γ is the Lorentz factor of the electron, θz is the angle between the direction
of the momentum of the emitting electron at the moment of emission p and the
wavevector of the photon k and R is the radius of curvature of the electron in the
magnetic field.
There is also a side-slip phenomenon for the emitting particle itself which can

be included in theoretical approaches to explain the energy loss [Art88] and pair
production in strong crystalline fields, as discussed above. However, inclusion
of this effect is expected to give no ’significant changes’ [ABB+93], with a ’shift
generally smaller than the Compton wave length’ [Art88]. On the other hand, the
theoretically expected side-slip for the photon may be quite substantial, several
tens of microns for realistic beams.
On the other hand, an alternative expression relating the instantaneous R(t) and

initial radius of curvature R0 for the emitting electron can be found in [Yag06, Eq.
(8.152)]. In this approach, one can use δe = R(t f ) − R0 = −4R0α2γB20/9B2c · t f /τe,
with the photon formation time t f = 2γ2/ω, Bc = m2c3/e� = 4.4 · 109 T and
τe = 2re/3c as an estimate for the magnitude of apparent side-slip. As an exam-
ple, this results in δe � 1 nm for a 120 MeV electron emitting 1 eV photons in a
1 T field, substantially smaller - about four orders of magnitude - than according
to eq. (16.3), but for the electron. This is in qualitative agreement with [ABQ02,
eqs. (22) and (27)], which relate the side-slip of the photon and electron by a fac-
tor �ω/(E − �ω), the latter being the smallest [Art11]. It is therefore desirable to
perform a measurement, but so far only one suggestion for its direct measurement
- using fairly sophisticated optical techniques - has appeared [Art05]. As also our



16.2. COHERENT RESONANCES IN RADIATION EMISSION 145

suggested (but unpublished) example with 120 MeV electrons shows, the obstacle
is not limitations in beam energy or emittance nor realistic field values and result-
ing emission frequencies. Rather, it is the limitations connected to the resolving
power of the optical system, that make a measurement of the fairly small values
of δ difficult.

16.2 Coherent resonances in radiation emission

Distinct coherent resonance peaks develop in the radiation and pair production
spectra as the entry direction of the electron or photon is tilted out along a plane,
maintaining a relatively small angle to the axis. In this case, the coherent reso-
nances are obtained in passing the periodically spaced axes in the plane, in a way
analogous to the passage of the planes for coherent bremsstrahlung and coherent
pair production.
In the early 90’s it was found both experimentally by NA43 [MMJ+92] and

theoretically by Baier et al. [BKS92] that electrons of energies in the hundred-
GeV range incident on a single crystal with a small, non-zero angle to the axis
along a plane would lead to a peak of high energy photons, see fig. 16.2 where
a later example is given [KKM+01]. Furthermore, the increase of yield of such
photons with respect to the emission from the equivalent amorphous material was
found experimentally to be around 50 for diamond.
The appearance of this peak is ascribed to a coherent resonance obtained when

the electron passes the strings forming the plane in the so-called strings-of-strings
region. It is thus reminiscent of the usual coherent phenomenon obtained when
the electron passes planes, see fig. 13.6, only in this case it is the crystallographic
axes and not the planes that lead to coherent structures in the spectrum. Therefore
the position of the peak in the spectrum is found as for coherent bremsstrahlung
[KT94]

�ωCR = E · (1 + Aaxda
ni · 2π · 2γ�c sin θ

)−1 (16.4)

where Aax = 1.282, da is the transverse distance between the traversed atomic
strings, θ is the angle to the axis and ni is an integer. The peaks in coherent
bremsstrahlung are obtained by replacing Aax by Apl = 1 and d by dp and setting
θ as the angle to the plane. That Aax � 1 is due to the deflection in the strong field
as shown in a comprehensive paper on the calculation of the coherent peaks by
Kononets and his student Tupitsyn [KT94]. They based their theory on the semi-
classical approximation, CFA. Since the radiation peak consists of hard photons
(� 100 GeV) typically followed by a single soft photon (� 20 GeV), see fig. 16.2
c), it is a potential source for hard γ-rays.
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Figure 16.2: 149 GeV electrons on the (111) plane of 0.7 mm diamond, 0.6 mrad
to the 〈110〉 axis. a) shows the radiation enhancement as a function of total ra-
diated energy, b) the photon multiplicity and c) the number of photons emitted
as a function of the energy of the photon, given that the sum of photon energies
exceeds 100 GeV. From [KKM+01].

16.3 Quantum suppression
The energy loss in classical synchrotronic motion in a constant field is propor-
tional to E2, whereas the energy loss due to incoherent bremsstrahlung from a
foil is proportional to E. Thus, for the classical region of radiation emission from
synchrotronic motion in a crystal, an enhancement proportional to E is expected.
Analogously, in the extreme quantum case an enhancement proportional to E−1/3
is expected since asymptotically the energy loss scales as E2/3, see table 15.2. As
seen from fig. 20.3, the situation at a few hundred GeV in W is between these two
extremes, showing clearly the onset of quantum suppression. Experimentally, the
enhancement is defined as the ratio of effective radiation lengths, η = XBH0 /XSF0 ,
where XBH0 is the Bethe-Heitler value for the radiation length and XSF0 is the effec-
tive radiation length for the strong field case. A high-Z crystal in a hundred-GeV
beam thus gives the opportunity of investigating a ‘quantum synchrotron’, i.e.
synchrotron radiation emission in the quantum regime.
Baier’s group [BKS98, BKS86c] has given a ‘rough estimate’ of the enhance-

ment, η:
η � mcas

3Z2α� ln(183Z−1/32 )
1 < χ < 15 (16.5)

In the case of tungsten, this estimate of the enhancement becomes η � 9,
whereas Kononets estimates from a calculation based on the CFA that η � 7 from
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about 30 GeV to a few thousand GeV [Kon88]. Clearly, the ‘rough estimates’ are
in very good agreement with experiment, and they show that in this region the
dependence on energy can be neglected to a first approximation. We return to the
quantum suppression in the treatment of beamstrahlung, chapter 20.

16.4 Spin-flip in a strong field
In figure 16.3 is shown the radiated power as a function of the fractional photon
energy ξ = �ω/E for 2 energies of the impinging electron, 70 and 243 GeV (more
examples can be found in [KMj+01]). The experimental points are compared to
two theoretical curves: one where the effect of spin has been neglected and one
where the electron is treated properly as a spin 12 particle. Although the experiment
suffers a bit from lack of sufficient statistics (given indirectly by the scatter of
points), the trend is clear: The spin of the electron must be included to get the
best description of the experimental values. This is not surprising, but it shows
that the above description of spin-flip processes is likely to be correct, even in
a strong field. It must be emphasized, though, that neither the electron nor the
photon beam becomes polarized in the experiment - the electron is exposed to
strong fields, but in the radial direction from the crystal axis. Since this does not
single out any preferred direction, the beams cannot become polarized, yet the
emission spectrum may bear evidence for the spin-flip process.

16.5 Generation of polarized GeV photons
The so-called spin-crisis in high energy physics which deals with the question
of the origin of the spin of the nucleon, has attracted a great amount of inter-
est during the last decades and several experiments have been performed or are
being designed to solve this important puzzle, see e.g. [AAA+97]. One way to
attack the problem is through photo-production of charmed mesons, using circu-
larly polarized photons of high energy. The advantage is that in the case of circular
polarization — as opposed to linear — the helicity of the photon is a well-defined
quantity such that from the distribution of the decay-products of a vector-meson,
as e.g. the ρ−meson, and with s−channel helicity conservation, one may derive
the influence of the spin of the struck parton or gluon [SSW70].
Circularly polarized photons can be produced by Compton back-scattering of

laser light, but this requires an extremely powerful laser and a very dense elec-
tron beam [IGT83]. On the other hand, circularly polarized photons can be pro-
duced by passing an unpolarized electron beam of any density through a crys-
talline target where the electrons emit linearly polarized gamma rays. These
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Figure 16.3: Radiation emission as a function of photon energy for a) 70 GeV
electrons and b) 243 GeV electrons. The full-drawn line shows the calculated
radiation spectrum for spin one-half electrons at χ = 2.1 and χ = 7.3 (i.e. not
averaged over the fields encountered, see also [KSG02]), respectively, while the
dashed line shows the corresponding quantity for scalar charged particles. The
full-drawn lines can be compared to the dotted and dash-dotted lines in figure
12.2. Adapted from [KMj+01].

photons can — according to an old idea [NCM62] — be converted into cir-
cularly polarized photons in the equivalent of a ‘quarter-wave’ plate, see also
[BT82, BT89]. In such a device the difference of the real parts of the indices
of refraction times the photon frequency must equal π/2 over the thickness of the
crystal, i.e. Re(nr⊥ − nr‖)ωΔt f /c = π/2 such that one component of the polariza-
tion vector gains a phase factor eiπ/2 with respect to the other to generate circular
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polarization.
Photons can be converted efficiently into electron-positron pairs by means of

another aligned crystal as was for example done in the NA48 experiment at CERN
[MPB+96]. If the photons are indeed polarized one may expect a birefringence ef-
fect (a dependence on the photon polarization of the pair production yields) of the
conversion crystal from symmetry of the processes e− + γ → e− + γ (bremsstrahl-
ung) and γ + γ → e− + e+ (pair production), where γ denotes a virtual photon of
the crystalline field.
Substantial interest in the application of polarized high-energy photons from

crystals for photoproduction experiments has been expressed both at CERN [BBF+83,
BPR+83, AAB+98a, AAD+01], at Fermilab [Kas96] and at SLAC [AAB+98b]. It
has also been proposed to generate polarized e± beams by means of bent crystals
as the γ → e+e− conversion target [BT88].

Linear polarization

One of the experiments performed by the NA43 collaboration was concerned with
the proof of linear polarization of the strings-of-strings radiation and a detection
of a birefringent effect in the conversion of these photons into electron-positron
pairs [KKM+99]. The signature for a polarization in this case was the so-called
asymmetry defined as the difference between pair production cross sections for
photons impinging on two perpendicular, but otherwise identical planes, divided
by the sum of these cross sections.
As shown above, ultrarelativistic electrons incident on a crystal near the axis,

along a plane, generate very energetic radiation (the so-called strings-of-strings-
or SOS-radiation) which may be utilized as a source of high energy photons. The
experimental result [KKM+99] indicated a substantial degree of linear polariza-
tion, in contrast to calculations that (later) showed a rather modest polarization
degree of the high energy peak [DTI99, DTI02, Str02]. As already stated in
[KKM+99] the admixture of channeling radiation that could not be deconvoluted
in the experiment, was a possible cause of misinterpretation of the ≈ 10% asym-
metry found. It is thus possible that the highly polarized planar channeling radi-
ation emitted simultaneously with the strings-of-strings radiation was responsible
for the comparatively large asymmetry.

Circular polarization

A later experiment at CERN, NA59 [AAB+98a], aimed to provide definite proof
for the usefulness of the crystal equivalent of a ‘quarter-wave plate’ [AAB+08],
discussed above.
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Figure 16.4: An outline of the setup of crystals used in NA59. The leftmost
crystal produces energetic, linearly polarized photons by electrons incident with
an angle θ = 5 mrad to the 〈001〉 axis and an angle ψ = 70 μrad to the (110) plane.
The emerging photons are converted into circularly polarized photons in the thick,
central crystal aligned with an angle 2.3 mrad to the 〈110〉 axis. The last crystal
acts as an analyzer where the pair production rate depends on the polarization state
for photons incident with an angle 3 mrad to the 〈110〉 axis.

The setup of NA59 eventually came to be quite close to the later stages of
NA43, but with a 10 cm thick Si crystal acting as the quarter-wave plate. This
thickness was carefully optimized as a trade-off between attenuation of the pho-
ton beam and efficient conversion into circular polarization, taking into account a
number of experimental effects such as divergence of the beam [Str01]. An outline
of the setup of the three crystals is shown in fig. 16.4. Furthermore, substantial the-
oretical effort was put into an optimization of the radiating crystal orientation and
thickness [Str98, Str02] expanding the applicability of earlier theoretical methods
[BKS88a].
The polarization degree of coherent bremsstrahlung was used as a proof-of-

principle of the technique used in NA59 [AAB+04a] (similar to that of [BPR+83]).
Furthermore, NA59 observed indications of the conversion from linear to circu-
lar polarization in a crystalline quarter-wave plate [AAB+04b] and demonstrated
that the strings-of-strings mode - in agreement with recently developed theory -
provided at most a polarization degree of 20% [AAB+04c, AAB+08].
Polarization properties in strong magnetic fields may be a route to investigat-

ing the structure of the magnetosphere of pulsars [RXQ00].

16.6 Search for short-lived photo-produced particles
Strong crystalline fields were employed in the mid-90s to search for the ‘Darm-
stadton’ - the conjectured X-particle responsible for the appearance of narrow
lines of positron emission. These lines were superimposed on expected contribu-
tion of positron creation from the strong field QED in collisions of heavy ions, but
were by the late 1980’s doubtful as a signal for new particles [Sch89]. The idea
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behind utilizing crystals was that a strong field was required for the production
of the X-particle [BBB+93, BBB+95]. Indeed, by a comparison to a Monte-Carlo
generated spectrum for the aligned 〈110〉 Ge crystal, 9 candidate events - of which
only one could be accounted for by background - between 2.1 and 3.5 MeV/c2 was
found. However, as stated by the authors: ‘To be conclusive, an explicit measure-
ment of the background with a misaligned crystal should have been done’, i.e.
the experiment could not provide a definite conclusion concerning the possible
existence of a ‘Darmstadton’. Meanwhile, more accurate experiments investigat-
ing the positron emission lines, have found no evidence for the effect [AAB+97].
However, the crystal-based technique utilized to examine the possible existence
of strong field generated short-lived particles was proven to be quite powerful.
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Chapter 17

Ultra-low emittance beams from
crystals

17.1 Radiation cooling
Radiation cooling is in the present context understood as radiative transitions
downwards in the transverse potential that may or may not lead to angular cooling,
the decrease of transverse emittance through reduction of the exit angle compared
to the entry angle.
Following the ‘Belkacem peak’, several groups studied radiation cooling [BBC+86b,

Tik87b, Tik89, Art88, KR88], but initial estimates were given already in the
late seventies [BD77]. Later on, radiation from very thin crystals was investi-
gated experimentally and the results showed that photon spectra from high energy
electrons/positrons were strongly influenced by multiphoton effects [MMS+89,
MMTP+90]. These experiments resulted in new calculations of radiation emis-
sion [Art90, KR90b, KR90a, BKS91, BKK91, Kho92, Kon92] where radiative
cooling - feeding into channeling states for above-barrier particles - was a neces-
sary ingredient.
NA43 later provided a demonstration of radiative and angular cooling for 149

GeV electrons/positrons traversing Si crystals [KMM+96, BKK+97]. It was found
that the cooling effect is absent for positrons as well as for electrons with incident
angles inside the channeling region. On the other hand, for electrons with incident
angles larger than ψ1 a strong cooling was found i.e. ψout < ψin.
The situation can be understood1 from the continuum approximation: the tran-

verse energy E⊥ = γmv2ψ2/2 + U(r⊥) is conserved between photon emission
events and the direction of v remains unchanged during the emission process,
while γ decreases. From this, a relation between ψout and ψin was obtained (for

1The theoretical analysis is due to Yu. Kononets.
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details see [BKK+97])

〈θ2out〉 = 〈θ2in〉 +
2

E − �ω (U(r
0
⊥) − 〈U〉 f )

− 2
E
(U(r0⊥) − 〈U〉i) (17.1)

where symbols 〈· · · 〉i and 〈· · · 〉 f denote the averaging over initial and final states of
the radiating particle, respectively. The transverse coordinate where the γ emis-
sion event takes place is denoted as r0⊥. For positrons the main contribution to
the radiation comes from transverse locations r0⊥ where the transverse potential is
high, i.e.

U(r0⊥) > 0 and |〈U〉 f |, |〈U〉i| � |(U(r0⊥)| (17.2)
which gives

〈θ2out〉 − 〈θ2in〉 � 2(
1

E − �ω − 1
E
)U(r0⊥) (17.3)

Now, θ is unchanged when the particle crosses the target surface. Thus, since
U(r0⊥) > 0 for positrons, it follows that 〈θ2out〉 > 〈θ2in〉 i.e. positrons experience
angular heating, even though the transverse energy is reduced.
For electrons U(r0⊥) < 0 for the main region of emission close to the nuclei

and there are two important regions of angle of incidence:

(a) θin � ψ1
(b) θin > ψ1

(17.4)

In case (a) the radiation emission and multiple scattering result in capture to high-
lying states in the potential well as shown by experimental results (see fig. 17.2.
This is because the limited surface transmission of electrons brings them to states
only slightly above the well where the probability of radiating photons of rela-
tively low energy is high. Thus, the low transverse kinetic energy before radiation
is converted into a high transverse kinetic energy originating from the depth of
the potential well, i.e. angular heating: 〈θ2out〉 > 〈θ2in〉. Even though a photon is
emitted the transverse emittance increases! In case (b) angular cooling results,
〈θ2out〉 < 〈θ2in〉. For details, see [Kon98].
In fig. 17.1 is shown data for 149 GeV electrons incident along the 〈110〉

axis in a 0.7 mm diamond crystal. As a measure of the angular cooling after
penetration, the parameter Δθ = θ2out−θ2in can be introduced. The physical meaning
of Δθ is a measure of the angular cooling effect: For large positive values the beam
is radiatively heated upon traversal while for values below zero it ‘shrinks’ in the
transverse directions.
For randomly oriented multiple scattering by a 149 GeV e− in a 0.7 mm thick

〈110〉 diamond crystal, Δθ = 110 μrad2. For θin ≥ ψ1 the competing processes of
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Figure 17.1: Polar angle differences for 149 GeV electrons, positrons and their
respective photons. The filled squares (dots) show the electron (positron) angle
difference calculated from the angle at the moment of photon emission and the
entry angle, i.e. θγ − θin. The open squares (dots) show the electron (positron)
angle difference calculated from the exit angle and the entry angle, i.e. θout − θin.
Adapted from [KKM+01].
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Figure 17.2: An example of radiative capture for 149 GeV electrons in 0.7 mm
diamond. Shown are exit angles, θout, as a function of entry angles with respect to
the 〈110〉 axis, θin, for an interval of radiated energy, 0−E/3. The full squares with
error bars denote the data points, the dotted line indicates θout = θin and the dashed
line is the critical angle of the exiting electron, ψ1(Eexit), where the average energy
loss, ΔE, for each θin-bin has been used with Eexit = E − ΔE. The critical angle
for 149 GeV electrons in this configuration is 30 μrad. Adapted from [KKM+01].

radiative cooling and multiple scattering result in Δθ < 0, i.e. the cooling effect
can more than compensate for the multiple scattering.
For θin � ψ1 it is found that θout � ψ1(Eexit), where ψ1(Eexit) is the critical

angle corresponding to the exit electron energy, see fig. 17.2. This means - as is
the basis of the discussion connected to eq. (17.4) - that the electrons are captured
in high-lying states in the potential. They are thus transferred from the random to
the channeled beam. For positrons Δθ is always positive and large, corresponding
to strong angular heating [KKM+01].
The radiative cooling scales as (δ〈θ2〉/δL)rad ∝ Z3 for small χ and (δ〈θ2〉/δL)rad ∝

Z2/E for χ � 1 [Kon98]. Compared to the multiple scattering (δ〈θ2〉/δL)ms ∝
Z2/E2 this means that the net radiative cooling is expected to be much stronger at
higher energies.
These results clearly show that electrons incident on crystals outside the chan-

neling region are cooled and thereby can be captured into the channeling region.
For practical use, unfortunately these cooled electrons have lost a considerable and
dispersed amount of energy - i.e. the total emittance (transverse and longitudinal)
is not getting smaller.
It is also possible to estimate the main region of transverse positions r⊥ where

photon emission takes place: This can be done by a comparison of incident and
exit angles for electrons and positrons together with emission angles for the pho-
tons that they respectively emit. The angle of photon emission is found by tracking
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the produced pair in the pair spectrometer to find the production vertex, see fig.
13.3. By a comparison with the incident electron track, the angle of the electron
during emission, θγ, is found.
In fig. 17.1 is shown the difference between exit and incidence polar angles as

a function of entry angle. Here a clear correspondence is seen between positrons
and the ‘electron photons’ and also between the electrons and the ‘positron pho-
tons’ in the incident angle region (60-160) μrad. Because of the surface trans-
mission, the continuum potential is low for nearly all particles, U(r⊥in) � 0 at the
point of particle entrance. We get the polar angle θγ at the point of photon emis-
sion, r⊥γ, by setting the small emission angle to zero and as a first approximation
neglecting the multiple Coulomb scattering

1
2
pvθ2in =

1
2
pvθ2γ + U(r⊥γ) (17.5)

giving

Δγ = θ
2
γ − θ2in =

−2U(r⊥γ)
pv

(17.6)

i.e. for the photons originating from electrons (U(r⊥γ) < 0) Δγ should be positive
and vice versa for positrons.
From fig. 17.1 it is found that (θγ−θin)(θγ+θin) = θ2γ−θ2in for ‘electron photons’

is positive which is only possible for U(r⊥) large [KKM+01] - corresponding to a
strong field. The conclusion from these experiments is that the hard photons are
emitted close to the nuclei, i.e. at small r⊥. This experimental finding is in sharp
contrast to some calculations [ASG95].
In fig. 17.1 it is also clearly seen that positrons are heated over the whole

incident angle region like electrons incident in the channeling region, whereas
electrons outside the channeling region are cooled.
A more thorough investigation of the polar angle difference as a function of

single photon energy shows another interesting - but perhaps not so surprising -
result: The harder the photon, the closer to the axis it is produced [KKM+01].

17.2 Radiation cooling in a ‘continuous focusing en-
vironment’

Inspired by the phenomenon of radiative cooling discussed above, where the
transverse emittance diminshes, the quantum excitation-free radiation emission
in a single crystal has been treated with optimization of beam quality as the
driving force. In the continuum approximation, the resulting transverse poten-
tial leads to a continuously focusing environment in which photon emission may
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take place without recoil to the emitting particle, the recoil being absorbed by
the lattice. This is the so-called ’semi-classical channeling radiation reaction’
[ZHR95, ZHR96]. The idea is that in analogy to the behaviour in a synchrotron,
radiation emission leads to beam cooling. Moreover, as a channeled beam is in a
‘continuous focusing environment’, the recoil imposed by the radiation emission
may be taken by the crystal as a whole, possibly leading to an exceptionally low
emittance. In their papers, Huang and co-workers show that the transverse action
- and thereby the emittance - decreases exponentially towards the minimum value
�/2, corresponding to an ultra-low emittance. This applies as long as the radia-
tion is in the undulator regime where the angle of emission is larger than the pitch
angle. However, their approach is explicitly without accountance for multiple
scattering.
The investigation presented in the following is motivated by two things: The

desire to estimate the potential of single crystals as ‘devices’ for the production of
ultra-cold beams and a wish to find a consensus between two apparently different
theoretical approaches and experimental results. In the following the outline of
[ZHR96] is followed, with the inclusion of multiple scattering, and it is shown
that for the experiment one should indeed expect heating as concluded from both
the theory of Huang and coworkers and that of Kononets. Finally, it is shown that
in quite special cases it is expected that transverse cooling can be achieved.
In the previous papers on this phenomenon two main assumptions are made

[ZHR95, ZHR96]: The particle is moving in a harmonic potential and the energy
of the photons emitted is small compared to the energy of the particle. Disregard-
ing for the moment the potentially important case of axially channeled positrons
along a crystal axis, this leaves only planar channeled positrons since channeled
electrons are in a strongly anharmonic potential. Axially channeled positrons may
be confined to a region between certain strings if their transverse energy is very
low, so-called proper channeled positrons. In this case the transverse potential can
be well approximated by a harmonic potential.

17.3 Excitation-free radiation emission
Following [ZHR96, eqs. (30) and (31)] the time evolution of the longitudinal
Lorentz factor, γz ≡

√
m2c4 + p2z c2/mc2 = Ez/mc2, in a continuous focusing envi-

ronment is given by the differential equation
dγz(t)
dt
= −ΓcGγ3/2z Jx(t) (17.7)

i.e. it couples to the transverse action, Jx = Ex/ωz, which evolves as
dJx(t)
dt
= −ΓcJx − 34ΓcGγ

1/2
z (t)J2x(t) (17.8)
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leading to two coupled differential equations, both in the absence of multiple scat-
tering. Here Γc = 2reK/3mc is given by the focusing parameter, K, related to U0
and dp, as U0 = K(dp/2)2/2 and G =

√
K/m3c4 is another convenient parameter

expressing the focusing strength.
The solution is given as

Jx(t) = Jx0(1 +
5
8
γ2z0θ

2
p0(1 − exp(−Γct)))−3/5 exp(−Γct) (17.9)

and
γz(t) = γz0(1 +

5
8
γ2z0θ

2
p0(1 − exp(−Γct)))−4/5 (17.10)

where θp0 =
√
2GJx0/γ3/2z0 is the initial pitch angle, Jx0 the transverse action and

γz0 the longitudinal Lorentz factor upon entry. This is the so-called quantum
excitation-free radiation emission, where the emittance decreases exponentially
towards the minimum value �/2 (this is the lower limit dictated by the uncertainty
relations, i.e. a requirement that is supplementary to the (semi-)classical solution,
equation (17.9), that tends to zero for t → ∞).
To include multiple scattering we use the analysis for the dechanneling length,

LD, eq. (22.5), of positive particles with γ � 1. In the dechanneling process the
transverse energy increases as dEx/dz = U0/LD. Therefore the transverse action
increases as dJx/dt = U0c/LDωz, but since the effective dechanneling length de-
pends on the transverse energy approximately as LD = LD0U0/Jxωz, the transverse
action changes according to

dJx/dt = c/LD0Jx (17.11)

Here LD0 denotes the dechanneling length for states where Ex � U0. This is found
from

LD0 = LDdpΔθ2(dp/2)/2
∫ dp/2

0
Δθ2(x)dx (17.12)

Thus, by combining eqs. (17.8) and (17.11), the result is
dJx(t)
dt
= (

c
LD0

− Γc)Jx − 34ΓcGγ
1/2
z (t)J2x(t) (17.13)

whereas γz(t) remains unaffected. By a change of variables Γ′c = Γc(1 − c/ΓcLD0
andG′ = G(1− c/ΓcLD0)−1 the same type of coupled differential equations as eqs.
(17.7) and (17.8) are obtained with solutions given by eqs. (17.9) and (17.10)
with Γ′c and G′ instead of Γc and G and with a new pitch angle, θ′p0 = (1 −
c/ΓcLD0)−1/2θp0. To get the true pitch angle as a function of time the inverse trans-

formation is applied, i.e. θp = (1 − c/ΓcLD0)1/2θ′p where θ′p =
√
2G′J′x/γ

′3/2
z is the

modified pitch angle. As expected, and seen from the results below, a good mea-
sure of the depth at which the cooling effect starts to appear is given by cτc = c/Γc.
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17.4 Results
In figure 17.3 is shown an example of the pitch angle calculated as a function of
normalized penetration time, t/τc, for 25 GeV positrons in a (110) diamond, with
and without inclusion of the multiple scattering. It is seen that while the cooling
starts around t/τc = 0.1 without multiple scattering, it is postponed to values
above t/τc � 5 when this additional effect is taken into account. Since there is
always an incoherent contribution to the radiation emission which typically takes
place as in an amorphous medium, it is important to note the scale of cτc compared
to the amorphous radiation length, X0, which for diamond is 122 mm. It is thus
not possible to utilize planar channeling in diamond for cooling of a 25 GeV beam
of positrons for an angle of incidence near ψp. However, for smaller angles the
cooling starts already at � 0.1t/τc, i.e. a 10 mm thick diamond would suffice to
initiate the cooling.
As a crude estimate, the axial potential can be approximated by a harmonic

potential with barrier height equal to that found by the Molière potential. The two
kinds of motions in the planar and axial channeling cases are very different and
it is not expected to get anything but an indication of the magnitude of the effect
from this analysis. However, in figure 17.4 is shown the results obtained by this
procedure for two energies and we note that in this case the characteristic cooling
length is cτ =� 7.9 mm much shorter than X0 which for diamond is 122 mm.
This indicates that the much stronger axial fields may indeed provide substantial
cooling.
In figure 17.5 is shown results under the same crude estimation method for the

axial case as mentioned above. The actual value of the crystal thickness in the
experiment is given by the vertical dashed line and it is seen - as observed in the
experiment - that for all angles of incidence positrons suffer heating.
The analysis presented here supplements that of Baier and Katkov [BK97] in

producing essentially the same conclusion by use of a different approach: Only
under quite special circumstances may a penetrating particle experience a net
cooling effect. More details are available in [Ugg04a].
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Figure 17.3: The pitch angle in diamond (110) as a function of normalized pene-
tration time, t/τc. The full drawn curve is calculated including multiple scattering
while the dashed line excludes this contribution. The graphs a), b) and c) are for
incidence angles ψp, ψp/2 and ψp/4, respectively.
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Figure 17.4: The estimated axial pitch angle in diamond as a function of normal-
ized penetration time, t/τc, for 2 different energies as indicated. In each case, the
initial pitch angle equals the planar critical angle, ψp, and both curves are calcu-
lated including multiple scattering.

Figure 17.5: The estimated axial pitch angle in silicon as a function of normalized
penetration time, t/τc, for 4 different angles of incidence. All curves are calculated
including multiple scattering. The vertical line shows the thickness investigated in
the experiment [BKK+97], where angular heating of the positrons was observed
for all angles of incidence.



Chapter 18

Photons in strong fields

By crossing symmetry, the radiation emission and pair production processes are
intimately related. Thus, it is natural to use the Constant Field Approximation
also for pair creation where the field is considered constant over the pair forma-
tion length. Furthermore, some higher-order processes, e.g. photon splitting and
Delbrück scattering, become enhanced in a strong field.
Since the mid eighties, a number of increasingly detailed experiments on

pair production have been performed employing strong crystalline fields. The
first experiments confirmed the strong field behaviour with relatively poor statis-
tics, being able to assess an enhancement of pair creation and radiation emission
[BBC+84, CMP+84, BBC+85], but averaged over large slices in energy and inci-
dent angle.
In [BBC+86a, BBC+87] a measurement of the enhanced pair production yield

for photons incident along the 〈110〉 axis of a 1.4 mm Ge crystal cooled to 100
K was presented. A CFA calculation added to the Bethe-Heitler value showed
tremendously good agreement giving compelling evidence for the physical inter-
pretation as a strong field effect [BKS98, KC85]. A more recent result for tungsten
- with much higher values of χ - is presented below in figure 18.2.

18.1 Pair production

It is useful to show by a qualitative argument why the condition χ ≥ 1 is suf-
ficient to create a pair [BBB+95]: If the formation length is λγ = �cE0/E then
the formation time is Δt = mc/eE. During this time a pair can be created if the
energy conservation is violated by ΔE = 2

√
p2c2 + m2c4 − 2pc � mc2/γ. Then,

inspired by the Heisenberg uncertainty principle ΔpΔx � �, ΔEΔt � � implies
mc2/γEe�c � 1, ie. χ � 1.
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18.1.1 Total and differential rates
The pair production probability differential in the normalized energy of one of the
final state particles, η±, is given in the CFA as [BKS98, BKS84]

dNp
dη+

=
α√
3πλ�c

mc2

�ω
[(
1 − η+
η+

+
η+

1 − η+
)K2/3(δ)

−
∫ ∞

δp

K1/3(t)dt] (18.1)

where δp = 2/3η+η−χ. Note here the similarity with the ’substitution rule’ in
the coherence length, eq. (4.18), going from ω to ω# = ω/η+η− such that one
can derive δp = 2/3η+η−χ from δc merely on the basis of crossing symmetry.
It should be noted, however, that due to the redistribution of channeled particles
the calculation of radiation becomes more complicated than pair production for
angles smaller than Lindhard’s critical angle.
The Lorentz invariant pair production strong field parameter is given as χp =

γpB/B0 where the critical field once again appears. Again γp is understood as
�ω/mc2 or more precisely �k⊥/mc, i.e. expressed by the photon momentum trans-
verse to the magnetic field, in units of mc.
The differential probability develops a pronounced minimum around η = Ee±/�ω =

1/2 and peaks at η � 1.6/χ for large χ. This - combined with the fact that the
strong field radiation emission tends toward the endpoint of the spectrum - means
that as the energy increases beyond the region where χ is of the order 100, an
electromagnetic shower develops as essentially one energetic particle or photon,
followed by many low energy particles [BKS87, MMTP+89, BKS95, BKM+95].
Again, this behaviour is reminiscent of the behaviour of the LPM effect for pair
production, discussed on page 60, which yields a preference for highly asym-
metric pairs. This again arises due to the similarity between the influence of the
lengths λγ and lγ, eqs. (15.2) and (6.1).
The strong field pair production probability per unit time, averaged over pho-

ton polarization, is given as [BKS98, eq. (3.56)]

Wp =
αm2c4

6
√
3π�2ω

∫ ∞

1

8u + 1
u3/2

√
u − 1

K2/3(η)du (18.2)

where η = 8u/3χp and χp = γpB/B0. The magnitude of the cross section is given
by αmcB/�B0 � 4.283 · BT m−1, where BT is the field in Tesla.
In the limit χ � 1 the probability is exponentially small [BKS98, eq. (3.58)]

Wp � 3
√
3αm2c4χ

16
√
2�2ω

(1 − 11
64
χ +

7585
73728

χ2) exp(−8/3χ) (18.3)
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while in the limit χ � 1 the result is [BKS98, eq. (3.60)]

Wp � 0.3796αmc
2B

B0�χ1/3
(18.4)

i.e. the probability actually diminishes once the energy surpasses the domain
where χ � 10, see figure 18.1. Equation (18.3) has an accuracy of 20% up to
χ = 1, while for this accuracy eq. (18.4) can only be applied above χ = 55.

Figure 18.1: The probability of pair production per unit distance, averaged over
photon polarization and given in units of αmcB/�B0, as a function of χp, according
to eqs. (18.2), full line (18.3), dash-dotted (18.4), dotted and (18.5), dashed.

A fair - and frequently used - approximation to the cross section for all values
of χ (accuracy better than 20% only above χ = 0.4) is given by Erber as [Erb66]:

dNp
dt
=
4
25

αmc
�c�ω

K21/3(
4
3χ
) (18.5)

which, however, overestimates by about 15% for all χp � 103.

18.1.2 Enhancements in crystals
The pair production attains a maximum enhancement of [BKS89a]:

ηmaxγ � ηmaxPP =
Wmax
CFA

WBH
� U0masd
3Z22α2�2 ln(183Z

−1/3
2 )

(18.6)
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Note that according to eq. (18.4) the effect is self-suppressing at high energies as
indicated in the discussion of the formation length. The maximum enhancement
which can reach values of � 150 for both pair production and radiation emission
is roughly inversely proportional to Z2 and appears at an energy of approximately
100 times the threshold energy, �ωt, defined as the energy at which the coherent
yield equals the incoherent (BH) yield. The maximum therefore appears in the
(multi-)TeV region.
The experimental results are well understood theoretically, and though the

constant field approximation does well in estimating the yield, a more careful
theoretical treatment is needed accounting for the incoherent contribution as well
as the LPM effect and atomic scattering nature of the process. Again QED the-
ory proves sufficient for description of the coherent pairs in crystalline matter, see
figure 18.2.
For moderate χ, i.e. in the region just above threshold, the strong field yield

behaves as roughly proportional to the formation length. This means that the
distribution of pairs peaks at η+ = 1/2 (as lf ∝ η+η− does), whereas for very high
energies it tends to a spectrum similar to the Bethe-Heitler for random incidence.

18.1.3 Suppression of incoherent contribution
Another effect of the self-suppression type - apart from the ’remnant atom’ [KC87]
Debye-Waller factor modification of the Bethe-Heitler rate alluded to on page 137
- is the reduction of the incoherent contribution due to coherent effects [Kon98,
Tik87b]. It is analogous to the self-suppression effect as a result of the diminishing
λγ in a strong crystalline field, only in this case the suppression is of the incoherent
contribution.
The LPM suppression in pair production for presently available accelerator

energies is negligible as discussed in section 6.1. Even for a possibly near fu-
ture few-TeV electron beam generating bremsstrahlung photons, an experimental
assessment of the magnitude of the effect would be extremely demanding. How-
ever, crystals may in fact present a possibility for measuring LPM suppression in
pair production with beams in the few-hundred GeV region available today. The
main reason is that the photon conversion into pairs in an aligned crystal predom-
inantly takes place where the field is strongest, i.e. at small transverse distances
from the string of nuclei, r⊥ � u1, see also [ABB+93]. At this transverse location,
the multiple Coulomb scattering is drastically increased - by up to three orders of
magnitude! For this reason, one may expect the threshold for LPM suppression
to decrease by approximately the same three orders of magnitude corresponding
to a replacement of TeV by GeV [BT86]. However, it is only the incoherent
contribution that becomes suppressed and since the coherent contribution quickly
dominates the pair production cross section, the strong incoherent suppression be-
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comes a small correction to the total yield except near the threshold for strong field
effects where the incoherent contribution plays a significant role [Tik87a, BK05a].

Figure 18.2: Total pair production enhancement in W 〈111〉 as function of photon
energy. Theoretical curves from [BK05a] and experiment from [KKM+98]. The
coherence rises due to reduced thermal vibrations, making cooling of the crystals
a way of pronouncing the strong field effect.

18.1.4 Coherent resonance for pair production
As discussed in section 16.2 a coherent resonance may arise for photon emission
from electrons impinging on the strings-of-strings composing a plane. A similar
phenomenon is obtained for pair production where the coherent pair production
mechanism of the strings gives rise to peaks, notably in the spectrum differential
in the fractional energy carried by one of the leptons [KT93]. An example of a
measurement is shown in fig. 18.3 [KKM+98] where unfortunately the scatter of
points prevents a clear proof of the effect.
Even under axial alignment a coherent mechanism may lead to a resonance

structure as discussed by [CK87].

18.2 Corrections to the CFA
First-order corrections to eqs. (15.9) and (18.1) in the field of a crystal axis are
proportional to θ2 where θ is the angle to the axis. The correction term in W =
F1 + (mc2θ/U0)2F2 has a positive coefficient, F2, at small energies, a negative
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Figure 18.3: Differential enhancement of pair production for photons in the energy
interval 80-100 GeV incident around the 〈110〉 axis in a germanium crystal cooled
to 100 K. Filled squares are results obtained by use of the pair spectrometer and
the line represents the theoretical values. The results are shown for the three angles
0, 2 and 4 mrad to the 〈110〉 axis on the (110) plane. Adapted from [KKM+98].

coefficient at high energies [BKS89a] and changes sign at an energy of roughly
7�ωt. Thus for energies larger than about 7�ωt the maximum conversion proba-
bility takes place for perfect alignment with the axis, θ = 0.
The behaviour of the enhancement with angle for different energy intervals,

was shown to be in very good agreement with calculated values [BBC+86a, BBC+87,
BKS88c]. Thus, the expected behaviour of the correction term was confirmed,
i.e. the maximum enhancement tends towards perfect alignment for higher pho-
ton energies. Alternatively, by assuming a ‘trial trajectory’ that takes the field
non-uniformity into account, a single compact expression allows to calculate the
enhancement as a function of angle to good accuracy [NKNO04].

18.3 Photon splitting
With prospects of being able to address the question of the Higgs mechanism by
clean production of Higgs particles in γγ-collisions [SGA+90], the behaviour of
photons in crystals has been examined. The key idea is to have two counterpropa-
gating electron beams interacting in a crystal. Since the photons for both electron
beams are produced near the atomic strings, an enormous effective increase in
luminosity can be expected [SGA+90]. This boost in luminosity could be further
increased if the photons were ‘channeled’ by Delbrück scattering, but calculations
indicate that this is not the case [KASG94].
In his paper on what is now called the Weizsäcker-Williams method [Wil35],

in which he also discussed interference effects in crystals, Williams was the first
to discuss the possibility of photon-splitting. Like the elastic Delbrück scattering,
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Figure 18.4: The photon splitting probability Wγ→γγ in W along the < 111 > axis
as a function of photon energy. Curve 1 isWγ→γγ in the strong field at 77 K, curve
2 is Wγ→γγ in the strong field at 293 K and curves 1’ and 2’ denote the random
(amorphous) value. Adapted from [BMS87].

photon-splitting is an inherently non-linear process. It has recently been observed
in amorphous matter [AKK+97, AKK+02], but hitherto not in crystals. An earlier
experiment [JJP+73] reached wrong conclusions due to the difficulty of discerning
the true events from background [BFKK74].
The coherent photon splitting probability Wγ→γγ in a crystal has been cal-

culated to exceed the amorphous value for achievable energies �ω � 300 GeV
[BMS87]. Already at 150 GeV an increase of about 50% is to be expected along
the < 111 > axial direction in a cooled W crystal, see fig. 18.4. This opens for
the possibility of a measurement where many systematic effects may be drasti-
cally reduced by a comparison of the aligned and random spectra - for example
the multi-photon content of the incident beam. The main background process is
γ → e+e− → e+γe−γ where each of the produced leptons each lose almost their
entire energy to a photon. In a crystal the probability of this is strongly energy
dependent, at least for energies in the neighbourhood of threshold. Furthermore,
to avoid conversion of one or both of the two produced photons, the target must be
of the order one effective radiation length - a thickness that also depends strongly
on energy.
Finally, to give an estimate for the scale of the cross section, the photon-

splitting process for χ � 1 is approximately 0.3(α/π)2 � 1.6 · 10−6 times smaller
than that of pair production. The measurement of photon-splitting is a compli-
cated problem in experimental physics, and in particular for crystals, see also
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[BMS86, KC87].

18.4 Delbrück scattering
In the picture of the Dirac Sea where all negative energy states are filled with
electrons, Delbrück scattering is an elastic scattering of the photon off the nega-
tive energy electrons. The process is necessarily elastic since there are no vacant
negative energy states the struck electron can end up in [Sch99]. Clearly, if it ends
in a positive energy state, the process is inelastic, corresponding to the usual pair
production. Delbrück scattering is one of the few non-linear QED processes that
has been studied experimentally during many years.
In [KASG94] the process of Delbrück scattering in a strong crystalline field

is considered, with photons of energies up to 25 GeV and incidence along the
< 110 > axis in Ge at room temperature. Unfortunately, the crucial parameter χ
for this case is only up to 0.12, i.e. barely in the strong field regime, whereas 200
GeV photons would give χ � 1 and up to χ � 6 in tungsten. Nevertheless, for
10 GeV photons incident very close to the axial direction θ = 1 μrad, Greiner’s
group [ASG95] calculate an azimuthal scattering angle φ of about 200 μrad, even
in this comparatively weak field. However, the observed scattering angle would
be of the order φθ and since at larger incident polar angles, the azimuthal angle
diminishes approximately as φ ∝ 1/θ, the result is far below the current state-
of-the-art experimental resolution Δψ � 5 μrad unless the strong field behaviour
enhances the scattering angle by a large factor.



Chapter 19

Trident production

When an electron is impinging on an electrostatic potential barrier, it may pen-
etrate or be reflected. Classically, for electron energies smaller than the barrier
height, the electron is always reflected. In non-relativistic quantum mechanics,
an exponentially damped electron tunneling into the barrier is predicted, whereas
as shown in 1929 by Oscar Klein with one of the first applications of the Dirac
equation [Kle29], in relativistic quantum theory an undamped electron-current is
always present beyond the barrier, even if it is infinitely high. Since the process
of electron-positron pair production was not discovered at the time, this became
known as the ’Klein paradox’ – assured penetration into a classically forbidden
region. As later shown by Sauter [Sau31a, Sau31b] - inspired by a supposition
by Bohr - the field required for this to happen is at least the critical field. Today,
the Klein paradox is explained by the creation of electron-positron pairs at the
boundary.
In this chapter is shown experimentally that an electron impinging on an elec-

tric field that is of critical magnitude in its rest frame, produces an electron-
positron pair, in close similarity with the modern interpretation of the Klein para-
dox. The process is illustrated on the frontpage, in a referencesystem in which the
impinging electron is almost at rest, moving slowly to the right, and therefore the
field may be of critical magnitude. After transformation back to the laboratory
frame, all three particles are moving to the right, forming a ’trident’. The trident
production experiment described here has been published recently [EKK+10].
Previous studies of the Klein paradox have been limited to theory [WGR85,

NKM99, KSG04, GS08], e.g. with phenomena analogous to the Klein paradox,
possibly observable in graphene [MKG06, Cal06, Buc06]. Such studies have been
partly motivated by heuristic arguments linking the Klein paradox, strong field
pair production and Hawking radiation from black holes [MGR77, Hol98, Hol99].
However, a typical general statement on the experimental status has hitherto been
”. . . direct tests of the Klein paradox using elementary particles have so far proved
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Figure 19.1: A schematical drawing - not to scale - of the setup used in the exper-
iment. The total length was about 65 m.

impossible” [MKG06], most likely stimulated by the impossibility of producing
ultra-strong static electric or magnetic fields. Although our observations are not
for a situation identical to that of the Klein paradox, this was a motivating factor
in the decision of doing the experiment. And it turns out that indeed trident pro-
duction does occur for elementary particles in a sufficiently strong electric field,
thus putting a Klein paradox analogue into experimental perspective.
Exploiting the relativistic invariance of the parameter χ = γE/E0, it is possi-

ble to probe field strengths of the order of those relevant for the Klein paradox in
single crystals by use of electrons with Lorentz factors γ � 105 − 106. The only
difference (albeit a significant one) between the Klein paradox and the trident
production described here, is that in the former case the ’inherent’ field strength
FμνFμν/E20 from eq. (14.5) is comparable to one, while it is small in the latter.
This means that these strong field phenomena are different from the ’spontaneous
decay’ phenomena previously associated with over-critical Coulomb fields as dis-
cussed in connection with nuclear collisions, see e.g. [Sch96] and chapter 21.
However, in both cases, the parameter χ = γE/E0 is about one, so the systems are
to a large extent similar.
In the following is shown experimentally, that trident processes e− → e−e+e−

become significant when the continuous external field is ’turned on’, i.e. when
the crystal is rotated from a ’random’ orientation where the fields are screened
Coulomb fields to an axial orientation where the fields are coherently adding up
along the direction of motion of the penetrating particle.

19.1 Trident experiment
The experiment was performed in the H4 beam line of the CERN SPS using a
tertiary beam of electrons with an energy of nominally 180 GeV. In figure 19.1 is
given a schematical overview of the active elements in the setup of the experiment.
The incident electron beam is defined by two scintillator counters, S1 and S2, in
anticoincidence with a 12 mm hole scintillator, ScH, and the beam profile and
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angles were measured on an event-by-event basis in the first 2 drift chambers (DCs
1 and 3). This was followed by a magnetic dipole MBPL which was only used
for measurements with photons impinging on the target, i.e. investigations of
background processes. The target of thickness 170μm Ge < 110 > was mounted
on a precision goniometer with 1.7μrad stepsize. Downstream the target, a pair
spectrometer consisting of 2 drift chambers (DCs 5 and 6) and a magnetic dipole
MDX, allowed the reconstruction of the momentum of the produced particles.
Furthermore, a SSD allowed the identification of events where a pair was pro-

duced by the impinging electron, see figure 5.8. The setup was optimized to get
maximum detection capability for pairs in the interval 1-10 GeV since these pairs
are the most abundant and interesting due to the large formation lengths. Under
this condition, the original E > 100 GeV electron impinging on the target loses
relatively little energy and proceeds almost undisturbed by the magnetic field in
the MDX towards the central lead-glass block. The emitted particles (electrons and
positrons) were finally intercepted in the 2 outermost lead glass detectors (LG).
These LG detectors cover the sensitive region of DCs 5 and 6, except the central 22
mm where the original electron, and a possible emitted photon, can pass towards
the central LG. Thus the two outermost LG measured the energy of the produced
electrons and positrons that are simultaneously momentum-analyzed by the de-
flection imposed by the MDX and registered in DCs 5 and 6.
Alignment of the germanium crystal was initially performed via laser reflec-

tion off the mirror surface. Alignment with respect to the beam was then done
by use of 20 GeV electrons and the MDX at maximum field (

∫
Bdl � 0.5Tm), dis-

placing the array of LG elements to intercept the initial electrons in one of the
outermost blocks while letting the photons radiated from the crystal proceed to
the central lead glass block. The enhanced radiation emission when the electron
penetrates the crystal along a plane or axis gave a stereogram that enabled an exact
identification - within � 25 μrad - of the location in angular space of the < 110 >
axis. This alignment procedure was regularly repeated and showed stability for
the data set reported here [Esb08].
In the analysis, a trident event was identified as one in which there were either

3 hits in both DC 5 and DC 6 (’3+3 events’) or 2 hits in one of these chambers
and 3 hits in the other (’2+3 events’). Furthermore, a restriction on the SSD spec-
trum was imposed, requiring a signal corresponding to 3 charged particles (events
above channel 900 in figure 5.8). The 2+3 events were about 65% of the total
accepted events and are a result of the DCs not having true multihit capability, i.e.
two hits close in drift time on the same side of the anode-wire are identified as
one. In all cases it was required that the central LG detected a particle with energy
at least 5/9 of the initial energy. Tracks between the hits in DC 5 and DC 6 were re-
constructed and the resulting vertex in the MDX was verified to be coincident with
the magnetic separation point expected from the incident track generated from DCs
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1 and 3. Likewise, energy and momentum balance was verified.
The crystal was essentially a perfect germanium crystal, previously used for

radiation emission studies [MMTP+90]. The thickness was chosen as a com-
promise between expected yield and a high ratio of direct (virtual intermediate
photons) to sequential (real intermediate photons) trident production. That ratio
is expected to be significant for crystal thicknesses comparable to the formation
length. Thus, for �ω = 1 GeV and E = 180 GeV, we get lf = 49 μm, but as this
is an estimate only, and since crystals with thicknesses below � 100 μm are not
sufficiently rigid to be stable we chose a 170 μm Ge < 110 > crystal. A reason-
ably accurate value of χ for Ge < 110 > at room temperature is 0.9 at 180 GeV
[BKS98], i.e. the field is of critical magnitude in the rest frame of the impinging
electron. This strong field effect is present for all particles within the Baier angle
ϑ0 = U0/mc2 � 0.5 mrad for Ge < 110 >. Furthermore, the critical angle for
channeling in Ge < 110 > is 0.7 mrad at 1 GeV, i.e. the produced particles are at
least initially channeled.

19.2 Results and discussion
Calculations of the drastic increase of trident production in crystals compared
to an amorphous material [Erb66] were published more than two decades ago
[KC85] and have recently been refined [BK09a].
As shown by Baier and Katkov in [BK08], in the amorphous case the ratio

of direct to sequential trident production events is expected to be high, ranging
from about a factor 7 at 1 GeV positron energy to 2 at 10 GeV in the case of
a 170 μm thick target. In figure 19.2 is shown the differential yield of trident
production as a function of the momentum of the produced positron for the target
in ’random’. The theory of electroproduction (trident) e− → e−e+e− in amorphous
media of Baier and Katkov is shown for comparison. The same final state of three
charged leptons as seen by the detector can appear due to pair production in the
SSD from a photon generated upstream or in the target itself e− → e−γ → e−e+e−.
The contribution from this process is shown by the dotted line and the data points
must be compared to the sum of these contributions, shown by the full-drawn
line. As seen, there is good agreement between theory and experiment, taking
into account the uncertainties, in the range of momentum pe+ ∈ [0.7; 3.0] GeV/c
of the produced positrons. Below this range, the geometrical acceptance of the
pair spectrometer (MDX, DC 5 and DC 6) leads to a detection efficiency that drops
to zero as the momentum is reduced. The pair production probability for the
same orientation of the crystal was also measured, verifying the expected values
from the Bethe-Heitler cross sections and that the geometrical acceptance is very
well reproduced by simulations. In the case of tridents, above a momentum of
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Figure 19.2: Differential yield of trident production as a function of the momen-
tum of the produced positron. The points show results obtained for 180 GeV elec-
trons penetrating a 170 μm Ge < 110 > crystal oriented in a ’random’ direction.
The experimental data points are shown by filled circles and squares, respectively.
The theory of electroproduction e− → e−e+e− of Baier and Katkov is shown by
the dashed line, and the contribution to triply charged final states from photons
produced in the target e− → e−γ → e−e+e− is shown as a dotted line, while the
sum of these contributions is shown as the full-drawn line. The vertical error bars
are statistical, while the horizontal error bars show the measured, extrapolated
momentum resolution.

� 3 GeV, the tracks of the produced particles start to impinge on the same drift
chamber cell as the incident electron, leading to reduced efficiency due to the lack
of true multi-hit capability of the DCs. It is emphasized that these efficiencies are
inessential to first order in a comparison of spectra obtained under axially aligned
conditions to ’random’ alignment, and that the good agreement with expectations
obtained for the amorphous case provides a strong basis for the experiment under
aligned conditions.
For the axial case, a correction for the contribution to triply charged final states

from photons produced in the target e− → e−γ → e−e+e− and converting in the
SSD is taken into account by assuming an enhancement for radiation emission that
increases linearly from 2.2 to 4.1 in the range of energies 1-20 GeV, as previ-
ously measured [BBC+86b, MMTP+90]. This only has a marginal effect on the
enhancement.



176 CHAPTER 19. TRIDENT PRODUCTION

In figure 19.3 is shown the differential enhancement η - the ratio of the aligned
to the non-aligned trident production probability - versus the momentum of the
produced positron for 180 GeV electrons penetrating the 170 μm Ge < 110 >

crystal. The enhancement is about a factor 2-3 for all momenta investigated, which
is below theoretical results [BK09a] of η ≈ 5 − 7 for the same configuration.

Figure 19.3: Differential enhancement of trident production as a function of the
momentum of the produced positron (filled circles). The points show results ob-
tained for 180 GeV electrons penetrating a 170 μm Ge < 110 > crystal. The
line shows the expected enhancement, based on the theory of Baier and Katkov
[BK09a].

There can be several reasons for the discrepancy between experiment and the-
ory. The dechanneling length for electrons amounts to approximately 100 μm at 1
GeV which means that coherence may be lost for crystal thicknesses much larger
than that. The channeling angle likewise is large. On the theory side, in [BK09a]
it is stated that ”The scale of the enhancement in the soft part of created particles
spectrum (z � 1) is similar to the photon emission enhancement.” The reason for
this, is that the enhancement of photon conversion is close to 1, being dominated
by the incoherent process. Thus, a photon emission enhancement similar to the
measured enhancement for the trident process (� 3), would support the experi-
ment. Previous measurements of the photon emission enhancement for 150 GeV
electrons in a 185 μm thick Ge 〈110〉 crystal [BBC+86b, MMS+89, MMTP+90]
show an enhancement in the soft part that is � 4, i.e. similar to our measurements
for the trident process. Moreover, the alignment, performed looking for enhanced
radiation emission is also consistent with an enhancement of a factor 4. We there-
fore tend to believe that theory may not include all relevant effects.
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Finally, the formation length for the emission of a virtual photon is not suf-
ficiently long to result in a significant enhancement. The formation length of a
virtual photon is in a sense an ill-defined concept, since virtual photons are not
’formed’, but appear only in intermediate stages. It is nevertheless possible to
derive the formation length for a virtual (massive) photon where the square of its
energy-momentum four-vector �2k2 = �2kμkμ may be different from zero, based
on [BKS98, eq. (6.1)]

lfv =
2γ2c
ω∗

1

1 +
�
2k2

m2c2
1 + u
u2

(19.1)

where u = �ω/(E−�ω) and therefore the emission of a massive, time-like photon,
k2 > 0, may result in a substantial shortening of the formation length. In the case
where �2k2 = 4m2c2, corresponding approximately to the effective virtuality limit
�
2k2max = E(E − �ω)θ2m with θm � 1/γ [BGMS75, eq. (6.20)], and u � 1, the
virtual photon formation length becomes lfv � �c�ω/2mc2 which for �ω = 1 GeV
is of the order half a nanometer - much too small to be significant. Yet, there may
be contributing virtualities smaller than this, corresponding to formation lengths
up to the massless photon limit.
Additional investigations of the effect were performed analyzing the produced

electrons, with a 400 micron thick Ge crystal, and for beam energies 125 and 210
GeV. These results, however, to some extent suffer from problems with alignment
and/or low statistics.
A significant increase in the number of trident events e− → e−e+e− has been

observed for a Ge single crystal under axial alignment with a beam of 180 GeV,
compared to a ’randomly’ oriented (effectively amorphous) material of the same
thickness. By this method, we have shown that electrons incident on a critical
electromagnetic field produce pairs in the trident process. This observation is in
accordance with expectations based on the presence of a critical field in the rest
frame of the emitting particle, a phenomenon analogous to that addressed in the
Klein paradox.
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Chapter 20

Beam-beam interactions -
beamstrahlung

In the construction of linear colliders an important phenomenon is the emission
of intense radiation due to the interaction of one bunch with the electromagnetic
field from the opposing bunch. This leads to the synchrotron radiation equivalent
of particle deflection in the field of the bunch, instead of in a magnetic dipole:
Beamstrahlung. As the emission of beamstrahlung has a direct and significant
impact on the energy of the colliding particles, it is a decisive factor for e.g. the
energy-weighted luminosity. Conversely, beamstrahlung emission may provide a
method for luminosity measurement. It is therefore important to know if beam-
strahlung theory is correct for the conceptual and technical design of the collision
region - the center about which the rest of the machine is based.
The Lorentz factor γ in this case is understood as the Lorentz factor of each

of the oppositely directed beams, measured in the laboratory system. Then rela-
tivistic velocity addition v′ = (v − V)/(1 − vV/c2) = 2v/(1 + v2/c2) with V = −v
and γ′ = 1/

√
1 − v′2/c2 yields the Lorentz factor γ′ - responsible for length con-

traction or time dilation - of one beam seen from a particle in the other beam of
γ′ = 2γ2 − 1, usually shortened to 2γ2 in the ultrarelativistic limit. Thus, in the
restframe of one bunch the field of the other bunch is boosted by a factor � 2γ2 and
may approach or even exceed critical field values. The emission of beamstrahlung
can be expressed as a function of χ (often called Υ in the accelerator physics com-
munity) which for the Stanford Linear Collider (SLC) is small � 10−3 but of the
order unity for the next generation linear colliders [CY88]. For the planned Com-
pact LInear Collider (CLIC) at CERN, the collision point is designed such that
Υ � 4. In this case, due to the emission of beamstrahlung, the ’useful’ luminosity
L1 (where L1 is defined as the luminosity for that part of the beam where the
energy is still at least 99% of the initial) becomes only about 40% of the nominal,
due to the loss of energy in the beamstrahlung process. For these future colliders,
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γγ-collisions, resulting e.g. also in hadronic interactions, may be generated from
the beams themselves and the advantage of using leptonic beams (’clean’ colli-
sions) is to some extent lost. The beamstrahlung problem is unavoidable since
single passage (as opposed to circular machines) forces small beam cross sections
to give high luminosity. And since Υ ∝ Nγ/(σx + σy)σz, with σ denoting the
beam size, high energies and high luminosity means a high value for Υ. However,
the problem may be partly alleviated by applying special bunch structures (’flat’
beams) to avoid rapid beam deterioration from strong field effects [BD88].

20.1 Quantum treatment of beamstrahlung
The discussion of quantum effects in radiation emission from energetic parti-
cles in collision with a counterpropagating bunch was started in the mid-80’s
[HS85, Yok86, Nob87]. In particular the suppression of the intensity stemming
from the strong field deflection was of interest. It later continued with treat-
ments of pair creation [CT89, BDK89]. It quickly turned out, that the emission of
synchrotron-like radiation from the beams in realistic future colliders enters the
regime where χ becomes of the order one, and the spectrum changes character
completely, see figure 12.2. Of particular relevance to the connection of beam-
strahlung with emission from electrons penetrating crystals is the contribution by
Baier, Katkov and Strakhovenko to the early development of the theory of beam-
strahlung [BKS88b].
Shortly after the first publications on the relevance of quantum theory to beam-

strahlung, Blankenbecler and Drell contributed a full quantum treatment of the
problem, based on the eikonal approximation [BD87]. The scaling parameter in
this case is given by

C =
m2c3RL
4Ne2γ2�

(20.1)

representing the electric field from a homogeneously charged cylinder of length L
and radius R holding N charges, in units of E0 = m2c3/�e. The applicability of this
scaling parameter was later elaborated upon by Solov’yov and Schäfer [SSH93,
SS93]. From this model of a beam, the form factor F = δ/δclassical, describing the
quantal energy loss in units of the classical, was derived and approximated by:

F(C) = [1 +
1
b1
[C−4/3 + 2C−2/3(1 + 0.20C)−1/3]]−1 (20.2)

with b1 = 0.83, see also [SSH93]. Clearly, as stated by Blankenbecler and Drell,
in the classical regime � → 0 in equation (20.1) such that C tends to infinity,
and therefore the form factor tends to 1 according to equation (20.2), as must be
required.
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Figure 20.1: Three examples of beamstrahlung power spectra where the horizon-
tal scale is the fractional photon energy and the constant C expresses the field
strength. Adapted from [BD87].

An example of beamstrahlung power spectra calculated by Blankenbecler and
Drell [BD87] is shown in figure 20.1. One notices the strong similarity between
the dotted, short-dash-dotted and full lines in figure 12.2 and the dash-dotted, full
and dashed lines, respectively, in figure 20.1.
Even earlier, Himel and Siegrist [HS85], developed a fairly compact expres-

sion for the fraction of the energy radiated by the electron

δQM =
8mc2√
3
(
re

2
√
3�c
)4/3(

DP
γ f
)1/3 (20.3)

where re = α� is the classical electron radius, D = Nreσz/2γσ2r is the disruption
parameter for which σ expresses the beam radius, N the number of particles per
bunch, P = f Nγmc2 the beam power and f the repetition rate.
Blankenbecler and Drell in their paper state ”Their [Himel and Siegrist’s [HS85]]

final formula [eq. (20.3)] is remarkably accurate in the full quantum regime:
C � 1.” It is remarkable, but not surprising, as several thorough investigations
have since shown, e.g. [BB88, BKS88b]. The accuracy of their approach rests
on an estimate based on the ”... full quantum treatment of synchrotron radiation
[which] was done in 1952 by Sokolov, Ternov and Klepikov [SKT52]”, and also
by Julian Schwinger in 1954 [Sch54]. As a result of the quantum correction, the
total radiated intensity for the classical emission is reduced as given by equations
(15.10) and (15.13).
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Figure 20.2: The quantum suppression of radiation emission intensity, according
to eq. (15.13) and eq. (20.2).

In figure 20.2 is shown graphs based on equation (20.2) and equation (15.13),
where it has been assumed that C = 1/χ. The curves are very similar, over the
entire range of more than five orders of magnitude in χ. The expressions orig-
inating from the same phenomenon becomes even more evident by adjusting to
C = 1.3/χ which results in the curves being indistinguishable on the plot. This
is not a fortuitous coincidence: In Blankenbecler and Drell’s theory, the bunch
is treated as a homogeneously charged cylinder of length L and radius R holding
N charges. At the distance r from the center of this cylinder the electric field is
2γNe/Lr, which leads to an average (over r) field

E = γNe
LR

(20.4)

which can be combined with equation (20.1) to give

C =
m2c3

γEe� =
E0
γE =

1
χ

(20.5)

so it is legitimate to interchange C and 1/χ. The additional factor 1.3 that brings
the curves into almost exact agreement, is due to the radiation intensity being
non-linear in C, i.e. averaging over the field encountered and then calculating the
intensity from this field may be different from calculating the intensity from the
fields encountered and then averaging.
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Early studies by Chen and Yokoya [CY88] showed that field gradient effects
are small for a collider operating near Υ = χ = 1/C = 1, i.e. also for the planned
CLIC at CERN where the expected value is as mentioned Υ � 4. It is there-
fore to a high degree of accuracy sufficient to use equation (20.2) derived for the
homogeneously charged cylinder in calculations for beamstrahlung.
In figure 20.3 is shown results for radiation emission from electrons impinging

on a tungsten crystal close to the 〈111〉 axis. As a consequence of the strong
deflection upon the passage of the string of nuclei composing the axis, the electron
is forced to emit radiation as in a constant field, as described above. This happens
much like in normal synchrotron radiation emission, only in a much more intense
field, � 1011 V/cm, corresponding to 30.000 T. As a result of the high peak value
of the χ parameter (χW,〈111〉 � 0.03 · E[GeV]), the radiation emission is subjected
to strong quantum suppression. In the limit χ � 1 the enhancement would be
linear with increasing energy, as shown by the dash-dotted line. This is the case
because synchrotron radiation emission is quadratic in energy and radiation from
an amorphous foil is linear in energy, but due to the strong quantum suppression,
the enhancement is reduced to the level shown by the dashed line, as also expected
from equation (15.13). The good agreement between experimental values and
theory shown in figure 20.3, combined with the equality of beamstrahlung and
strong field theory shown in figure 20.2 provide a strong experimental indication
that QED theory as applied to beamstrahlung in the regime 1 � Υ � 10 is correct.
The accuracy of the experimental values is 5 − 10%, enough to ascertain the

validity of the theoretical approach. The ’quantum synchrotron’ behaviour of radi-
ation emission in a strong field, is thus experimentally well confirmed at relatively
high values of 1 � χ � 7. In the autumn of 2009 an additional experiment was
performed to investigate the ’transition’ region from the classical regime to the
quantum one, 0.1 � χ � 1, by use of a Ge crystal. At the time of writing the
analysis is unfinished, but the preliminary results indicate good agreement with
theory.
Finally, as discussed above in connection with figure 16.3, effects of the spin

of the particle become very important in the beamstrahlung emission. As po-
larimeters cannot be positioned at the intersection point of the crossing beams,
reliable models for the degree of polarization after emission (immediately before
the collision) must be developed for measurements with polarized beams to make
sense.

20.2 ’Coherent pairs’
As expected from crossing symmetry of the processes, pair creation in strong
fields can be described by variables closely similar to 1/C, Υ and χ.
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Figure 20.3: Experiment [KKM+01] and theory [VB06] for radiation emission
from electrons penetrating a tungsten crystal near the 〈111〉 axis. For compar-
ison, a curve based on equation (15.13) with a slightly arbitrary, but realistic
χ = 0.02 · E[GeV] (and vertical scale obtained as the best fit) is shown as the
dashed line (’quantum’), and the corresponding classical expression as the dash-
dotted line (’classical’). The enormous difference between the ’classical’ and
’quantum’ curves directly show the strong quantum suppression in the experi-
mentally accessible regime.

The pair production probability differential in the energy of one of the final
state particles, ε, is given from eq. (18.1). The equations (18.1) and (18.2) are
precise expressions (for B � B0), but eq. (18.2) has an ‘analytic approximation’
that does not involve integration [Erb66] (as eq. (18.5) but with χe = �ωB/2mc2B0
in Erbers convention)

npairs � nphotonsd αB
2�B0

· 0.16 1
χe
K21/3(2/3χe) (20.6)

which generally forms the basis for many calculations.
Solov’yov and Schäfer [SS93] also treated pair creation by photons colliding

with a relativistic beam. Their central scaling parameter

Cp =
m3c5r
2eEγωR (20.7)



20.3. ’LANDAU-LIFSHITZ’ PAIRS AND TRIDENTS 185

Figure 20.4: Comparison between the total pair production probabilities in strong
fields of colliding beams according to Solov’yov and Schäfer [SS93] (dotted line),
in a general strong field according to Baier, Katkov and Strakhovenko [BKS98]
(full line) and the ‘analytic approximation’ to the latter, eq. (20.6), from Erber
[Erb66] (dashed line).

is again closely related to χp by Cp = r/χpR where R is the radius of the beam
colliding with the photons and r is the position of the photon with respect to the
beam. In their article an averaging over r is done, but naively assuming r =
R one can compare directly with the results of Baier and Katkov, cf. equation
(18.2). This simple comparison, shown in figure 20.4, shows that the functional
dependence on the strong field parameter of pair creation is the same.
An example of the convincing agreement between experiment and theory is

shown in figure 18.2.

20.3 ’Landau-Lifshitz’ pairs and tridents

In a strong field, electron/positron pairs may be produced ’directly’ in a process
where a virtual photon is converted into an electron-positron pair. The direct
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production in a constant field can e.g. be calculated by the Weizsäcker-Williams
method of virtual quanta. In this approach, the spectral density of virtual photons
carried by an electron of energy E0 is given as

dNww
�ω

=
2
π

α

�ω
W

(
�ω

E0

)
, (20.8)

where

W(x) = xK0(x)K1(x) − x
2

2
(K21(x) − K20(x)) (20.9)

The amount of these photons converting in a strong field corresponds to the num-
ber of pairs. Such pairs are the so-called Landau-Lifshitz pairs, generated from a
virtual photon - virtual photon fusion that ends up as a pair, see figure 20.5.
Typically, in simulations of beamstrahlung, electron-positron pairs are consid-

ered produced by one of the three processes

γ + γ → e+e− Breit −Wheeler (20.10)
e− + γ → e+e− + e− Bethe − Heitler (20.11)

e− + e+ → e+e− + e− + e+ Landau − Lifshitz (20.12)

where the Landau-Lifshitz pairs are generated from the Breit-Wheeler interac-
tion, replacing the real photons by virtual ones originating from the electrons and
likewise for the Bethe-Heitler process.

p1
q1

q2

p2

p3

p--

p+

p4

Figure 20.5: The two-photon pair production process. In the case of Landau-
Lifshitz pairs the virtual photons originate from an electron and a positron,
whereas in the case of the trident process, the virtual photon is typically (order
1/Z2) generated by the nucleus.
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Similar processes in a crystal are

γ + γ̃ → e+e− Pair production (20.13)
e− + γ̃ → e− + γ Radiation emission (20.14)

e− + γ̃ → e+e− + e− Trident (20.15)

where γ̃ denotes a virtual photon generated by the strong crystalline field. In
other words, the trident process corresponds to the Landau-Lifshitz process by
a replacement of the virtual photon spectrum from the nucleus by that from the
electron.
The subject of equivalent-quanta trident production in a homogenous field has

been studied by several authors [VBS91, Erb66] or in crystals using theWeizsäcker-
Williams method [KC85]. Since no real electromagnetic quanta need to be created
in the direct process, the dependence on the thickness of the target is linear. The
total probability in a homogenous field is [VBS91]

Wv =
13α2

18
√
3π�c

χmc2t
E0

(ln(χ) − 0.577 − ln(4
√
3) − 77/39) (20.16)

where t is the extent of the field. The characteristic length of formation for this
process is lv = �cB0/B as in the crystal case (see equation (15.2)).
Experimentally, the direct trident production is impossible1 to distinguish from

the sequential one where a real photon emitted by the electron is converted into a
pair in the strong field. However, the latter has a quadratic dependence on target
thickness since the process occurs as a cascade. Both the virtual (direct) and real
(cascade) photon quanta processes have become known as the ’trident’ process
[Erb66] This should not be Erber as a reference due to the shape of the tracks in
emulsions for this type of event.
The total probability of cascade tridents is within 4% accuracy for arbitrary χ

[VBS91] found by the expression

Wr =
3χ
16

(
αt
γ�c

)2
ln(1 +

χ

12
) exp(−16

3χ
)(1 + 0.56χ + 0.013χ2)1/6, (20.17)

By choosing an extent of the magnetic field comparable to the formation
length, the cascade contribution to the trident yield will be suppressed since the
total formation length of the cascade process (to first order being the sum of two
separate formation lengths) is larger than the formation length for a direct trident.
Thus, in order to investigate the trident process in a (crystalline) strong field, the

1The distinction is in practice impossible since angles of order 1/γ are extremely difficult to
resolve, such that the virtuality - roughly given by the transverse momentum of one particle with
respect to the momentum of the photon [BLP82, eq. (99.7)]. of the pair cannot be detected.
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target must be chosen with a thickness smaller than or comparable to the forma-
tion length.
In beam-beam collisions, it is crucial to know the yield of the direct process

since the dependence on χ is very strong for relevant values of χ, and this depen-
dence on χ makes it extremely sensitive to e.g. the beam-shape.



Chapter 21

Non-crystalline strong fields

21.1 Strong fields from plasma wakefields
A relatively recent development in the field of accelerator physics, is the demon-
stration of rapid acceleration in plasma wakefields, a technique which was theo-
retically developed in the late 70’s [TD79]. In fact, such plasma wakefields may
double the energy of a 42 GeV electron beam in a distance of less than a metre as
has recently been demonstrated [BCF+07]. Moreover, allowing smaller gradients
(although still around 30 GV/m), the emerging beam has been demonstrated to
have a reasonably small energy spread and divergence [LNG+06]. In other words,
it seems like the interaction of powerful lasers in the tens of TW regime with a
(pre-formed) plasma leads to useful accelerating gradients of the order 50 GV/m,
by far exceeding even the accelerating gradients of 150 MV/m as found e.g. in the
drive-beam scheme of the (perhaps) next-generation linac, the Compact LInear
Collider, CLIC, presently being studied at CERN. This phenomenon is interesting
in its own right, but in the present context we limit the scope to considerations on
the strong field aspects of plasma wakefield acceleration.
By passing an intense and short laser pulse or electron beam pulse, the plasma

electrons can be completely removed in the interaction region, forming a plasma
cavity in the so-called ’bubble-regime’ [Puk03]. The remaining nuclei will as a
result of the electron removal generate a region with a very strong space charge,
ρ, that — in the frame of the penetrating electron — moves with respect to the
penetrating particle. The resulting transverse electric field in the laboratory frame
can be expressed as

E⊥ =
fmω2pr
2e

(21.1)

and gives rise to an invariant field parameter of χ � γE⊥/E0, i.e. potentially an
extremely strong focusing force. With a plasma fraction of f = 1 and mω2pr/2e =

189
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2πen0r = 1.36 · 1010 V/cm, for realistic parameters n0 ≈ 1019 cm−3 and r = 15 μm
[NK07], the focusing force leads to a strong field parameter

χ ≈ 10−6γ (21.2)

by use of equation (14.4). Thus a particle with a Lorentz factor of order 106 will
experience the focusing force of the plasma wakefield as a critical field. This, as
discussed above, leads to significant modifications of the emission spectrum.

21.2 Astrophysical strong fields
Following a semi-classical argument [Dun00] we can calculate the excitation en-
ergy of an electron in a strong magnetic field, B0. From the gyration radius
rc = p⊥c/eB and the uncertainty relation rcp � � we get a semi-classical gyration
radius rc = �c

√
B0/B and from ω � c/rc we finally get the relative excitation

energy in a strong field
�ω

mc2
�

√
B
B0

(21.3)

which shows that the gyration becomes relativistic in fields B � B0, see also eq.
(14.2). There is substantial evidence that pulsars with fields at and above this
strength - so-called magnetars - exist. A recent example is the � 1011 T magnetar
detected in the soft gamma repeater SGR 1806-20 [ISP03] which yielded a giant
flare at the end of 2004 [RYS05]. A discussion of the applicability of the quasi-
classical approximation in connection with fields relevant for magnetars can be
found in [BK07].
It is interesting to note that while there is a limit to electric fields, set essen-

tially by the critical field strength 1.32 · 1016 V/cm, the limit to magnetic fields is
many orders of magnitude higher than the corresponding critical magnetic field
4.41 · 109 T, perhaps it is even stable without limits, for a theoretical discussion
see [LW09]. This difference can be traced back to the fact that while electric fields
may do work, magnetic fields do not [BK09a].

21.3 Strong fields in nuclear collisions
As a measure of the electric field a 1s electron is exposed to, let us consider
the ratio of this field to the critical field: E1s/E0 = α3Z3 where effects such as
relativistic corrections, reduced mass and extension of the nucleus are neglected.
Likewise, the distance from the center of the nucleus at which the field is critical
is Rc =

√
Zα�c which even for a proton is 33 fm, about 38 times its ’radius’
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(RMS charge distribution [ADt08]), but, still, of an extent � �c. Clearly, for a
nuclear charge number of Z = 137 a 1s electron is in a strong field. Equivalently,
the binding energy ‘dives’ into the negative energy continuum for Z = 137 (and
for extended nuclei Z � 172) and a pair is created [ZP72]. During the collision
of two nuclei with a combined charge exceeding 172|e|, a quasimolecular state
with a very short existence may be generated from which e.g. positron emission
has been observed. So by means of collisions of heavy nuclei, strong field QED
may be investigated. However, since the nuclear collision is of extremely short -
most likely too short - duration, ≈ 10−22s, the strong field in this case is far from
constant and the positron emission is likely to originate from other processes such
as internal conversion of γ-rays originating from the highly excited nuclear states.
For a review see e.g. [WGR85, Sch96, AAB+99].

21.4 Strong laser fields

Another technically demanding example of investigations of strong fields is in
multi-GeV electron collisions with terawatt laser pulses where non-linear Comp-
ton scattering [BMP+96] and Breit-Wheeler pair production are observed [BFHS+97,
BBK+99]. In the laser field, the crucial parameter is

ηl =
eErms
mωlc

=
eErmsλl
2πmc2

=
e
√〈
AμAμ

〉
mc2

(21.4)

where λl is the wavelength of the laser, ωl its angular frequency and Erms ≡ 〈E2〉1/2
the root-mean-square electric field in the laser pulse. It should be noted that ηl is
a purely classical parameter, expressing the energy gain of an electron travelling
a distance of a reduced wavelength �l = λl/2π in the laser field. Thus, once ηl
becomes of the order one, the quiver motion imposed by the laser field becomes
relativistic.
Equation (21.4) can be rewritten as

ηl =
Ermsλl
E0λc

(21.5)

where λc = h/mc is the electron Compton wavelength, or as a Lorentz-invariant
expression by use of the four-vector potential Aμ

η =
e
√〈
AμAμ

〉
mc2

(21.6)
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and even both Lorentz- and gauge-invariant1 from

η2l =
e2

m2

〈
pμT μνpν

〉
(k · p)2 (21.7)

where T μν is the Maxwell energy momentum tensor and 〈. . .〉 means a Lorentz
invariant average over proper time [HI09]. A ’rule of thumb’ is that for a laser
power of PT in Terawatt, the strong field parameter at the diffraction limited focus
is given as ηl ≈

√
5 PT [McD86, p. 11]. Likewise, the achievable electric field is

Erms ≈ 7.7 · 10−6
√
PT/λ[μm]. Realistic maximum laser powers in the near future

are PT = 106, i.e. a laser strong field parameter ηl of a few thousand, as in the
Extreme Light Infrastructure project, see [HHI09] and references therein. With
wavelengths of the order 1 μm, the electric fields still fall short of the critical field
by about 2 orders of magnitude and spontaneous pair creation is exponentially
damped by p ≈ exp(−πE0/E) � exp(−500), a very small number indeed. With a
laser field characterized by ηl = 1, the voltage drop per wavelength is 2πmc2/e �
3MV, and for green light (e.g. λ0 =527 nm) this corresponds to an electric field
of 6 · 1010 V/cm. So even state-of-the-art lasers are far from directly ’boiling the
vacuum’.
Breit-Wheeler pair production is the production of an electron-positron pair in

a photon-photon collision, as mentioned on p. 186. In order to get sufficient energy
in the center-of-mass system to pair produce, at least one of the photons must be
very energetic. This has been achieved by non-linear Compton backscattering of
laser photons off an intense, high-energy electron beam. In non-linear Compton
backscattering, several photons are absorbed but only one is emitted. In this case
again χ is a crucial parameter. For a future γγ-collider, these strong field effects
must be carefully avoided in order not to deplete the photon beams to be produced
by Compton backscattering off intense laser pulses [CT89]. Moreover, the effect
of the electron spin becomes even stronger in the case of interactions with strong
laser fields as compared to crystalline strong field effects [KKK98, KKK02], see
also section 16.4.
Another theoretical scheme proposed to achieve fields approaching the Schwinger

limit is by laser reflection off a relativistic ‘mirror’ made by a propagating wake-
field in a plasma [SBT03].

1The argument in [HI09] for gauge-invariance is ’any physical observable must be gauge-
invariant’. This may be so, but I cannot see the necessity of a variable to be gauge-invariant in order
to be useful. As an example, electric potential V is in experimental physics a very useful quantity
although it is not gauge-invariant; it becomes an observable by fixing the gauge (measuring ’the
voltage’ with respect to e.g. ’ground’).
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21.5 Hawking radiation and Unruh effect
A fascinating analogy exists between the critical field and the Hawking radia-
tion from a black hole: The gravitational acceleration at the Schwarzschild radius
RS = 2GM/c2 equals g(RS ) = c4/4GM where G is Newton’s constant and M
the mass of the black hole. From the equivalence principle, locally2 the grav-
itational field is analogous to an accelerating frame of reference. Setting this
gravitational acceleration equal to the acceleration of an electron in a critical field
g0 = eE0/m = c2/�c the condition �c = 2RS is obtained. In words: the black hole
emits particles with a (reduced) Compton wavelength that are as large as or larger
than the hole itself. This is approximately3 equal to the answer obtained in a full
analysis of the Hawking radiation [Dav78].
Likewise, the equivalence between the temperature of the Hawking radiation

from a black hole and the temperature of the vacuum in a constantly accelerated
frame [Unr76, Dav75] has been widely discussed - the so-called Unruh effect. As
channeled particles are subject to enormous fields and accelerations, outlines for
possible detection schemes using strong crystalline fields have been put forward
[SDM89, McD98]. In [SDM89] it is estimated that a planar channeled positron
with γ � 108 will emit Unruh radiation as intense as the incoherent bremsstrahl-
ung. These estimates, however, do not discuss the subtleties connected to the
inherently non-constant acceleration for a channeled particle.
The Unruh effect gives rise to a Planckian photon spectral distribution at a

temperature

T =
�a
2πkBc

(21.8)

where a is the acceleration and kB the Boltzmann constant.
Several other methods have been proposed to pursue the problem of measuring

the Unruh temperature experimentally. According to V.N. Baier - an expert also
in the field of radiative polarization [Bai72] - the Unruh mechanism is a possi-
ble interpretation (”theoretical game”) of the radiative depolarization in a storage
ring [BK09a], as originally suggested by J. Bell. For an overview of the sug-
gested experimental methods and a review of the litterature on the subject see e.g.
[Ros04, CHM08] (these papers are mainly sophisticated theory papers, but do
contain references to experimental methods). In this connection, it may be men-
tioned that even the lightest charged composite, the positronium negative ion Ps−,

2The word locally is crucial in this context: A gravitational field and an accelerating frame are
closely related, but they are not equal. It is impossible to ’transform away’ a gravitational field by
shifting to an accelerating frame due to the existence of tidal forces as expressed by the Riemann
curvature. But locally, e.g. for one test particle only, there is equivalence.

3Within a factor 2 as for the calculation of the deflection of light by use of the equivalence
principle.
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will have an essentially unaffected hyperfine structure when exposed to Unruh
radiation during state-of-the-art acceleration in a high-gradient radio-frequency
cavity [j06].
The above mentioned analogy between the critical field and the Hawking ra-

diation from a black hole becomes even more compelling by interpreting the field
as a temperature as is done for the Unruh effect, eq. (21.8): T0 = eE0�/2πmkBc
[MGR77] and inserting g(RS ) = c4/4GM instead of g0 = eE0/m in T0 from which
the correct Hawking temperature appears [WGR85]:

T0 =
�c3

8πGMkB
(21.9)

The Hawking radiation can thus be viewed as a critical field phenomenon, where
the electromagnetic critical field is replaced by a gravitational field. Generally
speaking, the uncertainty of the location of the particles is given by their (re-
duced) Compton wavelength, as evidenced e.g. by the Zitterbewegung. Thus, the
interpretation that a quantum fluctuation - a virtual pair - can become real due to
the presence of the critical field, where the rest mass energy is created over exactly
this length, is valid in both cases. As the gravitational field at the Schwarzschild
radius g(RS ) is larger for small holes, short Compton wavelength - ’hot’ - radia-
tion may be emitted, which is why light black holes possess a higher temperature
than heavy ones - they possess a higher gradient.
From the above qualitative considerations, it is clear that the QED analogy of

Hawking radiation, critical field radiation, is of high importance to be investigated
experimentally. This is perhaps even more the case as long as the gravitational ver-
sion is not within observational reach in the foreseable (perhaps even imaginable)
future.

21.6 The geomagnetic field as a strong field
With facilities like the Pierre Auger Observatory [Wat98] for the detection of ul-
tra high energy cosmic rays of energies in the EeV (1018 eV) region and orders
of magnitude above, pair production and photon emission in the magnetic field
of the Earth become increasingly relevant. This phenomenon has been studied
first by Pomeranchuk [Pom40], later revived by McBreen and Lambert [ML81]
and recently by e.g. Stanev and Vankov [SV97] as well as in extended air shower
simulations [PA02]. One important issue in this context is the possibility of dis-
tinguishing photon-initiated extended air showers from those initiated by protons
or heavy nuclei. Such a distinction may shed light on the question of ‘top-down’
(topological defects, massive X-particles) or ‘bottom-up’ (acceleration of known
particles) mechanisms [Oli00, SCt02, Sta98].
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Figure 21.1: The conversion probability of a photon in the geomagnetic field as
a function of photon energy for energies in the region 1019 − 1021 eV (10-1000
EeV). The dashed (full) line represents the conversion probability for a magnetic
field corresponding to the site of the southern (northern) part of the Pierre Auger
Observatory. Adapted from [Ugg03].

The behaviour of an EeV electromagnetic shower initiated in the Earth mag-
netic field and that of a GeV shower in a crystal [BKM+99] are intimately related.
This is so because the decisive χ is about equal in the two cases and their devel-
opments are both affected by e.g. multiple scattering and LPM effect [Ugg03].
In fig. 21.1 is shown a calculation based on eq. (18.2) similar to that of [ML81]

or [SV97] (who use the simpler eq. (18.5)) to determine the conversion probability
of a photon in the geomagnetic field. A dipole field with values of 0.25 G and
0.528 G at the surface of the Earth has been assumed. These values correspond
to the planned and constructed sites of the Pierre Auger Observatory. The close
analogy between the two processes makes crystals a suitable testing ground for the
development of computer codes to simulate the behavior of extended air showers.
In fact, quite recently, a measurement of the upper limit of the fraction of photons
in cosmic rays with energies exceeding 10 EeV has been set to 11.7% at the 95%
confidence limit [AAt09]. Such an exclusion of photons constituting a significant
part of the cosmic rays at extreme energies is partly based on the very different
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development of the air showers for photons and ions. A difference that to a large
extent hinges on the strong field effect of the photons in the Earth magnetic field.
Finally, for sufficiently energetic photons even the intergalactic fields will

appear as a strong field and generally speaking the Universe thus will become
‘opaque’ to these photons. As intergalactic fields are quite weak, ≈ 10−12 T, this
happens at extreme energies only.



Chapter 22

Channeling in bent crystals

22.1 Introduction
The guidance of channeled particles persists even if the crystal is slightly bent,
such that the particle may be deviated from its original direction of motion as
in a magnetic dipole. Since the fields that are responsible for this deviation are
the extremely strong (screened) fields present near the nuclei, the corresponding
bending power can reach a magnitude of several thousand Tesla.
The condition for the particle to be channeled is expressed by Lindhard’s criti-

cal angle [Lin65], ψc, given from eq. (13.4). In table 22.1 critical angles calculated
from the Lindhard ’standard’ potential are given.

Si Ge W
ψ
(110)
p 5 6 11

ψ
〈110〉
1 14 21 31

Table 22.1: Critical angles in μrad for Si, Ge and W at 1 TeV

Following the prediction by Tsyganov [Tsy76b, Tsy76a] that particle deflec-
tion in crystals would be possible, an experiment was performed at JINR, Dubna,
for planar deflection by channeling of 8.4 GeV protons [EFG+79, SGK+84]. Shortly
after, experiments at CERN confirmed the effect for channeling of 12 GeV/c pos-
itive and negative pions [BMU+80, BJM+84]. Efficiencies up to 20% were ob-
served, but in the case of negative pions, no particles were deflected through the
full bend angle, 4 mrad. In all succesful cases of axial deflection a strong feed-in
to the planes was observed.
An extensive review of channeling in bent crystals up to 1995 with emphasis

on the contributions from the russian groups can be found in [BCK97]. More
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details on theory and experiments up to 2000 are given in [Møl95], [Tar98] and
[BBC+00].

22.2 Deflection of charged particles in bent crystals
Due to the curvature, the penetrating particle is subject to a centrifugal force in the
transverse direction. This means that the transverse potential, U(x), is modified
by Ucf:

Ueff(x) = U(x) + Ucf = U(x) − pvκx (22.1)

where x is the transverse distance from the middle of two adjacent planes and
κ = 1/R is the curvature corresponding to the radius of curvature, R.

22.2.1 Critical curvature
Since the centrifugal term lowers the potential barrier at the outside plane, there
is a certain curvature at which the potential minimum is reached at the distance
xc from the plane where the particles will dechannel. Estimating this curva-
ture, Tsyganov found that as long as the curvature fulfills the condition [Tsy76b,
Tsy76a]:

κ ≤ κc =
πZ1Z2e2Ndp

pv
(22.2)

the charged particle can channel in a curved crystal.
Analogously, one may fix the maximum curvature by requiring that the bend-

ing angle, θ, over one oscillation length in the channel, λψ, must be smaller than
the critical angle [SSG96]:

θ(λψ) < ψp (22.3)

This interpretation of the critical curvature - that the particle needs time or a cer-
tain number of interactions with the lattice planes to accomodate a change of
direction of motion, a kind of adiabaticity condition - is very useful in connection
with axial channeling.

22.2.2 Strong fields
In consideration of the strong fields in a crystal it is understandable that a crystal
has a superb bending power. One can calculate the equivalent magnetic field,
B = κp/(Z1e), corresponding to the critical curvature, eq. (22.2) as:

Bc[T] = 1.5 · 103Z2 · Ndp[Å−2] (22.4)
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which is of the order of 2500 Tesla for a silicon crystal. Clearly, eq. (22.4) shows
that a high-Z material is preferable for deflection. It is noted that axial fields are
generally a factor 10 higher than planar fields, so the estimate in connection with
figure 14.1 is in agreement with eq. (22.4).

22.2.3 Dechanneling
The length, LD, over which a planar channeled beam of protons in a straight crys-
tal has been reduced to the fraction 1/e of the initial intensity by transfer to the
random beam by multiple scattering is given for γ � 1 by [BKC94], [BCG+94]:

LD =
256
9π2

pv
ln(2γmc2/I) − 1

aTFdp
Z1e2

(22.5)

where I is the ionisation potential. This approach ignores the dependence on the
temperature. Nevertheless eq. (22.5) has been shown to be in good agreement with
measured values of LD at room temperature [BCG+94]. Some selected values of
LD are given in table 22.2.

Si (110) Ge (110) W (110)
450 GeV (SPS) 0.22 0.19 0.18
7.0 TeV (LHC) 2.9 2.5 2.2

Table 22.2: Dechanneling lengths in m for (110) planes in Si, Ge andW according
to eq. (22.5).

Since the dechanneling length, eq. (22.5), and the equivalent field, eq. (22.4),
are both proportional to dp, the equivalent integrated field depends on d2p. There-
fore, for a specific material it is important to choose the widest planes to optimize
the deflection efficiency.

Curvature dechanneling

The centrifugal force directs the particle towards the outer plane where it suffers
increased multiple Coulomb scattering. Furthermore, for a given distribution in
the transverse direction the fraction of particles having a transverse energy near
or above the potential height - the (curvature) dechanneling fraction, F - increases
with increasing curvature. Thus, the effective area of the phase-space of the beam
which can channel through a bent crystal decreases with increasing bend.
In figure 22.1 the area in the transverse potential available for channeling

is seen below the (decreased) barrier height where the potential for a positively
charged particle is approximated by a harmonic potential.
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Figure 22.1: The potential from eq. (22.1) at κ/κc = 0.0 (dotted), κ/κc = 0.5
(dashed) and κ/κc = 1.0 (full) in the harmonic approximation. Here, U(x) = kx2/2
is a fit to the Doyle-Turner potential for Si (110) at 300 K. From [BBC+00].

For Si (110), Ge (110) and W (110) the values for the minimum radius of
curvature, Rc = 1/κc, are given in table 22.31.

Si Ge W
(100) 2.3 1.1 0.3
(110) 1.6 0.8 0.2
(111) 1.8 0.9 0.5

Table 22.3: Critical radii in m at 1 TeV for Si, Ge and W according to eq. (22.2)

Reference [Ell82] gives ’Universal curves’ from which F can be determined
as a function of normalized curvature, Γ = κ/2κc, for different values of dp and
xc and for a completely parallel beam. A semi-empirical fit to the experiment and

1Note that for a diamond lattice the planar density in the (111) plane is given by Ndp, where dp
is the average planar spacing. This means that the critical curvature for the (110) plane is smaller
than for the (111) plane.
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theory from [FHT+89, Fig. 12] yields

F � 1.04 tanh(3 κ
κc
) (22.6)

i.e. F � 3.1κ/κc for small κ.

Multiple scattering dechanneling

To account for the increase in multiple Coulomb scattering due to the centrifugal
term that forces the penetrating particle towards regionsof higher nuclear density,
the dechanneling length is modified to LD(F) = LD(0)(1 − F)2 as described in
[BBC+00].

22.2.4 Model for deflection efficiency
Summarizing, consider a crystal of length, L, which is bent over the length, LB,
where L − LB = LS. The surface transmission - the fraction of initially channeled
particles - is εS. The efficiency will then be approximately:

ε � εS · exp(− LB
LD(1 − F)2

) · exp(− LS
LD
) · (1 − Fmax) (22.7)

Note that in the case of a uniformly bent crystal, F = Fmax. For a varying cur-
vature, one must calculate F(κ) according to the local curvature and find the total
multiple scattering dechanneling by multiplication of the contributions:
exp(−L/LD(1 − F)2) =

∏
exp(−Llocal/LD(1 − Flocal)2).

For a non-uniformly bent crystal, the curvature dechanneling takes place in
the part of the crystal where the curvature increases. Therefore, for instance for
an ideal three-point bender where the curvature increases in the first half of the
crystal, the modification LB → LB/2 must be made.
For an application, the angle would typically be fixed to match some external

constraints. Since the straight crystal dechanneling favours small crystal lengths
and the curvature dechanneling long crystal lengths (for fixed angle), there is an
optimum crystal length which depends on the angle and which is only weakly
dependent on energy when the length is expressed in units of the dechanneling
length. As a further simplification one may consider a crystal which is bent uni-
formly all the way to the edge and a large deflection efficiency implying a small
F (F < 0.5 or so). In that case the approximate efficiency, given η = Fκc/κ � 3, is

εappr. = εS · exp(− LLD
) · (1 − η θ

L
LD
LDκc

(1 + 2
L
LD
)) (22.8)
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where

LDκc =
256
9π

Z2Nd2paTF
ln(2γmc2/I)

(22.9)

is only weakly dependent on energy, see table 22.4.

Si (110) Ge (110) W (110)
450 GeV (SPS) 0.301 0.544 1.84
7.0 TeV (LHC) 0.251 0.451 1.51

Table 22.4: LDκc for Si, Ge and W according to eq. (22.9)

Eq. (22.8) has a maximum at the optimum length given by

L
LD
= −

1 +
√
1 − 4(2 − LDκc

η·θ )

2(2 − LDκc
η·θ )

� η · θ
2LDκc

+

√
η · θ
LDκc

(22.10)

with an efficiency value at this maximum of

ε
appr.
max � εS[(1 −

√
η · θ
LDκc

)2 − 2 η · θ
LDκc

(1 −
√
η · θ
LDκc

)] ≈ εS(1 −
√
η · θ
LDκc

)2 (22.11)

where the last approximations are for η · θ/LDκc small. An example of values is
given in figure 22.2. Essentially the optimum length in units of the dechanneling
length and the maximum efficiency is fixed by the choice of angle for a wide range
of energies.
Note that the deflection is essentially free of momentum dispersion, but that

losses are momentum-dependent. This, on the other hand, also means that no
momentum or charge selection can be performed with a bent crystal in contrast to
in a magnet.

22.2.5 Comparison - model vs. experiment
The experiments at CERN confirmed expectations on the behaviour of the effi-
ciency as a function of angle for a 450 GeV/c proton beam in a bent Si (111)
crystal [MWC+94] and a bent Ge (110) crystal [BBC+00], see figure 22.3.
As seen from the figure, the relatively simple model reproduces the data quite

well for all angles where the deflection efficiency was measured.
For these measurements, the crystal was aligned by observation of the reduced

restricted energy loss under channeling conditions (for details, see [MWC+94]).
A special feature of the (111) planes in a diamond lattice is that there are wide
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Figure 22.2: Efficiency excluding the surface transmission as a function of length
at 7 TeV and θ = 0.5 mrad according to eq. (22.8) (lines) for W (110), Ge (110)
and Si (110). The value η = 3 was used (see text). Also shown (filled dots)
is the efficiency, eq. (22.11), at optimum length eq. (22.10) and where the last
approximations in the eqs. have been used (open dots). From [BBC+00].

and narrow planes with a relative width of 1:3. As expected, along the narrow
(111) planes the restricted energy loss under channeling conditions is observed to
increase with respect to random incidence.

22.2.6 Volume capture and reflection
Volume capture

The reverse effect of the multiple scattering dechanneling in a curved crystal, the
so-called feed-in or volume capture is a consequence of Lindhard’s reversibility
rule [Lin65]. The effect arises because the particles in the beam will enter the
crystal and at some point during the bend, the tangent to the crystallographic plane
will coincide with the direction of motion of the particles, independent of the
critical angle. At this point, the particle may lose transverse energy in a collision
with e.g. an electron. Thus, in principle, the capture of particles to channeled
states can take place for all angles smaller than the bend angle, see [CGK+92].
However, the probability varies as w ≈ Rψc/LD ∝ R/p3/2, since only near-barrier
states can enter the channel which happens with a probability ∝ 1/LD.
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Figure 22.3: The deflection efficiency as a function of angle for 450 GeV protons
channeled along the (111) planes in a Si crystal and the (110) planes in a Ge crys-
tal. The filled dots are experimental points with error bars denoting the statistical
uncertainty and the lines are the expected values according to the model given in
section 22.2.4 [MWC+94]. Adapted from [BBC+00].

Volume capture is quite small in Si already at 70 GeV, w70 � 0.08% · R[m],
see [BKC94]. Nevertheless, volume capture can be used to measure (bending-)
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dechanneling lengths in materials in which it is not possible to select channeled
particles by means of energy-loss discrimination. A uniformly bent crystal is used
and the number of fully deflected particles registered as a function of impact posi-
tion on the periphery. This number decreases exponentially as exp(−L(φ)/LD(κ)),
where L(φ) is the length of the crystal from impact point to endface. From this
one can extract the dechanneling length, LD(0). Good agreement with theory, eq.
(22.5), has been demonstrated [BCG+94].

In a similar fashion one can derive the reverse of the curvature dechanneling,
the so-called gradient volume capture [BKC94]. As the particle is incident on
a centrifugally distorted planar potential for which the shape changes towards a
non-distorted potential (when the curvature diminishes in the direction of motion),
a particle can get caught if it enters within ΔE � pvλx · dκ/dz above the lower
potential barrier. Here, λ is the wavelength of the oscillation imposed by the
potential barrier and x is the average transverse coordinate. Thus, it is possible to
capture a fraction of the beam if the curvature changes rapidly and λψ ∝ 1/ψp ∝√pv is large.

Volume reflection

The process of volume capture in bent crystals remained almost an academic ex-
ercise until a group at CERN under the leadership of W. Scandale decided to
investigate the connected phenomenon of volume reflection [TV87] in view of
its application as a collimation/extraction device [BCC+05, SVB+08, SVB+09b].
The advantage of using volume reflection is its very high efficiency, up to about
98% [SSC+07, SCDM+08], and the large angular acceptance - in principle includ-
ing all angles smaller than the bend. However, the high efficiency comes at an
expense of a very small angle of deflection which is generally of the order of 1.5
times the planar critical angle. For the (110) plane in silicon and diamond this an-
gle is ψp � 1.9 μrad (see table 22.1) at an energy of 7 TeV as for the protons in the
LHC. Although the authors frequently mention the LHC as a motivating factor,
the smallness of the deflection angle at the relevant energy is barely mentioned.
Before their studies, the general attitude was that to function as an extraction de-
vice, the deflection angle must be � 100 μrad [UU05]. One possible remedy is
’multireflection’, using many bent crystals in series. Still, to get to 100 μrad,
would require about 50 crystals, bringing the overall efficiency down to 36% -
much smaller than in a single bent crystal by the ’traditional’ method, � 90%, see
figure 22.2.
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22.2.7 Axial deflection
As described above, after a length given approximately by eq. (13.12) or (13.13)
there is a redistribution around the direction of the string caused by doughnut
scattering.
If the dechanneling is a smaller effect than the redistribution, bending can take

place, i.e. if LdoughnutD � λ⊥ which leads to [BJM+84]:

R
ψ1

λ⊥
> 1 (22.12)

This condition translates into a condition similar to the one for planar deflection,
namely that the deflection angle over one redistribution length (in this context
similar to a channeling oscillation length) must be smaller than the critical angle
as in eq. (22.3):

θ(λ⊥) < ψ1 (22.13)

The axial and planar deflection mechanisms can thus be described qualitatively in
the same terms by use of the characteristic lengths λ⊥ and λψ, respectively.
One of the reasons to consider axial beam deflection, is that it applies both to

negative and positive particles (although not in the same way). Deflection of neg-
atively charged particles by planar channeling in a bent crystal would suffer heav-
ily from the increased multiple scattering such that mechanically feasible crystal
lengths would correspond to several LD at sub-TeV energies. Further, the surface
transmission for negatively charged particles is much smaller than for positively
charged.
Another reason to consider axial beam deflection is that the critical angle is

a factor � 3 larger for axial channeling than for planar channeling and that the
dechanneling length is larger. However, axial deflection requires a beam which is
well-defined in angles in both planes, whereas the angular acceptance along the
planes for planar deflection is limited by the shape of the crystal only [BKM+96].
Thorough simulations of these effects can be found in [AST+95, GS02].

22.3 Radiation damage
Clearly, the effects of irradiation pose a major restriction on the applicability of
the deflection phenomenon in a bent crystal. If the deflection would have been
as strongly influenced by radiation as e.g. a solid-state detector, the usefulness of
bent crystals would have been very limited.
The irradiation must affect a significant fraction of the atoms encountered in

one oscillation in the channel in order to reduce the deflection efficiency. This
is due to the ’smearing’ of the potential over of the order λψ/d � 105 atoms
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for channeled particles and therefore the influence of only a few vacancies or
interstitials will be ’averaged out’.

22.3.1 Imperfections and radiation damage
Imperfections

It is expected that the contribution to dechanneling from stacking faults remain
constant with energy, point defects contributions decrease as 1/λψ ∝ 1/√pv and
dislocation contributions grow with increasing energy since the beam tends to
experience local curvatures imposed by the dislocations, near or in excess of κc.
Therefore, at high energies it is necessary to have a crystal of not only low

mosaic spread, but also low dislocation density. For this reason, only Ge and Si
have been used as crystal deflectors so far. Another possibility is to use bent dia-
mond crystals which can now be grown in sizes sufficient for mechanical bending
or bent by laser ablated tracks on one side [BEK+09]. In this case, the advantages
compared to Si or Ge are a higher radiation hardness, higher thermal conductivity,
smaller thermal expansion and a much smaller photon absorption length in the
keV region [US02]. Thus, it may be envisaged to use diamonds in applications
where the critical angle is not a severely limiting factor, where the bend angle is
small (but still � 100 μrad) and where e.g. the radiation hardness is important.

Radiation limit at 450 GeV

In 1996 an experiment was performed at the CERN SPS where a crystal that was
previously used to deflect up to 50% was irradiated in one of the target stations
during a full year to a peak fluence of 5 · 1020 p+/cm2. Unfortunately, the crystal
broke in two pieces during investigations of the irradiation profiles, resulting in a
strong anticlastic bending (i.e. a curvature perpendicular to the applied curvature).
The result, after compensation for the severe anticlastic bending of the crystal,

was a reduction in deflection efficiency - assuming a linear dependence on fluence
- corresponding to a deterioration coefficient of 6%/1020 p+/cm2. This result was
found to be very encouraging for the intense beam for the NA48 application which
could run of the order 100 years before need of crystal replacement.

22.4 Momentum and charge dependence
In order to be able to optimize the deflection efficiency for a given application, it
is important to know its behaviour with basic parameters such as the momentum
of the penetrating particle as well as its charge and with the charge of the nuclei
in the lattice. This has also been investigated at the CERN SPS.
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22.4.1 High-Z crystals
According to eq. (22.4) the equivalent field of a bent crystal increases proportion-
ally to Z2 while the dechanneling length does not depend on Z2 (assuming equal
lattice constants). Thus one may expect to obtain higher efficiencies from a heavy
crystal. Encouraged by this, an experiment with 450 GeV protons was performed
at the SPS with Ge bent in a three-point bender along the (110) plane. The mea-
sured values for the deflection efficiency as a function of bend angle compared
well to model calculations, see figure 22.3, for all angles up to the maximum of
20 mrad which at this energy corresponds to an equivalent field of 2000 Tesla!

22.4.2 Momentum dependence
In order to be able to extrapolate to higher energies such as that of the LHC, it is
clearly desirable to investigate the energy dependence of deflection and to com-
pare this with the model calculations. Following the good agreement for 450 GeV
protons, an experiment with the same crystal was done with 200 GeV hadrons.
Again the model predicts the trend of the data very well for all angles such that
reliable extrapolations to much higher energies are possible.
Furthermore, earlier experiments, e.g. [FHT+89], have shown good agreement

with similarly simple models for a few selected angles and span an energy range
of 12-800 GeV.

22.4.3 Low energy,� 1 GeV
The field of charged particle deflection in crystals has also been shown to be useful
for low energy particles. The latter requires very thin crystals due to dechanneling
and fabrication of a curved crystal has been done by use of a graded composition
strained layer. The basis of this is the mixture of two materials with different lat-
tice constants as eg. GexSi1−x where the content x of Ge can be varied to produce
strain in the crystal which will then bend accordingly. By this method, deflection
of 3 MeV protons through an angle of 5 mrad has been demonstrated using a 200
nm Ge0.15Si0.85 layer on a Si substrate. The strained layer has a maximum allow-
able thickness in order that relaxation by the introduction of lattice dislocations
does not occur. Therefore, as opposed to mechanically bent crystals, there is in
principle no maximum obtainable curvature, but instead a minimum [Bre97].

22.4.4 Highly charged ions
Since the critical angle, the critical curvature, multiple Coulomb scattering and
thus the dechanneling length only depend on the ratio of projectile charge to mo-
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mentum, one may expect that ions with the same momentum per charge as protons
are deflected in a crystal with similar efficiencies, given that nuclear interactions
and electromagnetic dissociation can be neglected. Under channeling conditions
the latter close encounter processes are suppressed significantly compared to ran-
dom incidence.
Experiments were performed with the 33 TeV (400 GeV/Z, 160 GeV/amu)

Pb82+ beam at the CERN SPS using a 60 mm long Si (110) crystal bent in a
three-point bender. The deflected beam was easily detected by a coincidence of
scintillator counters [ABC+97]. The deflection efficiencies for an angle of 4 mrad,
8% and 14% for divergences of 50 and 35 μrad, were found to be in good agree-
ment with the model calculations and with a more elaborate calculation performed
by A. Taratin which included interactions.
It is noted that the 33 TeV Pb82+ ions deposit about 2 GeV/mm in amorphous

Si and about half of this value in the aligned case, see figure 23.1. One may there-
fore expect a severe radiation damage, but as typical highly charged ion beams are
of much lower intensity than proton beams, this is probably not a limiting factor.

22.4.5 Pion deflection, positive and negative charges
Later, experiments on deflection in bent crystals also done at CERN investigated
planar deflection of a 200 GeV/c positive pion beam compared to 450 GeV/c pro-
tons and deflection of negative pions along planar and axial directions in a Si
crystal. At 450 GeV/c, another attempt at deflecting positively charged particles
along an axial direction was done [BKM+96]. These experiments showed no un-
ambiguous signal of axial deflection due to a masking by planar deflection.
At the same time, a few measurements were done with negatively charged pi-

ons of 200 GeV. In neither planar nor axial deflection any particles were deflected
by the full bend angle, most likely due to too high curvatures and severe multiple
scattering resulting in dechanneling.

22.5 Extraction
Having shown that charged particle deflection is possible in external beams, an ob-
vious extension is the extraction of particles from a circular accelerator by means
of a bent crystal, as illustrated in figure 22.4.
A number of different aspects due to the interaction between crystal and ac-

celerator then enter:

1. Repeated interaction with the crystal (i.e. random incidence also of signifi-
cance)
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Figure 22.4: A schematical drawing of extraction of particles from the halo of a
circulating beam by means of a bent crystal. From [Møl95].

2. Surface properties of the crystal (small impact parameter)

3. Dependence on the accelerator lattice (notably the so-called betatron ampli-
tude function or β-function)

4. Possible influence on collider experiments

1. If the particle does not fulfil the channeling condition at the first encounter
with the crystal, multiple scattering in the crystal and betatron oscillations during
the following turns may bring it to the crystal under proper conditions at a later
stage. This so-called multipass extraction has been shown to give a significant
contribution to extraction when the beam emittance is slowly increased through
excitation of the beam [ABC+95]. The multipass mechanism also results in an
angular dependence of the extraction efficiency which is much wider than the
critical angle for channeling.
2. When the beam is not deflected onto the crystal endface, but excited through

beam-beam scattering (luminosity excitation) or by external means (white noise
on a pair of deflector plates), the impact point of the particle with respect to the
side of the crystal which is closest to the beam - the impact parameter - becomes
of the order a few nm. The tail of the distribution can reach magnitudes of up
to μm, especially for the non-linear beam-beam effects as expected in the LHC.
Therefore the surface quality and miscut angle of the crystal become significant.
3. As the value of the impact parameter is determined by the β-function at the

position of the crystal, the accelerator lattice becomes decisive for the extraction
efficiency. If the β-function is small the particle cannot overcome the inefficient
surface layer whereas if the β-function is too large the long tail of the impact
parameter distribution will escape the crystal. Likewise, the tune is important
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since it determines the number of turns necessary for a multiple scattered particle
to return to the crystal with improved impact-parameter and -angle.
4. A virtue of the extraction of particles by means of a bent crystal is that the

corresponding septum thickness is equivalent to the inefficient surface layer which
can be made as small as 10 nm. Thus one can extract and/or collimate particles
from the accelerator parasitically, i.e. during collider operation, essentially with-
out disturbance to the collider experiments (supposing that the Twiss parameters
of the accelerator lattice can be properly adjusted) [IDG+05, FDG+06].
At the CERN SPS, a series of experiments have proven the existence of the

multi-pass extraction mechanism [ABC+95], investigated the energy dependence
at 14, 120 and 270 GeV [AEF+98] and have managed to extract 22 TeV Pb82+
ions [ABC+97]. In the last case the significantly narrower width of the angular
scans compared to that of protons, indicates that single-pass extraction contributes
more, probably due to extinction of some multi-pass events owing to nuclear in-
teractions.
Lastly it should be mentioned that a bent crystal may replace extremely costly

or exceedingly complex extraction schemes as e.g. that necessary for extraction
of particles from the LHC by means of conventional or superconducting magnets.
Furthermore, as the parasitic operation of a crystalline extraction device can be
considered part of the collimation scheme, the extracted beam comes ‘for free’
since only particles which would anyway be lost are extracted. A specific sugges-
tion in this direction is found in [UU05].

22.6 Crystalline Undulator

22.6.1 Radiation from bent crystals

A couple of papers have treated the radiation emitted from light particles chan-
neled [TV89] (theory) or volume-reflected [SVB+09a] (experiment, with simple
model based on [BKS98]) in bent crystals. Due to the condition for bent crystal
channeling, eq. (22.3), the energy of the first harmonic of the channeling radiation
[BEM+85] will always exceed the energy of (the first harmonic of) the radiation
originating from the curvature of the channel.
Lately, these ideas have resulted in the theoretical possibility of producing

undulator-like radiation from a crystal periodically bent by an acoustic wave [KSG99]
or by graded composition strained layers in a superlattice [MU00].
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22.6.2 Crystalline undulator

With a super-periodicity imposed by either ultra-sound [KSG98], strain in Si-Ge
interfaces [MU00] or surface defects [BBB+03, BBB+04] it is theoretically pos-
sible to generate high-intensity, nearly mono-chromatic (in the forward direction)
radiation in a crystalline undulator [AGII01, KSG98, KSG99, KSG01, KSG02].
Although it is advantageous to use positrons to generate radiation because of de-
creased multiple scattering [MU00, KKSG00], it is desirable to investigate the
behaviour of electrons, in particular in view of its potentialities as an efficient
positron source with low output emittance. In this case, the strong field effect
must be avoided in order not to significantly reduce the energy of the penetrating
positron beam [MU00].
A long term goal is to investigate the potential of a crystalline undulator as a γ-

ray laser, i.e. in the self-amplified stimulated-emission (SASE) mode [KVD+01].
An early ’pessimistic conclusion’ in this direction was found by Baier and Mil-
stein [BM86], however, based on a density of 1014 cm−3 (but showing that six
orders of magnitude higher would give a gain of 1). Operation in the SASE mode
would require positron densities of the order 1021 cm−3 [KSG99, KVD+01], only
about two orders of magnitude less than the electron density in a typical metal.
Although at first sight this might seem far-fetched, (electron) densities of the or-
der 1021 cm−3 have actually been available at the Final Focus Test Beam (FFTB)
at SLAC and theoretical schemes to increase this by a factor 30 were devised
[EIK+01]. Furthermore, it is known from experimental tests that a diamond crystal
bears no visible influence from being irradiated by the FFTB, whereas amorphous
aluminum simply evaporates [Kre01]. So a possibility in this direction would be
diamonds, properly manipulated.
The first experimental studies for the feasibility of an undulating structure in

the crystal, i.e. without any experimental information on the interaction with a
particle beam, were performed with ’periodic microscratches’ on the surface of
silicon crystals [BBB+03, BBB+04]. The technique of producing surface trenches
was since improved substantially by means of femto-second laser ablation [BEK+09].
However, as was soon realized, this type of manipulation of the crystal suffers
from several drawbacks: The crystal endface is necessarily very small in the di-
rection of oscillations, and the amplitude of oscillations is strongly dependent on
the impact parameter of the particle with respect to the surface which has been me-
chanically modified [KKSG08], giving - even in theory - a significant broadening
of the spectrum.
Only recently [BLK+10] have signatures showing evidence for the undulator

radiation been observed, using electrons - as suggested in [TKSG07] - in graded
composition strained layers, Si1−xGex, arranged in a superlattice as specified in
[MU00], at energies 195-855 MeV at the MAinz MIcrotron (MAMI). For a com-
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prehensive review of the field, see [KSW04].

22.7 Applications related to bent crystals
Two applications of bent crystals - apart from the already mentioned extraction
and collimation - should be mentioned briefly (for a longer discussion and refer-
ences, see [BBC+00]):
As for the case of a normal magnetic dipole, a focussing effect with a focal

length of L = (4r2 − R2)1/2 can be obtained in one plane by proper shaping of the
endface of the bent crystal. One advantage is that very small focal sizes, a = 2ψcL
of the order a few microns (corresponding to a β-function of about a mm), can
be obtained at high energies while the effect (apart from losses) is essentially
independent of momentum in contrast to a normal magnet.
As a means to measure magnetic moments of shortlived particles, the bent

crystal can be used as an extremely strong and short magnet: In analogy with a top
possessing an angular momentum in the gravitational field of the earth, a moving
particle possessing a magnetic moment will precess in an inclined magnetic field.
Therefore, since the field in a bent crystal is equivalent to a strong magnetic field,
a charged particle with spin, s, and magnetic moment, μs = gμBs, will precess
during the passage of a bent crystal if the spin and magnetic field are inclined.
Since the distance over which it will precess through a given angle in a crystal is
drastically shortened compared to in a magnet, one may use this effect to measure
magnetic moments of shortlived particles.
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Chapter 23

Ultrarelativistic heavy ions in
crystals

23.1 Ionization energy loss
It is shown in a number of treatments [Sig06, ADt08, Jac75] that the energy loss
owing to the ionization during penetration of a medium at high energies is given
by the Bethe formula

−dE
dx
=
4πnZ21Z2e

4

mβ2c2
[
1
2
ln(
2mc2β2γ2Tmax

I2
) − β2 − δ(βγ)

2
] (23.1)

where Tmax = 2mc2β2γ2/(1 + 2γm/M + (m/M)2) is the maximum kinetic energy
which can be transferred to a free electron of restmass m in a single collision with
a projectile of mass M and Lorentz factor γ = 1/

√
1 − β2 [ADt08]. The last term

in eq. (23.1) is the density effect correction, discussed in detail by Sternheimer
and collaborators [SP71, SSB82].

23.1.1 Restricted energy loss
In a number of different experiments, it is not the energy loss of the penetrating
particle that is of main interest, it is rather the energy deposited in the substance
that is measured. Part of the energy loss suffered by the projectile may e.g. appear
in the form of energetic knock-on electrons (electrons escaping the medium with
high energy as a result of a binary collision with the projectile). This happens for
instance when the restricted energy loss is measured in a silicon surface-barrier
detector. In this case, an equation similar to eq. (23.1) applies, but with Tmax
replaced by the smaller value Tcut and the second term in the square bracket, β2,
modified by a multiplier (Tcut + Tmax)/2. At relativistic energies, the restricted
energy loss in e.g. silicon is � 330 · Z22 keV/mm for not too thick targets.

215
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23.1.2 Ionization energy loss for channeled ions
For channeled particles, a path-dependent average energy loss for relativistic par-
ticles was calculated by Esbensen and Golovchenko [EG78]

dE
dx
(b) =

2πe4N
mv2

Z21[(Z2 + Z2(b)) ln(
2mv2γ2

I
) +C(b)] (23.2)

where NZ2(b) is the local electron density at position b in the transverse plane
andC(b) is a velocity-independent term dependent on the local electron density at
position b. The terms (Z2 + Z2(b))β2 and Z2δ were added in the square parenthesis
to include relativistic effects [EFG+78]. Also the reduction in the well-defined
leading edge ΔE1/2 of the energy-loss distribution for channeled particles was
calculated to be [EFG+78]

(
dE
dx
(b))1/2 = (

dE
dx
(b)) +

2πe4N
mv2

Z21Z2(b)[−1.18 + β2 + ln(κ(b))] (23.3)

where
κ(b)) =

2πe4N
mv2

Z21Z2(b)
t
Tmax

(23.4)

In figure 23.1 is shown the energy-loss distribution for 33 TeV fully stripped
lead nuclei penetrating a silicon single crystal along the (110) plane. The single
crystal is acting as an active target, measuring the restricted energy loss for the
channeled and above-barrier (random) particles. The full-drawn curve represents
the simulated values for energy loss in this orientation, the filled dots the results
for the oriented crystal and the open squares the results for the randomly oriented
crystal [MBD+01]. From the results of the simulation, split into transverse energy
components, it is shown that the right-hand edge corresponding to energy loss
above that of the random orientation, originates from transverse energies close
to the barrier height, 20-25 eV. Conversely, the left-hand edge, corresponding to
energy losses approaching 60% of that of the random orientation, stems from
ions channeled deep in the potential well, 0-5 eV transverse energy, as expected
[MBD+01]. The minimum energy loss for channeled particles ΔE1/2 is well de-
scribed by the theory developed by Esbensen and Golovchenko [EFG+78, EG78],
as indicated by the arrow in figure 23.1.
For the channeled ions, close encounter processes are heavily suppressed and

the nuclear size effect as well as pair production are not expected to play a signif-
icant role.

23.2 Proton loss and capture in bent crystals
The main motivation in this chapter is to demonstrate experimentally what can be
the expected composition of a crystal-extracted heavy ion beam in a scheme like
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Figure 23.1: Energy-loss distribution for 33 TeV fully stripped lead nuclei pen-
etrating a silicon single crystal along the (110) plane. The full-drawn curve rep-
resents the simulated values for energy loss in this orientation, the filled dots the
results for the oriented crystal and the open squares the results for the randomly
oriented crystal [MBD+01]. The minimum energy loss for channeled particles
ΔE1/2 is indicated by the arrow.

the seemingly feasible one proposed for the LHC [UU05].

The experiment was performed in the H2 beam line of the SPS accelerator at
CERN, where In49+ ions of momentum 370 GeV/c per charge unit are available
with a small divergence. The ions were incident on a silicon crystal, 60 mm long
in the beam direction, bent horizontally over 56 mm in a ‘three-point bender’. The
crystal was mounted on a 2 μrad stepsize goniometer and alignment of the crys-
talline planes to the beam direction was performed by observation of the deflected
beam in a scintillator counter.

The experimental setup was essentially the same as for the measurements of
fragmentation cross sections with Pb82+ and In49+ ions, see page 96.
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23.3 Results

The spectra obtained with MUSIC detectors as shown in figure 11.3, were used to
extract the contribution from all charge states down to Z � 20. For all data sets the
expected Z2 dependence of the signal on charge state was verified by a parabolic
fit to the gaussian centroids versus Z. For the deflected ions the gaussian fit to
extract the pick-up channel Sn50+ was required to be centered at the same distance
from the In49+ peak and with the same width.
The areas extracted from the gaussian fits normalized to the number of incom-

ing In49+ were used to determine the fragmentation probability, pf , as a function
of charge number. These fragmentation probabilities for the bent aligned crystal
were then compared to the results for the randomly oriented crystal by the frag-
mentation probability suppression η = (prandomf − pbckg.,rf )/(pcrystalf − pbckg.,cf ) with
subtraction of the measured values without target. For the deflected beam, the
background is difficult to measure as there are no particles deviated to this region.
We have thus taken the conservative approach of not subtracting the background
from the crystal signal for this case, i.e. pbckg.,cf = 0 in the denominator (but still
the background is accounted for in the numerator of η, i.e. pbckg.,rf � 0). For the
direct beam, background subtraction amounts to � 50%. Moreover, the method
to determine the position of the crystal on MUSIC1 is not useful for the randomly
oriented target. This means that in the case of a varying position signal, non-
interacting ions may be included in the event selection which leads to a value of η
that is artificially too small. Thus, the suppression factor - in particular for Z = 50
where the aligned case is consistent with zero - is a lower limit. Along the same
lines it should be mentioned, that for the large bend angles, ions emerging in the
straight beam may not have sampled the whole 60 mm of the crystal which could
also lead to a value of η that is artificially too small.
As seen in figure 23.2 there is a strong suppression of a factor up to 25 for

the channeled ions for fragmentation compared to the non-channeled ions. The
suppression becomes progressively smaller for lower charge number, but even
for the lightest fragments detected it is a factor 10. Furthermore, the nuclear-
charge pickup channel is suppressed significantly more - by a factor of � 40 -
showing that this type of reaction as expected must be a short-range phenomenon.
The overall behaviour of η with Z is partly explained by the limited number of
counts for the channeled beam for Z � 46 and the approximation pbckg.,cf = 0.
Given that the particle must be fully deflected to be counted, one would expect
a higher suppression for low Z than for high Z, contrary to observations. For
the undeflected beam, the background is about 50% for high Z-values, dropping
slightly to about 35% for low Z. Using these numbers to estimate the background
for the deflected beam, η increases by about a factor 3, but the overall tendency
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for η to rise with Z gets slightly stronger. Insufficient account of background is
therefore not an explanation of the tendency.
In figure 23.3 the suppression factors for the fragments and the pick-up chan-

nel are shown for the three deflection angles and for the 7.5 mrad data set also for
an incidence angle ψp/2. As expected, the suppression factor becomes larger for
larger bend angles roughly speaking because those ions that are guided all the way
through the bent crystal are necessarily well channeled from the beginning. How-
ever, the indication that Z � 40 has a stronger suppression than e.g. Z � 45 for
the 11.9 mrad data set is not understood. For the 7.5 mrad deflection angle, η(Z)
is slightly larger for ψ = ψp/2 than for ψ = 0 in the cases of Z = 47 and Z = 48.
This is in contrast to smaller values of Z and is not expected. The scarcity of data
points for the 19.8 mrad deflection angle is due to the small deflection efficiency
which precludes identification of fragments below Z = 44.
The fragmentation probability suppression η for In49+ to remain in its ini-

tial charge state is -12 and -19 for the 7.5 and 11.9 mrad data sets. Taking
prandomf � 0.5pbckg.f this corresponds to an increase of the effective interaction
length by a factor 12 and 19, respectively. Therefore, for the channeled ions the
crystal only presents 1.0% and 0.6% of an interaction length instead of the ran-
dom value 13%, i.e. the large majority of heavy ions exit in the same charge state
as they enter the crystal even in a crystal as long as 60 mm. We emphasize that
the suppression factor is not the suppression for the channeling phenomenon as
such, but the suppression under the condition that the ions are deflected through
the full bend angle. This is the figure of merit for the motivation discussed in the
introduction, i.e. a potential extraction scheme based on a bent crystal.

Figure 23.2: The fragmentation probability suppression η for nuclear-charge
changing probability versus charge number for the direct beam (open triangles)
and the bent beam (filled squares), both for a bend angle of 7.5 mrad.
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Figure 23.3: The fragmentation probability suppression η versus charge number
in the upper region of Z for the bent beam for angles 7.5 mrad (filled squares:
perfect alignment, open triangles: aligned at ψp/2), 11.9 mrad (open circles) and
19.8 mrad (filled triangles).

The results are promising for a potential application of the deflection and ex-
traction of relativistic ions from an accelerator, as the large majority will exit in the
same charge state as they enter the crystal. For such an application we note how-
ever that the question of radiation damage to the crystal remains experimentally
unaddressed in the case of heavy ions.



Part IV

Future projects
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Chapter 24

LPM effect in low-Z targets

The Landau-Pomeranchuk-Migdal (LPM) effect was investigated experimentally
in the mid-90s with 25 GeV electrons at SLAC [ABSB+97] and later with up to
287 GeV electrons at CERN [HUB+03, HUB+04]. These investigations - com-
bined with relevant theoretical developments - have shown that the theory of mul-
tiple scattering dominated radiation emission is describing experiment very well,
at least for high-Z targets.
In his review paper on the LPM effect from 1999 [Kle99], Spencer Klein stated

among the explanations for a small, but significant discrepancy found for carbon
with electrons at 25 GeV that ”it is also possible that Migdals theory may be
inadequate for lighter targets.”. Likewise, in the CERN experiments [HUB+04],
where carbon was used as a calibration target, the systematic deviations from the
expected values for ELPM could possibly be explained by an insufficient theoretical
description of carbon.
Furthermore, simulations using GEANT, show that the theory of Migdal has a

discontinuous derivative at a photon energy of a few GeV from 207 GeV electrons,
indicating exactly such an insufficient theoretical description. In fact, looking
closely at figure 6.1, the dashed and full lines, an ’overshoot’ at ξ � 0.1 is also
apparent. This, and similar results for other substances show that there may very
well be a theoretical problem for photon energies in the 1-100 MeV range from a
1 TeV electron in air - clearly a low-Z target. Problems are also indicated in the
understanding of radiation emission from 1 TeV to the endpoint energy (�ω/Ee ∈
[10−3, 1]) for 1 PeV electrons in air, relevant for the development of extended air
showers.
Moreover, the more modern theory by Baier and Katkov which includes Coulomb

corrections and other fine details, is developed mainly for high-Z targets, and
therefore does not include screening adequately for low-Z targets. The accuracy
of their theory is expected to be a few percent for high-Z targets, whereas for
low-Z targets the error may be as much as 10-15%.
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Figure 24.1: Expected radiation spectra, based upon simulations using GEANT,
as described in [MBSU08], but updated to extend the applicable range to lower
photon energies. The curves shown are for 178 GeV electrons in different solids,
as indicated and as a function of the photon energy in the realistically detectable
range.

In figure 24.2 is shown the result of a short (≈ 1 hour datataking on Al) pilot-
experiment performed during the June beam time of NA63 in 2009. It shows
measured values for the radiation emission from aluminum, compared to expecta-
tions based upon simulations using GEANT, as described in [MBSU08].
The agreement between data and simulated values based upon LPM theory is

generally good, but a firm conclusion requires more statistics, and a more care-
ful reduction of the synchrotron radiation background (the critical frequency of
which can be lowered by a factor � 3) which is the explanation for the lowest
point being far below expectations. In the same run, tantalum and carbon were
tested, with good agreement between data and simulated values for the former,
but inconclusive for the latter.
There is thus a motivation to measure radiation emission in low-Z targets to

search for deviations from LPM theory. We have therefore been allocated 6 days
of beam in the H4 beam line of the CERN SPS in May 2010 to perform the
measurements in targets with Z-values of 6, 13, 14, 22, 26, 29, 42, 50, 73 and
77, see figure 24.1, with a setup similar to that previously used by NA63, see e.g.
[TEK+09].
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Figure 24.2: Measured and expected (dashed line is the Bethe-Heitler value, full
line shows LPM) radiation spectrum for 2.3%X0 aluminum with 207 GeV elec-
trons. From [TEA+10].
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Chapter 25

Magnetic suppression

Magnetic suppression of incoherent bremsstrahlung may appear if the electron is
exposed to an external field during the emission event. It is an example of an inter-
play between coherent and incoherent processes. The magnitude of the magnetic
suppression effect as a function of photon energy was discussed in the late 90’s by
the SLAC E-146 group, in a transparent, but very rough approximation. In con-
tinuation of this, Klein showed [Kle99] that the so-called magnetic suppression
appears when the deflection angle of the emitting electron over half a formation
length

θB =
Δp
p
=
eBlf
2E

(25.1)

exceeds the emission angle 1/γ (taken here with the electron trajectory perpen-
dicular to the magnetic field) which is the case for photons of relative energy

�ω

E
= ξ <

χ

1 + χ
� χ (25.2)

where the last approximation is valid when χ � 1. This is always so for laboratory
experiments since magnetic fields are limited to about 2 T if iron is used for the
magnet poles, and the Lorentz factor is smaller than about 106, i.e. χ � 5 · 10−4.
However, for sufficiently energetic particles and soft photons, the effect could be
observable.
In the limit of strong suppression, the suppression factor S according to Klein

[Kle99] can be rewritten as

S = (
�ω

χ(E − �ω))
2/3 (25.3)

which for 20 MeV photons from 207 GeV electrons in a 2T field (χ = 1.8 · 10−4)
amounts to S = 0.65, a significant suppression. Nevertheless, as this is a very
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rough model, applied in the limit of strong suppression, the magnitude of the
effect is not so reliable.
But, already in a paper from 1988, Baier, Katkov and Strakhovenko [BKS88b]

discussed the influence of an external field on radiation processes in a medium,
and in fact showed in their introduction the same rough approximation as em-
ployed by the SLAC group. Their paper was a ’pioneering’ effort in the sense
that it supplied the basis for many subsequent papers of that group, discussing
the interplay between coherent and incoherent effects, notably in crystals. As em-
phasized by the authors, their theory finds direct application in the emission of
beamstrahlung where there is a strong coherent field from the opposing bunch.
Another example of an external field could be a magnetic field supplied from an
electromagnet across an amorphous foil. The expression of Baier, Katkov and
Strakhovenko is more complicated, but expected to be much more precise than
eq. (25.3).

dσ
d�ω

=
4Z2α3�
15m2c2ω

ln((1 + (
χ

u
)1/3)

1
γθ1
)

·
[
�
2ω2

E2
(x4Υ(x) − 3x2Υ′(x) − x3)

+ (1 +
E′2

E2
)(x4Υ(x) + 3xΥ(x) − 5x2Υ′(x) − x3) ] (25.4)

where x = (u/χ)2/3 (equal to S in eq. (25.3)), u = �ω/(E − �ω), E′ = E − �ω,
θ1 = �c/Eas, as = 0.81a0Z−1/3 is the screening radius and

Υ(x) =
∫ ∞

0
sin(xt +

t3

3
)dt (25.5)

which - for computational purposes - can be expressed as definite integrals of
modified Airy functions of the first and second kind Ai(x), Bi(x)

Υ(x) = πGi(x) = π[
1
3
Bi(x) +

∫ x

0
(Ai(x)Bi(t) − Ai(t)Bi(x))dt] (25.6)

As shown in [BKS88b, eq. (3.29)], eq. (25.4) reduces to a suppression approxi-
mately given by eq. (25.3) in the strong field limit (χ/u � 1). A comparison of
the expressions [BKS88b, eq. (3.13)] and [BKS98, eq. (7.91)] corresponding to
eq. (25.4) shows, however, that a sign-error in the third term of the last parenthesis
has been corrected in the latter version, with a change of the relative size of the
effect from about 10-15% to a factor 2-3. Also, the latter version is in much better
agreement with the estimate, eq. (25.3), giving confidence in its applicability.
A calculation based on the above of the expected magnetic suppression - de-

fined here as the ratio of dσ/d�ω(B � 0) and dσ/d�ω(B = 0) - for experimentally
relevant situations is shown in figure 25.1.
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Figure 25.1: The expected magnetic suppression according to (25.4) for experi-
mentally relevant situations as indicated.
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A BGO detector is capable of detecting MeV photons with high efficiency,
but there is a complication arising from the emission of synchrotron radiation.
Since the emitting particle and the radition must be separated at the location of the
detector by at least the sum of the radii of the detector rd and the beam rb, either a
high field is required or a long baseline. The high field option is unattractive due to
the emission of synchrotron radiation. The characteristic energy ξcE, proportional
to γ2, where ξc = 3χ must be kept below about 5 keV in order not to influence
the detection near the lower limit, meaning a maximum field of about 0.1 T. Thus,
even with two 6.3 m long dipoles, rb = 9 mm and rd = 37.5 mm, the resulting
distance from the center of the deflecting dipole to the detector must be ≥ 26 m.
This is however not excluded in the H4 beam line.
In figure 25.2 is shown the expected count rates per 104 electrons, i.e. approx-

imately per burst in H4. As seen, the configuration discussed above is largely
sufficient for synchrotron radiation to be insignificant above 25 MeV. There is,
however, a slight complication arising from synchrotron radiation from the ’main
bend’, B7, one of the last of the elements that transport the beam from the target
to the H4 beam line. Even though the solid angle subtended by the detector is
very small as seen from B7, the high field (� 0.95 T) in B7 at 207 GeV results in a
high characteristic frequency, and a number of synchrotron radiation photons that
is a factor 5-10 higher than from the amorphous target. By setting the main bend
slightly too low in current, i.e. the beam directed slightly upwards, this emission
escapes the detector. The wrong beam direction can then be compensated by Trim
3 and Trim 4 which can run at much lower field of 0.2 T, leading to synchrotron
radiation at much lower frequencies. The resulting displacement at the BGO is
tolerably small, about 4 mm.
In order not to ’mix’ the observation of magnetic suppression with for in-

stance the suppression due to the longitudinal density effect, the photon energy
must fulfill �ω > γ�ωp. There is thus a ’window of opportunity’ with photon en-
ergies between 22 and � 160 MeV for 207 GeV electrons (presently the realistic
maximum energy at the CERN SPS when an intensity of 104 electrons per burst
is required) traversing saturated iron, B = 2 T. Since the synchrotron radiation
emitted by the electron during the traversal of the magnetic field that the target is
exposed to is well-known and can be measured, a subtraction of this, undesired,
contribution is expected to be doable.
As seen from figure 25.2 and figure 25.1 the magnetic suppression effect is

significant below 160 MeV, for a realistic field of 2 T. However, running a BGO
in a high energy photon beam (where occasionally the detector is hit by 200 GeV
photons), has previously proved to be quite difficult, in particular when aiming
for the detection of photons in the tens of MeV range. Furthermore, since it is
essential to reduce synchrotron radiation as much as possible, beam tuning is im-
portant. Therefore, fairly high statistics is required with � 103 counts per MeV
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Figure 25.2: The number of photons emitted by 104 electrons, per MeV for syn-
chrotron radiation from two MBWmagnets run at 0.1 T (dotted line), synchrotron
radiation from two Trim magnets run at 0.2 T (dash-dot-dotted line), synchrotron
radiation from an iron foil of thickness 0.75 mm (short-dashed line) and brems-
strahlung from the 0.75 mm Fe without field (dashed line), with B = 2 T (dash-
dotted line) and with B = 4 T (full line).
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(corresponding to � 2 hrs. with beam from the SPS) for all settings (Fe at 2 T,
Fe at 1 T, Fe at 0 T and empty target). Thus, several runs with each setting are
desirable, so the complete experiment (including installation, commissioning and
calibration) is foreseen to take 1 week. It should be emphasized, though, that
a clear advantage arises from being able to switching on and off the effect, by
applying a magnetic field to the iron foil and by ’degaussing’ it, while all other
mechanisms stay constant, eliminating to a large extent the systematic errors. The
measurement described is planned to be performed in autumn 2011.



Chapter 26

Bremsstrahlung emission from
γ = 170 Pb82+

A relatively straightforward approach to derive the bremsstrahlung emission from
a relativistic heavy ion, is to use the Bethe-Heitler cross section for bremsstrahl-
ung emission from an energetic lepton and simply replace the electron mass by
that of the ion, and likewise for the charge. This leads directly to a Z41γ depen-
dence of the energy loss per unit path-length, as e.g. shown in [WW02]. How-
ever, in the rest-frame of the penetrating ion, the impinging virtual photons (in a
Weizsäcker-Williams approach) that eventually lead to emission in the laboratory
system of photons with energies of the order of that of the incident ion, will have a
wavelength significantly smaller than the size of the nucleus. As realized by Allan
Sørensen [Sør05, Sø10], such photons will therefore not interact with the nucleus
as a whole, but instead ’probe’ its interior, interacting individually with each of the
charged constituents. Under the restriction that the emitting nucleus stays intact,
this leads to a significantly reduced differential cross section dσ/d�ω, and like-
wise a non-constant power-spectrum �ωdσ/d�ω, as opposed to claims otherwise
seen in the litterature [Ahl80, WW02].
In figure 26.1, is shown the significant difference expected, compared to the

’traditional’ expectation [Jac75, Ahl80, WW02]. The location of the peak in the
spectrum (full line) is given by 2γ�ω1, where �ω1 corresponding to the energy
transfer above which the Z protons in the nucleus can be considered quasi-free
[Sø10]. The exact location in energy as well as the width and height of the struc-
ture is expected to be reasonably accurate (±10%) in this treatment compared to
[Sør05]. Moreover, the tendency for the spectrum to fall off very steeply compared
to other calculations, is an inherent feature of the treatment of the finite nuclear
size, and it is seen that already at 20 GeV emission from the 33 TeV ion, the
difference between the ’traditional’ and the new treatments amounts to about an
order of magnitude. The peak of the cross section at 4.1 GeV should be relatively
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Figure 26.1: The power-spectrum �ωdσ/d�ω for bremsstrahlung emission from
Pb82+, with the condition that the nucleus stays intact during the emission pro-
cess. The dash-dotted line shows the ’traditional’ expectation excluding screen-
ing [Ahl80, WW02], and including screening with dash-dot-dot [Jac75], whereas
the full-drawn line shows the values based on the finite size of the impinging ion,
composed of the contribution from the nucleus being treated as point-like (elas-
tic scattering, dashed), and the nucleus being a collection of quasi-free protons
(dotted). Adapted from [Sø10].

easily accessible in a measurement using a lead glass calorimeter.
However, the cross sections are fairly small, requiring targets of not too small

a thickness to generate a reasonable count-rate in a 104 ions/spill beam. Thus there
is a slight complication arising from the production of δ−electrons by the pene-
trating ion. These electrons will produce bremsstrahlung with a cross section that
for low energy photons is significantly higher than for the heavy ion. However,
the Pb82+ → δ−electron→ γ process is proportional to the square of the thick-
ness of the target, whereas the Pb82+ → γ process is directly proportional to the
thickness of the target. Thus, targets of approximately 0.35 X0 thickness (2 mm
for Pb) lead to an acceptable compromise between countrate and ratio of signals
to false signals from δ−electrons. Furthermore, this procedure can be checked by
measuring with several thicknesses for a specific element, and by a comparison
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Figure 26.2: The emission angle of photons from δ−electrons and Pb82+ ions as a
function of photon energy.

of target elements with significantly different nuclear charges, but similar areal
electron densities.
In figure 26.2 is shown the emission angle of photons from δ−electrons and

Pb82+ ions as a function of photon energy. It is assumed that the emission an-
gle with respect to the momentum is 1/γ (which more reasonably should be a
distribution with a half-maximum angle of 1/γ) and that the momentum of the
emitting δ−electron is directly correlated with the emission angle with respect to
the incoming Pb82+ ion, i.e. that multiple scattering can be neglected.
Due to the difference in magnetic rigidity, � 29 GeV/c per charge as opposed

to 400 GeV/c per charge, the produced δ−electrons can easily be deviated without
disturbing the heavy ion beam significantly.
The proposed setup is shown schematically in figure 26.3. Since the signal in

scintillators is roughly proportional to Z2 it is not difficult to discriminate against
e.g. cosmics, so two scintillators are (by far) sufficient to define the beam. The
targets to be used are inserted by means of a remote-controlled rotation stage, and
after the target, the Pb82+ ions are deflected using a 4 Tmmagnetic dipole field into
a MUltiple Sampling Ionization Chamber (MUSIC) where the charge state of the
spent ion can be detected. Thus, reactions where one or several protons have been
lost from the projectile can be investigated as well. In fact, the emission connected
with contact interactions have cross sections that are about 2 orders of magnitude
higher than for emission with a projectile that stays intact, for photon energies
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Figure 26.3: A figure showing the proposed setup for investigations of the nuclear
size effect in bremsstrahlung from heavy ions. The Pb82+ ions are incident from
the left, through two scintillators - one counter S1 and one veto with a hole S2 -
to the target. After the target, the Pb82+ ions are deflected using a 4 Tm magnetic
dipole field (B16, MBPL installed in H4) into a MUltiple Sampling Ionization
Chamber (MUSIC) where the charge state of the spent ion can be detected. Pro-
duced δ−electrons are deviated into scintillator S3. Finally, the emitted photon is
intercepted by a BGO (for energies 0.1-2 GeV) or lead glass (for energies 2-200
GeV) calorimeter. An updated proposal, significantly enlarging the scientific po-
tential to include fragments and nuclear-size effect in δ−electron emission, can be
found in [Ugg11].
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in the main region of interest 2-20 GeV [Sø10]. If a δ−electron is produced by
the ion, it is deflected in the opposite direction by a significantly larger angle,
and the event can be ’flagged’ by recording the signal in a scintillator S3. The
emitted photons are intercepted by a BGO (for energies 0.1-2 GeV) or lead glass
(for energies 2-200 GeV) calorimeter. Since the Pb82+ ion beam is 400 GeV/c per
charge, the deflection in a 4 Tm integrated field is only 3 mrad. However, the
longitudinal distance from the MBPL to the detector can be up to 18 metres in
H4, meaning a transverse separation of 54 mm, sufficient to separate the radiation
from the spent ion.
Shown in figure 26.4 are two simulations based on the recent refinement of

the theoretical treatment [Sø10]. The simulations include the emission of brems-
strahlung from delta-electrons produced by the ion and a more accurate emission
spectrum from the ion itself. The target thicknesses for both Si and Pb have been
chosen to yield a fragmentation of less than 5% according to the measurements
presented in section 11.1 [SPS+04]. Furthermore, radiation emission from pro-
duced pairs has been shown to be negligible as the produced particles appear with
energies γmc2 � 87 ± 4 MeV, far below the region of interest.
From figure 26.4 it appears that the ’radiation peak’ should be detectable for

several targets with a few days of dedicated running. We aim to measure for targets
with Z values of 6, 13, 14, 29, 50, 73 and 82, mounted on a remote-controlled
target-wheel, estimated to take 7 days of running with γ = 170 Pb82+ extracted to
the SPS H4 beamline.
As a future development it may be envisaged to use an active crystalline silicon

target, for which the restricted energy loss gives a ’handle’ on the impact param-
eter of the impinging ion with respect to the target nuclei as shown previously by
the group [MBD+01]. With such a method, the impact parameter dependence of
the radiation emission process from heavy relativistic ions could be experimen-
tally determined. This measurement could be performed in 2012, depending on
the availability of the beam.
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Figure 26.4: Counting spectra (number of photons per 0.5 GeV per 104 incident
ions) for bremsstrahlung emission from Pb82+, with the condition that the nucleus
stays intact during the emission process. The statistical uncertainty shown is a
realistic estimate for that obtainable within 4 hours of running time, with 1 burst
per minute, 104 ions per burst. The circles are for the emission of bremsstrahlung
from delta-electrons produced by the ion, the squares for the emission from the
ion itself and the triangles show the sum of these contributions.
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Efficient positron production in
diamonds

Another strong field effect - so far only in the planning stage as an experiment -
is the efficient positron production in diamond crystals. In view of recent devel-
opments in the field of efficient positron production by use of crystalline targets
[ACCS03, ABB+05, ACC+08, BS02, SSF+07], an attractive possibility would be
the use of diamond crystals. As examples, both the CLIC and LHeC e+-production
schemes are expected to gain significantly (several tens of percent is a lot in an
accelerator scheduled to run for decades) from using crystalline targets where
the strong field effects play a decisive role. Due to the high power of the primary
electron beam in such schemes, characteristics such as radiation hardness, melting
point and thermal conductivity of the target are key elements. Diamond is unique
in this respect [US02], known to be superior to all other crystals, but clearly has
the disadvantage of high cost, in particular for large specimens.
Although both relevant and intriguing, our group does not yet possess the nec-

essary equipment to perform this type of experiment. Applications for funding
are in preparation, and it is our hope that we will be able to do the measurement
in the not-so-distant future.
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Chapter 28

Conclusion

In the first part, the existence of the formation length - the zone in which e.g. the
photon is produced - is shown to give rise to a number of interesting phenomena
in the physics of ultrarelativistic particle interactions with matter. For interac-
tions with amorphous materials, the transition from the few-scatterings regime
to scattering-dominated radiation emission have been investigated. Furthermore,
processes like energy deposition by a pair in the vicinity of the vertex and heavy
ion fragmentation or nuclear charge pickup reactions have been studied and com-
pared to calculations based on state-of-the-art theories.
As shown in the second part, the combination of ultrarelativistic particles (pho-

tons and/or leptons) and crystals allows with relatively simple means to investigate
the behaviour of fundamental processes in electromagnetic fields that are so strong
that e.g. the emission of synchrotron radiation changes character. Since the mid-
80s, a number of experiments and theoretical developments have led to a thorough
understanding of strong crystalline fields.
A number of interesting parallels and analogies exist, relevant to e.g. beam-

strahlung, radiation from highly magnetized pulsars and the processes in the ‘strong’
geomagnetic field. Furthermore, strong crystalline fields find applications in sub-
jects ranging from efficient γ → e+e−-conversion through extraction of particles
from accelerators to γ-ray sources.
Finally, it seems useful to follow a route of investigation where the founda-

tions are known to be on a fundamentally valid basis as for quantum electrody-
namics, and then draw parallels to other, more complicated fields like QCD and
gravitation, e.g. in the strong field or shortened formation length domains. Both
amorphous materials and crystals present uniquely simple tools for such investi-
gations.

243



244 CHAPTER 28. CONCLUSION



Chapter 29

Acknowledgments

The author gratefully acknowledges the strong support from the members of the
NA43, NA59, LPM, CRYSTAL and NA63 collaborations at CERN, notably Poul
Aggerholm, Sergio Ballestrero, Per B. Christensen, Simon Connell, Konrad Elsener,
Tjeerd Ketel, Kim Kirsebom, Helge Knudsen, Alessio Mangiarotti, Søren Pape
Møller, Christoph Scheidenberger, Pietro Sona, Erik Uggerhøj and Mayda Ve-
lasco.
The work described above would not have been possible without the assistance

from the electronics and mechanical construction groups as well as the mechanical
workshop at the Department of Physics and Astronomy, Aarhus University. These
three units are indispensible at the department, unless one wants to do theory and
nothing but theory (in which case perhaps they are anyway necessary in order to
get the PC running?).
Furthermore, an acknowledgment of the hard work performed by the students

in the group is due: Henrik Dahl Hansen (LPM effect), Heine Dølrath Thomsen
(TSF effect, Positrons, KPC effect), Thomas Virkus (KPC effect), Kim R. Hansen
(Ogle effect), Hans-Peter E. Kristiansen, Mikkel Lund and Søren Lindholt Ander-
sen (Positrons), Jakob Esberg (Trident, Beamstrahlung) and Kristoffer K. Ander-
sen (Field line picture of radiation, Quantum Synchrotron, Pb82+ bremsstrahlung).
Many of the results presented above have been made in close collaboration with
these talented students.
Discussions on theory with Allan Sørensen, Jens Lindhard, V.N. Baier, M. Ter-

Mikaelian, V. Strakhovenko, Yu. Kononets, J.P.F. Sellschop, J. Ellison, S. Dumas,
S. Klein, H. Rosu, P. Chen, A. Solov’yov, W. Greiner, A. Richter, N. Shul’ga,
S.P. Fomin, V. Biryukov, M. Khokonov, H. Nitta, R. Avakian, K. Ispirian and S.
Darbinian over the years have been highly appreciated and most valuable.
A warm thanks goes to Lone Deleuran, for giving me permission to reprint

the excellent drawing in figure 1.1 and to Bent Lomholt for painting the frontpage
illustration.

245



246 CHAPTER 29. ACKNOWLEDGMENTS

Likewise, the efforts of the assessment committee — Dr. K. Riisager of the
Department of Physics and Astronomy at Aarhus University, Denmark, Dr. X.
Artru of the Institut de Physique Nucléaire de Lyon, France and A. Belkacem of
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Appendix A

The quasiclassical approximation in
QED

This section is based on a small, but essential part of the book by Baier, Katkov
and Strakhovenko [BKS98] and a series of splendid lectures given by professor
Baier at the Department of Physics and Astronomy, Aarhus University, in Octo-
ber and November 2009. Therefore this appendix does not contain anything new
- all the conclusions and results are from [BKS98] and all I have done is to do
the (at times quite numerous) intermediate steps. This addition is unneccessary
for physicists with a level of mathematical sophistication of profs. Baier, Katkov
and Strakhovenko, but seems to be needed for experimentalists and students who
generally find their book hard to follow. It is thus attempted to write this chapter
- in particular the first section - such that it could be used for teaching electrody-
namics at the level of [Gri99] and [Jac75]. The following is therefore in a sense
a ’translation’ into ’experimentalist terms’. I have benefitted from the help of A.
Sørensen in the derivation of a few of the steps (eqs. (A.29) and (A.38)), and in
the detection of a few misprints in [BKS98]. The notation below is kept as in their
book, with conversion of the most important equations to the notation of the main
text.

Polarization phenomena - which are generally an additional complication to
measure, compared to emitted intensities - have not been dealt with experimen-
tally (an exception being [KKM+99, AAB+08]) and therefore not either in the
following.

Units � = c = 1 are used throughout this chapter, except where their inclusion
is needed to make a specific point clear.
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A.1 Classical radiation theory

A.1.1 Potentials and fields

A particle with charge e travels on a trajectory r0(t0) with velocity v(t0), see figure
A.1. As it may be influenced by external fields, it may accelerate and its trajectory
may be curved and therefore radiation can be emitted. In the following, only the
radiation zone, corresponding to large distances r compared to the size of the
system given approximately by r0, is considered.
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Figure A.1: A charged particle moves along the trajectory with coordinates r0(t).
The fields originating from the point A at time t0 are observed at point B at time t.

This allows to make an expansion in r0/r of the distance from the charge to
the observation point R:

R = |r − r0| =
√
r2 + r20(t0) − 2r · r0(t0) = r

√
1 + (

r0(t0)
r
)2 − 2n · r0(t0)

r
(A.1)

where n = r/r and since r0(t0) � r terms quadratic in their ratio can be skipped
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and the square root reduces by binomial expansion to

R = |r − r0| � r(1 − n · r0(t0)r
) (A.2)

where n is the unit vector in the direction of propagation of the emitted light (or,
alternatively, the direction towards the observation point).

The time t at the observation point is connected to the particle’s ”own time” t0
by the retardation relation (where, exceptionally, c is included)

c(t − t0) = R(t, t0) (A.3)

expressing the finite time of signal propagation c. Here - since for a specific time
t there is one and only one corresponding particle (retarded) time t0 and vice versa
- R(t, t0) can be written as R(t0)

t0 = t − R(t0)c � t − r
c
+ n · r0(t0)

c
(A.4)

where the last approximation follows from (A.2).
The vector potential A is given from the Lienard-Wiechert potentials

A =
e
r

v
(1 − n · v) t0

(A.5)

where v is the particle’s velocity. Variables on the right-hand side are taken at the
retarded time t0 defined by Eq.(A.4).
In the radiation zone, keeping only terms proportional to ∼ 1/r, the electric E

and magnetic H fields are given as (see e.g. the second term in [Gri99, (10.65)]
and [Gri99, (10.66)] or [Jac99, (14.13) and (14.14)])

E =
e
r

1
(1 − n · v)3 (n × (n − v) × a)), H = n × E, (A.6)

where a = v̇ is the acceleration of the particle. The fields correspond to a trans-
verse electromagnetic field falling off sufficiently slowly with distance, i.e. emis-
sion of light

E ·H = E · n = H · n = 0, E ×H = E2n = H2n, (A.7)

where n,E,H are mutually orthogonal vectors.
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A.1.2 Radiation intensity
The differential radiation intensity dI into the solid angle element dΩ is defined as
the energy per unit time dε/dt passing the spherical surface element dS = r2dΩ.
By use of Poynting’s vector S = E ×H/4π = E2n/4π it is given as:

dI =
E2r2dΩ
4π

(A.8)

When integrating the intensity over time it must be taken into account that the
functions on the right-hand side depend on the time t0. Thus, since (see Eq.(A.4))

dt = (∂t/∂t0)dt0 = (1 − n · v)dt0 (A.9)

the energy radiated by a particle per unit time of the ”particle’s own time” (at the
time of radiation) t0:

dε
dt0
=
dε
dt
dt
dt0
=
dε
dt
(1 − n · v) = r

2E2dΩ
4π

(1 − n · v) (A.10)

From this point, since eq. (A.10) involves the square of E, given by eq. (A.6) the
following product is needed

C = (n × (n − v) × a)(n × (n − v) × a) (A.11)

where we make use of n× (v×a) = v(n ·a)−a(n ·v) [Gri99, (1.17)] and its special
case n × (n × a) = n(n · a) − a which leads to

C = [n(n · a) − a − v(n · a) + a(n · v)]2 (A.12)

with the terms (written in the order that will be needed in the following)

C = a2 − 2a2(n · v) + a2(n · v)2 + 2av(n · a) − 2v(n · a)a(n · v)
+ v2(n · a)2 − 2(n · a)n · a + (n · a)2n2 − 2(n · a)2na
+ 2(n · a)n · a(na) (A.13)

such that the last two terms cancel.

The remains of equation (A.13) can be rewritten as follows a2 − 2a2(n · v) +
a2(n · v)2 = a2(1 − n · v)2, 2av(n · a) − 2v(n · a)a(n · v) = 2(a · v)(n · a)(1 − n · v),
and v2(n · a)2 − 2(n · a)n · a + (n · a)2n2 = −(1 − v2)(n · a)2 leading to

dε(n)
dt0

=
e2

4π
1

(1 − n · v)5 [2(a · v)(n · a)(1 − n · v)
+a2(1 − n · v)2 − (1 − v2)(n · a)2]dΩ (A.14)
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The integrals in eq.(A.14) are given - in order of appearance - as:∫
ni

(1 − n · v)4dΩ =
16πvi

3(1 − v2)3 ;∫
1

(1 − n · v)3dΩ =
4π

(1 − v2)2∫
nink

(1 − n · v)5dΩ =
4π

3(1 − v2)4 [δik(1 − v
2) + 6vivk]; (A.15)

Substituting into eq. (A.14) the radiation intensity becomes
dε
dt0
=
2
3

e2

(1 − v2)3 [(a · v)
2 + a2(1 − v2)]. (A.16)

The equation of motion in the electromagnetic field is in accordance with the
Lorentz force

dp
dt
= eE + ev ×H (A.17)

and with p = vE, we obtain
d(vE)
dt
= [
dv
dt
· E + v · dE

dt
] = eE + ev ×H (A.18)

where it can be taken into account that kinetic energy may be lost dE/dt = eEv,
such that the particle acceleration in an external electric field E and magnetic field
H is given by

a =
e
m
(1 − v2)1/2[E + v ×H − v(v · E)] (A.19)

Finally, the radiation intensity in terms of external electric and magnetic fields
can be written

dε
dt0
=
2
3

e4

m2(1 − v2) {[E + v ×H]
2 − (v · E)2} (A.20)

Motion in an electric field

If the motion takes place in a pure electric field (H = 0), and v‖a‖E, i.e. the
particle velocity and acceleration are parallel, then from eq. (A.16) we have the
terms (a · v)2 and a2v2 cancelling such that

dε
dt0
=
2
3

e2a2

(1 − v2)3 . (A.21)

Likewise, from eq. (A.20) where the term v×H is zero, resulting in a factor (1−v2)
also in the numerator, one has

dε
dt0
=
2
3
e4E2

m2
(A.22)
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Motion in a magnetic field

If the motion takes place in a pure magnetic field (E = 0), i.e. the particle velocity
and acceleration are perpendicular, a · v = 0 then from eq. (A.16) we have

dε
dt0
=
2
3

e2a2

(1 − v2)2 (A.23)

Likewise, from eq. (A.20), if v ⊥ H
dε
dt0
=
2
3
e4H2v2

m2(1 − v2) . (A.24)

which is γ2H2/E2 times the energy loss in a pure electric field, eq. (A.22). Thus,
the transverse acceleration leads to an energy loss γ2 times larger than the longi-
tudinal.

Spectral distribution

Consider the vector potential expanded into a Fourier integral

A(ω) =
∫
exp(iωt)A(t)dt (A.25)

where ω is the angular frequency. From eq. (A.5) this becomes

A(ω) =
∫
exp(iωt)

e
r

v
(1 − n · v)dt (A.26)

and with eq. (A.9)

A(ω) =
e
r

∫
exp(iω(t0 + r − n · r0(t0)))v(t0)dt0 (A.27)

such that with the wave vector k = nω

A(ω) =
e
r
exp(iωr)

∫
exp(i(ωt0 − k · r0(t0)))v(t0)dt0 (A.28)

which - upon renaming the integration variable from t0 to t - gives

A(ω) =
e
r
eiωr

∫
v(t)ei(ωt−kr0(t))dt, (A.29)

Since E = −Ȧ, Ȧ = ∂A/∂t, H = n × E we can write the fields in terms of the
time derivative of the vector potential Ȧ

H = (Ȧ × n), E = (Ȧ × n) × n. (A.30)
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where n as above is the unit vector in the direction of observation.
The explicit form of fields can be found by a substitution in eq. (A.30) of A(t)

by A(ω)e−iωt etc. [LL75, §66] and then dividing by e−iωt to get

H(ω) = ik × nA(ω), E(ω) = i
c
ω
(k × nA(ω)) × k (A.31)

which results in the fields given as

H(ω) =
ieω
r
eiωr

∫
ei(ωt−kr0(t))n × dr0,

E(ω) =
ieω
r
eiωr

∫
(v − n)ei(ωt−kr0(t))dt (A.32)

An analogue of dI = E2r2dΩ/4π, eq. (A.8), has the form

dε(n, ω) = |E(ω)|2dωdΩ
4π2

r2 (A.33)

and since d3k = k2dkdΩ = ω2dωdΩ

dε(n, ω) = |E(ω)|2 d
3k

4π2ω2
r2 (A.34)

where dε(n, ω) is the energy emitted into the element of the solid angle dΩ in the
form of waves in the frequency interval (ω,ω + dω).
Substituting eq. (A.32) into eq. (A.34) leads to

dε(n, ω) = e2
∫ ∫

[v(t1) − n][v(t2) − n]ei(ω(t1−t2)−k(r0(t1)−r0(t2))dt1dt2 d
3k

(2π)2
. (A.35)

where r(t1)) and r(t2)) are position of the particle on the trajectory at the times t1
and t2, respectively.
In eq. (A.35), integrals of the following kind are needed:∫

nv(t1)eiω(t1−nr0(t1))dt1 =
∫
(1 − (1 − nv(t1)))eiω(t1−nr0(t1))dt1

=

∫
eiω(t1−nr0(t1))dt1 − 1

iω

∫
d
dt1
eiω(t1−nr0(t1))dt1

=

∫
eiω(t1−nr0(t1))dt1 − 1

iω
[eiω(t1−nr0(t1))]∞−∞

=

∫
eiω(t1−nr0(t1))dt1 (A.36)
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from which∫ ∫
nv(t1)eiω(t1−nr0(t1)−(t2−nr0(t2)))dt1dt2 =

∫ [∫
nv(t1)eiω(t1−nr0(t1))

]
e−iω(t2−nr0(t2))dt2

=

∫ ∫
eiω(t1−nr0(t1)−(t2−nr0(t2)))dt1dt2 (A.37)

and similarly with the term involving nv(t2).
Then the following key equation is obtained

dε(n, ω) = e2
∫ ∫

[v(t1)v(t2) − 1]ei(ω(t1−t2)−k(r0(t1)−r0(t2))dt1dt2 d
3k

(2π)2
(A.38)

A.1.3 Radiation from ultrarelativistic particles
We start from Newton’s second law:

F =
dp
dt

(A.39)

and proceed by differentiating the Lorentz factor wrsp. to time

dγ
dt
=
d
dt
[1 − v2]−1/2 = −1

2
[1 − v2]−3/2[−2(v · v̇)] (A.40)

such that
dγ
dt
= γ3v · dv

dt
= γ3v · a (A.41)

and since p = γmv this gives

F =
d(γmv)
dt

=
dγ
dt
mv + γm

dv
dt
= m

γ3

c2
(v · a)v + γma (A.42)

Thus the force in relativistic mechanics is

F =
dP
dt
=

m√
1 − v2

[
v̇ +

v(vv̇)
1 − v2

]
(A.43)

The force and acceleration components are defined with respect to v, e.g. F‖ =
vF/v such that for the longitudinal component of the acceleration one has through

v
v
·
[
v̇ +

v(vv̇)
1 − v2

]
=
v · v̇
v

[
1 +

v2

1 − v2
]
=
v · v̇
v
γ2 (A.44)

that
v̇‖ =

v̇ · v
v
=
F‖
mγ3

, (A.45)
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while for the transverse component one has

v̇⊥ =
F⊥
mγ

. (A.46)

The ’longitudinal’ and ’transverse’ mass of Einstein thus reappear.
Now we can substitute eqs. (A.45) and (A.46) into eqs. (A.21) and (A.23),

respectively:
dε
dt0 ‖
=
2
3

e2a2

(1 − v2)3 =
2
3
e2γ6(

F‖
mγ3

)2 =
2
3
e2

m2
F2‖ (A.47)

and
dε
dt0⊥

=
2
3

e2a2

(1 − v2)2 =
2
3
e2γ4(

F⊥
mγ
)2 =

2
3
e2

m2
γ2F2⊥ (A.48)

such that if F⊥ = F‖ the radiation emission intensities are related as

dε
dt0⊥

= γ2
dε
dt0 ‖

(A.49)

Thus for the same order of magnitude of the longitudinal and transverse forces, the
contribution of the longitudinal component is negligibly small - γ2 times smaller
as found above in section A.1.2. Within this accuracy the radiation intensity is de-
termined by the transverse force only, i.e. we can consider the acceleration purely
transverse, (v̇ · v) = 0. Therefore (v̇ · v) = (1/2)dv2/dt = 0 i.e. v2 is conserved.
The angular distribution of intensity (the energy radiated by a particle per unit

time t0) follows from eq. (A.14) with only transverse acceleration, a · v = v̇ · v = 0
dε(n)
dt0

=
e2

4π
1

(1 − n · v)5
[
v̇2⊥(1 − n · v)2 −

1
γ2
(n · v̇⊥)2

]
dΩ (A.50)

The characteristic combination is

1 − n · v = 1 − v cosϑ � 1 − v(1 − ϑ2

2
)

� (1 − v)(1 + v)/2 − vϑ
2

2

� 1
2

(
1
γ2
+ ϑ2

)
+ O

(
1
γ4

)
(A.51)

where it has been used that 1 + v � 2 to an accuracy 1/γ2. Since the denomi-
nator of eq. (A.50) is given by eq. (A.51), it is seen that already at an angle of
ϑ = 1/γ, the radiated energy becomes roughly 23 = 8 times smaller than at ϑ = 0.
Therefore, the angular distribution of radiation from an ultrarelativistic particle is
a narrow, needle-like cone having a characteristic angle ϑ ∼ 1/γ to the instanta-
neous direction of motion of the particle.
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A.1.4 Qualitative treatment of radiation

As shown in the preceding section, the high-energy particles radiate along the
particle velocity in a narrow cone with a characteristic angle ϑ ∼ 1/γ. The relation
between the angle of particle deflection in the external field Δψ and the angle 1/γ
therefore becomes essential. There are two characteristic cases, of which we treat
the case Δψ > 1/γ, synchrotron radiation.
The other situation arises when the total deflection angle of the particle in the

external field is lower or of the order 1/γ. Then the radiation of the particle along
its entire trajectory is concentrated inside the narrow cone with the opening angle
∼ 1/γ. In this case the characteristics of radiation are more sensitive to the shape
of the external field. This kind of motion is realized in undulators, for motion
in the field of electromagnetic wave, in certain limits for the motion in a single
crystal and for bremsstrahlung in the Coulomb field.

Synchrotron radiation

In the emission of synchrotron radiation (magnetic bremsstrahlung), the total an-
gle of particle deflection Δψ is large comparing with 1/γ. Then in a given direc-
tion n, determined by the detector location with respect to the particle, the particle
radiates from a small fraction of the trajectory where the direction of the particle
velocity is changed by the angle ∼ 1/γ, see figure 4.1. This part of the trajectory is
called the radiation formation length. Indeed the main contribution to the integral
in eq. (A.38) comes from the region where the change of phase is of the order 1:

Δϕ = ω(t1 − t2) − k(r(t1) − r(t2)) ∼ 1 (A.52)

One has to take into account that

k =
√
ε(ω)ωn, r(t) = vt, ε(ω) = 1 −

ω2p

ω2
, nv = v cosϑ, (A.53)

where ε(ω) is the dielectric constant, ωp is the plasma frequency (in any medium
ωp < 100 eV).
For later convenience in the quantum version, we now continue the derivation

including a front-factor E/E′ applied to Δϕ and set the phase-change equal to 1
so

E
E′
(ωt − k(r(t))) = 1 (A.54)

i.e.
E(ω −

√
ε(ω)ωv cos(ϑ))t = E′ (A.55)
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and with cos(ϑ) � 1 − ϑ2/2 for ϑ � 1 and ε(ω) = 1 − ω2p/ω2

t =
E′

E
1

ω(1 −
√
1 −

ω2p

ω2
· v(1 − ϑ2

2
))

(A.56)

and v � (1 − 1/2γ2), ω � ωp

t =
EE′

γ2m2ω
1

(1 − (1 −
ω2p

2ω2
)(1 − 1

2γ2
)(1 − ϑ2

2
))
, (A.57)

neglecting terms ω2p/4γ2ω2 and ϑ2/4γ2 the terms in the denominator are

(1 −
ω2p

2ω2
)(1 − 1

2γ2
)(1 − ϑ2

2
) � 1 −

ω2p

2ω2
− ϑ2

2
− 1
2γ2

(A.58)

such that we finally have - in essence from eq. (A.52) and setting E = E′ again -

t1 − t2 = Δt ∼ l f (ω) = 2E2

ωm2
⎛⎜⎜⎜⎜⎝1 + γ2ϑ2 + γ2ω2p

ω2

⎞⎟⎟⎟⎟⎠
(A.59)

Thus, the effect of the polarization of a medium described by the dielectric con-
stant ε(ω) is relevant for soft photons only, i.e. when ω ≤ γωp, up to a few tens of
MeV for incident particles in the 100 GeV range.
From eq. (A.59) follows that when ϑ ≤ 1/γ, γωp/ω � 1 the formation length

is of the order

l f � l f0(ω) = 2ε2

ωm2
=
2γ2�c
�ω

= 2γ2
1973 eV · Å
�ω

(A.60)

which for 100 GeV equals l100f = 15.11 μm/�ω[GeV].
Alternatively, this could be obtained by use of the minumum longitudinal mo-
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mentum transfer

q‖ = pe − p′e − pγ =
√
E2 − m2 −

√
(E − ω)2 − m2 − ω

= E
√
1 − m

2

E2
− (E − ω)

√
1 − m2

(E − ω)2 − ω

� E(1 − m2

2E2
) − (E − ω)(1 − m2

2(E − ω)2 ) − ω

= E − m
2

2E
− E + ω − m2

2(E − ω)) − ω

= m2(
1

2(E − ω) −
1
2E
)

= m2
ω

2E(E − ω) (A.61)

thus by use of l f0(ω) = �/q‖ and restoring � and c

l f0(�ω) =
2E(E − �ω)
ωm2c3

=
2E(E − �ω)
�ωmc2

� (A.62)

which, when �ω � E equals 2γ2c/ω as in eq. (A.60).
As described above, the phase difference of waves emitted by the particle in

the direction n at the times t1 and t2 is given by eq. (A.52). As soon as the phase
difference becomes of the order of unity, the radiation from different points of
the trajectory becomes incoherent and breakdown of radiation into the direction
n occurs. Therefore the radiation take place from the small part of the trajectory
where |Δv| � v/γ � 1/γ as shown in figure 4.1.
During the time difference τ = t2 − t1 the particle moves from r(t1) to r(t2):

r(t2) = r(t1) + v(t1)τ + v̇(t1)τ2/2! + v̈(t1)τ3/3! + . . . (A.63)

from which r(t1) − r(t2) can be directly inserted into eq. (A.52) to give

Δϕ � ωτ[1 − n · v − n · v̇τ/2 − n · v̈τ2/6] (A.64)

In the last term we take into account that the force acting on the particle can be
considered as purely transverse, i.e. vv̇ = 0, and constantly so, d(vv̇)/dt = 0. Then

d(vv̇)
dt
= v̇2 + vv̈ = 0 (A.65)

and since from eq. (A.51)

n · v − 1 � − 1
2γ2

(A.66)
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with an accuracy up to terms ∼ 1/γ2 we get n · v � 1 and since both are unit
vectors (when c = 1 and within the same accuracy ∼ 1/γ2) we can replace the v
by n in eq. (A.65) to get

n · v̈ = −v̇2 (A.67)

resulting in
Δϕ � ωτ[1 − n · v − n · v̇τ/2 + v̇2τ2/6]. (A.68)

Since radiation occurs from the small part of the trajectory |Δv| = v̇τ ∼ 1/γ, in eq.
(A.68) the expression in square brackets is of the order of magnitude 1/γ2

Δϕ � ωτ

γ2
(A.69)

Since again |Δv| = v̇τ ∼ 1/γ or τ ∼ 1/|a|γ, the phase difference then becomes
Δϕ ∼ ω/aγ3 (A.70)

The condition of radiation breakdown given as Δϕ ∼ 1 determines the upper
boundary of emission frequencies

ω ∼ ωc = aγ3 (A.71)

where a = |a| = |v̇|.
For frequencies higher than those given by eq. (A.71), the phase difference

becomes higher than unity so that inside the radiation cone there are waves of
a given frequency with opposite phase. The spectral expansions of the radiation
field include integrals of the kind

∫
exp(iΔϕ)dt as discussed above in connection

with eqs. (A.38) and (A.52). At frequencies higher than ωc the integrand thus
oscillates rapidly, which results in mutual suppression, given that this kind of
integrals are exponentially small. So the radiation intensity drops exponentially
at ω � ωc. For frequencies ω � ωc the radiation behavior is determined by the
pre-exponential factor. If this factor increases with frequency, the maximum of
radiation intensity distribution over frequency is in the range where ω ∼ ωc.
Thus, ultrarelativistic particles radiate mainly high harmonics compared to

the motion characteristic frequencies, which for circular motion is given as |v̇| =
v2/R � v/R = ωB, where ωB = eBv/p is the revolution (cyclotron) angular fre-
quency.

A.1.5 Properties of radiation in magnetic bremsstrahlung limit
Here we consider the spectral distribution in the form of eq. (A.35). It is conve-
nient to introduce the variables:

t0 =
t1 + t2
2

, τ = t2 − t1, t1 = t0 − τ

2
, t2 = t0 +

τ

2
(A.72)
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We consider the situation when the duration of radiation emission in the given
direction n is much shorter that the time characteristics of particle motion. Having
this fact in mind the particle kinematic characteristics can be expanded in a power
series in τ:

v2,1 = v
(
t ± τ

2

)
= v(t) ± v̇τ

2
+ v̈

τ2

8
+ ...,

r2,1 = r
(
t ± τ

2

)
= r(t) ± vτ

2
+ v̇

τ2

8
± v̈ τ

3

48
+ ...

(A.74)

resulting in

r2 − r1 = vτ + v̈ τ
3

24
, (A.75)

where v1 = v(t1) etc. Substituting this expansion in eq. (A.38) and using n · v̈ =
−v̇2 = −a2 from eq. (A.67) and k · v = ωn · v, the following expression for
the radiation intensity (energy emitted per unit particle time) of ultrarelativistic
particles can be found

dI(n, ω) =
dε(n, ω)
dt0

= e2
d3k
(2π)2

∞∫
−∞

[
2(1 − n · v) − 1

γ2
− a

2τ2

24

]

× exp
[
−iωτ

(
1 − n · v + a

2τ2

24

)]
dτ (A.76)

Integrating by parts the term with 1−n ·v (in a fashion analogous to the transition
from eq. (A.35) to eq. (A.38)) the following is obtained

dI(n, ω) = −e2 d
3k

(2π)2

∞∫
−∞

[
1
γ2
+
a2τ2

24

]
exp

[
−iωτ

(
1 − n · v + a

2τ2

24

)]
dτ. (A.77)

From equation (A.77) follows again that the main contribution to radiation origi-
nates from times shorter than given from a2τ2 � (1 − n · v), i.e. since ω ∼ 2γ2/τ
from the formation length, the radiated frequencies becomeω � γ3a in accordance
with eq. (A.71). The integral over τ can be found using the following tabulated
integrals [GR65, p. 959]:

∞∫
−∞

cos(bcx + acx3)dx =
2
3

√
bc
ac
K1/3(σ), σ =

2
3
√
3
b3/2c
a1/2c

,

∞∫
−∞

x2 cos(bcx + acx3)dx = − bc3ac

∞∫
−∞

cos(bcx + acx3)dx. (A.78)
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where Kν(σ) are the modified Bessel functions. Identifying bc = ω(1 − n · v),
ac = a2ω/24 and using 1/γ2 � 4(1−n · v)− 1/γ2 for the integration of eq. (A.77),
the spectral-angular distribution of radiation intensity becomes

dI(n, ω) = e2
d3k
(2π)2

4
√
2
3

√
1 − n · v
a

[
4(1 − n · v) − 1

γ2

]
K1/3(ξc) (A.79)

and the argument of the Bessel function becomes

ξc =
4
√
2
3

ω

a
(1 − n · v)3/2 � 2

3
ω

aγ3
(1 + x2)3/2 = κc(1 + x2)3/2. (A.80)

with the normalized angular variable x = γϑ and

κc =
2
3
ω

aγ3
=
2
3
ω

ωc
(A.81)

In the approximation of small angles, according to eq. (A.51), 1 − n · v = 1 −
v cosϑ � 1−v+ϑ2/2 ∼ 1/2γ2(1+γ2ϑ2). Here the normalized angular variable x =
γϑ is used again such that 1 − n · v = (1 + x2)/2γ2, xdx = γ2ϑdϑ � γ2 sin(ϑ)dϑ =
γ2dΩ/2π and with d3k = k2dkdΩ = ω2dωdΩ this leads to

dI(n, ω) =
e2

2π
ω2dωxdx

4√
3
1
γ5

√
1 + x2
a

[2(1 + x2) − 1]K1/3(ξc), (A.82)

Equation (A.82) gives the instantaneous properties of radiation at time t0 from the
velocity vector v(t0). The argument of K1/3(ξc) in the radiation cone, i.e. when
1 − n · v ∼ 1/γ2, is of the order

ξc ∼ ω

aγ3
=
ω

ωc
(A.83)

The expansions of Kν(z) for large and small values of the argument are, respec-
tively [Jac75, p. 108]

Kν(z) � π

2z
e−z, z � 1, Kν(z) � Γ(ν)2

(
2
z

)ν
, z � 1 (A.84)

For ξc � 1, i.e. for frequencies ω � ωc the Bessel function becomes K1/3(ξc) �
Γ(1/3)/22/3κ1/3c

√
1 + x2 such that the spectral intensity has the form

dI(ϑ,ω) � e
2

π
ω5/3dωxdx

Γ(1/3)
31/6

1
a2/3γ4

[2(1 + x2) − 1]. (A.85)
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again with x = γϑ. Similarly, in the limit ω � ωc (ξc � 1) the intensity is

dI(ϑ,ω) � e2√
π
ω3/2dωxdx

2(1 + x2) − 1
a1/2γ5/2(1 + x2)1/4

exp
[
−κc(1 + x2)3/2

]
. (A.86)

From the argument of the exponential ξc = κc(1 + x2)3/2 = 2ω(1 + γ2ϑ2)3/2/3ωc,
the radiation intensity is seen to decrease exponentially for frequencies far beyond
the critical, effectively due to the shortening of the formation zone, as discussed
above.
The spectral distribution, eq. (A.82), may also be integrated over (normalized)

angles through a change of variable

dI(n, ω) =
e2

2π
4√
3
1
γ5
ω2dω

∞∫
0

x
√
1 + x2
a

[2(1 + x2) − 1]K1/3(ξc)dx

=
e2

2π
4√
3
1
γ5
ω2

a
dω

∞∫
1

(
2s2/3 − 1

)
K1/3(κcs)

ds
3
, (A.87)

where the substitution s = (1 + x2)3/2 and therefore 2x
√
1 + x2dx = 2ds/3 and

ξc = κcs was made. Using the relations for the Bessel-functions [GR65, p. 970]

K−ν(z) = Kν(z), z
d
dz
Kν(z) + νKν(z) = −zKν−1(z) (A.88)

follows with z = κcs

d
ds
[s2/3K2/3(κcs)] = −κcs2/3K1/3(κcs) (A.89)

which enables the integration of the first term in eq. (A.87)

∞∫
1

2s2/3K1/3(κcs)
ds
3
=
1
κc

2
3
K2/3(κc) (A.90)

since the Bessel function is zero at infinity. Likewise, the second term in eq.
(A.87) may be integrated by a change of variable to z = κcs to give

∞∫
1

−K1/3(κcs)ds3 = −
1
3κc

∞∫
κc

K1/3(z)dz (A.91)
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From these integrals, the important expression for the spectral distribution of ra-
diation intensity is obtained as

dI(ω) =
e2ωdω√
3πγ2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣2K2/3(κc) −
∞∫

κc

K1/3(z)dz

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (A.92)

with κc given by eq. (A.81). Eq. (A.81) leads to the classical counting spectrum
given by eq. (15.6) since a = eB/γm such that aγ3 = EγBe�/�mc2 which means
that δc = κc.
Equation (A.92) can also be expressed as

dI(ω) =
e2ωdω√
3πγ2

∞∫
κc

K5/3(z)dz (A.93)

since 2dK2/3(z)/dz + K1/3(z) = −K5/3(z) [GR65, p. 970].

A.2 Quasiclassical method in high-energy QED
This section presents an attempt at deciphering the rather elaborate theory behind
the so-called quasiclassical method applicable for e.g. interactions in crystals, de-
veloped by Baier, Katkov and Strakhovenko and presented in e.g. [BKS98]. Some
of the steps remain obscure to me, which means that full rigour is not achieved, so
the emphasis in the following is on extracting the physical arguments behind the
mathematics, a point of view that is not so explicitly taken in [BKS98]. Again,
the following is a (poor) translation of the relevant sections of their book from
’theory-language’ into ’experiment-language’.

A.2.1 The Probability of Radiation in a Stationary External
Field

There are two types of quantum effects connected to the emission of radiation by
an ultrarelativistic particle in an external field, neglecting effects related to spin
and polarization. One is associated with the quantization of the motion of the
particle in the field. It turns out - as discussed in section 13.2 and chapter 14
- that this type of quantum effect becomes less important the higher the energy.
The other type of quantum effect is associated with the recoil of the particle when
it radiates and is of the order �ω/E. Even in the classical limit (�ω � E) the
latter type of quantum effect is seen to be of relevance: The emitted frequen-
cies ω ∼ ω0γ

3 where ω0 = eH/E may exceed the available energy, E, for suffi-
ciently energetic particles in sufficiently strong fields �ω ∼ �ω0γ3 = γ3�eH/E =
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γ3�eHm2c3/e�H0γmc2 = γmc2 · γH/H0 = χ · E and therefore for χ ≥ 1 violates
energy conservation as also shown in figure 14.1.
The critical magnetic field thus introduced is given by

H0 =
m2

e�
=

(
m2c3

e�

)
= 4.41 · 109T (A.94)

for an electron. The analogously defined critical electric field is

E0 = m
2

e�
=

(
m2c3

e�

)
= 1.32 · 1016 V

cm
(A.95)

The neglect of the first of these quantum effects (quantized motion), while
keeping the second (recoil), gives rise to the name ”quasiclassical method”, i.e.
the trajectory of the particle in the field is treated classically while the emission
process is kept quantum mechanical.

We consider the quantum features in the motion with the relativistic Hamilto-
nian

H =
√
P2 + m2, P = −i�∇ − eA (A.96)

This Hamiltonian is obtained from the Dirac equation in the external field (in
covariant notation):

[γμPμ − m]ψ = [γμi�∂μ − eAμ − m]ψ = 0 (A.97)

and by applying the operator [γμPμ + m] the ’squared’ Dirac equation is obtained

[PμPμ − m2 − e�σμνFμν/2]ψ = 0 (A.98)

where σμν = i[γμ, γν]/2 and Fμν is the electromagnetic field tensor. The term
e�σμνFμν/2 connected to the electron spin is neglected, leading to an equation of
the Klein-Gordon form:

[PμPμ − m2]ψ = 0 (A.99)

In an electromagnetic field the momentum operator is

Pμ = pμ − eAμ = i∂μ − eAμ (A.100)

which can be obtained as the generalized momentum from using Lagrange’s equa-
tion of motion with a Lagrangian consistent with motion in an electromagnetic
field, i.e. subject to the Lorentz force.
The commutation relations are

[Pm, Pn] = ie�εmnkHk (A.101)
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and
[P2, Pn] = Σm[P2m, Pn] = 2ie�εmnkHkPm, (A.102)

From eq. (A.101) follows the commutator of velocity components of the relativis-
tic particles in a magnetic field H

[vi, vk] =
ie�
E2
εik jH j, (A.103)

and the uncertainty relation for velocity components reads

ΔviΔvk ∼ e�HE2 =
H
H0γ2

=
�ω0

E
� 1
2n
, (A.104)

so that with the energy rise the motion becomes increasingly classical.
The energy levels in the magnetic field, E =

√
m2 + 2eH�n � m, are the Lan-

dau levels, e.g. derived in [BLP82, p. 121].

It should be emphasized that the Feynman diagram corresponding to emis-
sion of a photon from an electron is impossible due to energy- and momentum-
conservation, unless the process takes place in an external field. In this case, the
external field ensures energy- and momentum-conservation in the process. Thus
the matrix element of photon radiation by the charged particle in the external field
is treatable in first order perturbation theory with respect to the interaction with
the radiation field.
The S -matrix for an interaction Hamiltonian densityHI(x) is given as [MS93,

eq. (6.23)]

S =
∞∑
n=0

(−i)n
n!

∫
. . .

∫
d4x1d4x2 . . . d4xnT{HI(x1)HI(x2) . . .HI(xn)} (A.105)

where T denotes the time-ordered product (’earlier’ operators act ’first’). To first
order, this becomes [MS93, eq. (7.27)]

S (1) = ie
∫
d4xN(ψ/Aψ)x (A.106)

where subscript x is short-hand notation for the spacetime dependence of the fields
in the parenthesis and N denotes normal ordering (annihilation operators act first)
which avoids the presence of vacuum expectation values (essentially the �ω/2
present in the ground state of a harmonic oscillator) [MS93, p. 47].
Therefore the interaction may be represented in the normalized form

Uf i =
ie

2π
√
�ω

∫
dt

∫
d3rF+f s′(r) exp(iE f t/�)

(e∗J) exp[i(ωt − kr)] exp(−iEit/�)Fis(r), (A.107)
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where Fis(r) is the solution of the wave equation in the external field with the
energy Ei and in the spin state s, eμ is the photon polarization vector, kμ(ω,k)
is the photon four-momentum and Jμ is the current four-vector. In the external
field, Fis(r) is the solution in the Furry representation, ”... a representation in
which the action on the electrons and positrons of a classically prescribed field
with potentials A(e)μ (x) is included in the equations of motion of the wave function
ψ and its adjoint ψ†, but the interaction between the particles and the dynamical
electromagnetic field is taken into account in the dependence of the Schrödinger
functional Ψ′[σ] on the space-like surface σ” [Fur51]. A couple of points are im-
portant here: The motion of the electron is found by use of the external field (the
superscript (e) on the potentials) which can be found explicitly in a few cases, of
which a constant and homogeneous magnetic field is one and a constant, crossed
electric and magnetic field another. Once this is done, this ’type’ of electron may
radiate by interaction with the ’dynamical electromagnetic field’ Aμ(x). The intro-
duction of the space-like surface σ is to achieve a covariant formulation replacing
equal-time (necessarily a non-covariant expression) commutators [Sch48]. Fur-
thermore, the commutation relations and behaviour under charge-conjugation are
not the same for the field-free ψ and ψ† as for ψ and ψ† resulting in differences in
the observables (e.g. vacuum polarization). An introduction to the Furry picture
can be found in [MP09].
For the states with large orbital momenta, i.e. the high-lying Landau levels

n � 1, the following approximation may be made:

exp(−iεit/�)Fis(r) = Ψs(P) exp(−iH t/�)|i >, Pμ = i�∂μ − eAμ, (A.108)

where Ψs(P) is the particle wave function in the spin state s in the given field.
Substituting eq. (A.108) into eq. (A.107), the matrix element becomes:

Uf i =
ie

2π
√
�ω

〈
f |
∫
dt exp(i(ωt)M(t)|i

〉
, (A.109)

where
M =

1√
H
Ψ+s′(P){(e∗J), exp[−ikr(t)]}Ψs(P)

1√
H
; (A.110)

here P(t), Jμ(t), r(t) are the Heisenberg operators of the particle momentum, cur-
rent and coordinates respectively, obtained by ’absorbing’ the exponential factors
exp(±iH t/�), into the time-dependent Heisenberg operators. The brackets {,} de-
note the symmetrized product of operators (half of the anticommutator).
For an electron one has, see e.g. [WGR85, p. 193] or [MS93, p. 120],

Me =
√
m
H ūs′(P)e

∗ exp[−ikr(t)]us(P)
√
m
H , (A.111)
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where for Dirac γ-matrices

γμ ≡ (γ0, γk), γ0 =

(
I 0
0 −I

)
, γk =

(
0 σk

−σk 0

)
(A.112)

one has

us(P) =
√
H + m
2H

(
ϕ[ζ(t)]

1
H+mσPϕ[ζ(t)]

)
. (A.113)

as a standard normalized Dirac spinor, see e.g. [WGR85, p. 32], where ϕ[ζ(t)] is
the two-component spinor at time t.
The transition probability with emission of radiation dw is connected to the

matrix element Uf i in eq. (A.109) by Fermi’s ’Golden Rule’

dw =
2π
�
|Uf i|2ρ f (A.114)

with the density of final states ρ f = �d3k/2π, see eq. (A.34), and using the com-
pleteness of the final state vectors

∑
f | f >< f | = 1 in the sum over the final

particle states, the transition probability becomes

dw =
e2

�

d3k
(2π)2ω

〈
i
∣∣∣∣∣
∫
dt1

∫
dt2 exp[iω(t1 − t2)]M+(t2)M(t1)

∣∣∣∣∣ i
〉

(A.115)

which can be multiplied by the energy of the radiated photon

dε(ω) = �ωdw(ω) (A.116)

to obtain the differential formula for the radiated energy.

A.2.2 Disentanglement
Since in eq. (A.115) there appears the operator exp[−ikr(t1)] in M(t1), and the
operator exp[ikr(t2)] in M+(t2), it is required to perform a ’disentanglement’ of
the operator formula exp[ikr(t2)] exp[−ikr(t1)]. This ’disentanglement’ operation
[BKS98, section 2.2] was introduced by R. Feynman in 1951 [Fey51], giving as a
basic example that the exponential of a single operator α given as exp(α) can be
defined as its power series, whereas for two non-commuting operators α and β it
is not generally true that exp(α) exp(β) = exp(α + β), where the latter cannot be
given as a power series, in opposition to the case of ordinary algebra.
With the disentanglement operation applied to eq. (A.115), the equation for

the transition probability eq. (A.115) may be written as

dw =
α

(2π)2
d3k
ω

∫
dt1

∫
dt2R∗2R1 exp

[
−i E
E − �ω (kx2 − kx1)

]
, (A.117)
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This disentanglement is a rather long derivation and the reader is referred to
[BKS98, eqs. (2.14)-(2.27)]. In the present context, however, there are a few
important points. One is the appearance of the front-factor E/(E − �ω) in the
exponential. This is the factor that can be interpreted as the ’recoil’, discussed
in section 14.3. The origin of this factor comes essentially from expanding the
Hamiltonian

H(P2 − �k) =
√
(P2 − �k)2 + m2 =

√
(H − �ω)2 + 2�kP2 − (�k)2, (A.118)

as

H(P − �k) = (H − �ω)
[
1 +

�kP2
(H − �ω)2 −

�
2k2

2(H − �ω)2 + ...
]

(A.119)

where
kP2 = ωH − kP2, k2 = ω2 − k2 (A.120)

The expansion in eq. (A.119) is valid when the mean value 〈1 − �ω/H〉 ∼ 1, i.e.
〈�ω/H〉 is small, such that the radiated energy is sufficiently small to leave the
final state particle as ultrarelativistic. For real photons, k2 = 0, due to v � PH−1

(this is actually shown by means of commutator relations, [BKS98, app. B], but is
plausible since Ev/c2 = p) eq. (A.120) becomes

kP2 = ωH − kP2 = ωH
(
1 − nP2H

)
= ωH

[
1 − nV2 + O

(
�ω0

ε

)]
� ωHkv,

(A.121)
Now, the first term in eq. (A.119), (H − �ω), is cancelled by a similar term orig-
inating from differentiation of exp(−i(H − �ω)τ/�) which is part of the operator
to be disentangled. Thus, what remains in eq. (A.119) is

H
H − �ω�kv (A.122)

where �2k2/2(H − �ω)2 is neglected in comparison. Eq. (A.122) then shows es-
sentially the modification factor from recoil, E/(E − �ω).
The other important point is that for spin 1/2 particles

R =
√
m
ε′
ūs′(p′)eαus(p)

√
m
ε
= ϕ+s′(A + iσB)ϕs, (A.123)

where αk is the Dirac matrix

αk =

(
0 σk

σk 0

)
. (A.124)
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so in eq. (A.123), ε,p, ε′ =
√
p′2 + m2 � ε − �ω,p′ = p − �k are no longer

operators, but c-numbers due to the disentanglement operation.
The last is that the time-dependence enters through p = p(t), kx = kx(t) such

that the radiation is a direct result of the (classical) trajectory. Therefore, as in the
classical theory of radiation, the interrelation between the total angle of deviation
of the particle in the external field and the emission angle 1/γ becomes decisive
for the emission process.
In eq. (A.117) enters the combination R∗2R1 = R

∗(t2)R(t1) = R∗(t + τ/2)R(t −
τ/2). If one uses the classical Bargmann-Michel-Telegdi (BMT) equation for the
spin vector (see [BLP82, p. 154f] or [Jac99, eq. (11.167)]) it is seen that ζ pre-
cesses with the same frequency as the velocity, with accuracy ∼ 1/γ. For the
synchrotron case, the characteristic radiation time has the same order of magni-
tude as in classical electrodynamics: τ ∼ 1/ωBγ. Then

ϕ(ζ(t + τ/2)) = ϕ(ζ(t)) +
τ

2
ζi
∂ϕ

∂ζi
= ϕ(ζ(t)) + O

(
1
γ

)
(A.125)

since in accordance with the above |ζ |τ � v̇τ ∼ 1/γ. Therefore, the variation of the
spin vector during the radiation process may be neglected and the two-component
spin density matrix in its standard form [BKS98, eq. (A.16)]

∑
s,s′ ϕsϕ

+
s′ = (1 +

ζσ)/2 thus enters eq. (A.117) to give

∑
s,s′
R∗2R1 =

1
4
Tr

[
(1 + ζ iσ)(A∗2 − iσB∗2)(1 + ζ fσ)(A1 + iσB1)

]
(A.126)

The resulting expressions for A and B can be found from the representation
eq. (A.113) [BKS98, eq. (2.37)]:

A =
1
2

(
1 +

ε

ε′

)
(ev) � 1

2

(
1 +

ε

ε′

)
(eϑ)

B =
�ω

2(ε − �ω) (e × b), b = n − v + n
γ
� −ϑ + n

γ
(A.127)

where ϑ = (1/v)(v − n(nv)) � v⊥ and v⊥ is the component of velocity transversal
to the vector n.
After insertion of eq. (A.126) into eq. (A.117), summation over spin states of

the final electron and averaging over spin states of the initial electron the radiated
energy is proportional to

1
2

∑
si,s f

R∗2R1 = A
∗
2A1 + B

∗
2B1 (A.128)
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with ∑
λ

A∗2A1 =
1
4

(
1 +

ε

ε′

)2
(v1v2 − 1) no spin − flip,

∑
λ

B∗2B1 =
1
4

(
�ω

ε′

)2 (
v1v2 − 1 + 2

γ2

)
spin − flip, (A.129)

neglecting terms of order 1/γ2. Equation (A.117) with eqs. (A.128) and (A.129)
has the same structure as eq. (A.38) in classical electrodynamics.
With the expansion that was also applied in classical radiation theory, eq.

(A.73), taking into consideration that vv̇ = O(1/γ2) and nȧ = −v̇2 + O(1/γ)
as also used above after eq. (A.75), the following is obtained (as in the derivation
of eq. (A.76))

v1v2 = 1 − 1
γ2
− a

2τ2

2

kx2 − kx1 = ωτ − kr2 + kr1 = ωτ
(
1 − nv + a

2τ2

24

)
(A.130)

A.2.3 Radiation intensities in the quantum case
Substitution of eqs. (A.128), (A.129) and (A.130) into eq. (A.117) results in

dWe(k) = − α

(2π)2
d3k
�ω

∞∫
−∞

[
1 + u
γ2
+

(
1 + u +

u2

2

)
a2τ2

2

]

× exp
[
−iuετ
�

(
1 − nv + a

2τ2

24

)]
dτ, (A.131)

where u = �ω/ε′ = �ω/(ε − �ω) is the main variable expressing the importance
of recoil in quantum radiation theory.
Integration of eq. (A.131) proceeds with use of the modified Bessel function as

in eq. (A.78) from which the spectral-angular distribution of radiation probability

dWe(k) =
α

π2
d3k
�ω

√
2
3

√
1 − nv
a

{
− 1 + u

γ2
+ 2(1 − nv)[1 + (1 + u)2]

}
K1/3(ς)

=
α

π
ωdωxdx

2√
3
1
γ3

√
1 + x2
χm

[(1 + x2)[1 + (1 + u)2] − (1 + u)]K1/3(ς),(A.132)

is obtained. The argument of the Bessel function in the quantum case (compare
with eq. (A.80)) becomes

ς =
4
√
2
3
uε
�a
(1 − nv)3/2 = 2

3
u
χ
[2γ2(1 − nv)]3/2 � 2

3
u
χ
[1 + x2]3/2, (A.133)
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with the last approximation in the small angle limit 1−nv � (1+ x2)/2γ2 as above.
In eq. (A.132) the important parameter of quantum radiation theory appears

χ =
H
H0
p⊥
m
=
�

m
|v̇⊥|γ2 = �ω

ε
|v⊥|γ3. (A.134)

For χ � 1 classical theory applies, while when χ ≥ 1 quantum corrections be-
come essential. Comparing eq. (A.81) to eq. (A.134), it is seen that in the limit
�ω � 1 the recoil parameter u→ �ω/E such that 2u/3χ tends to κc as it must.
The spectral distribution may be integrated over radiation angle by a change

of variable s = (1 + x2)3/2 as was done to obtain eq. (A.87)

dW(ω) =
α

π

2√
3
1
γ2
ωdω

∞∫
0

x
√
1 + x2
χε

[[1 + (1 + u)2](1 + x2) − (1 + u)]K1/3(ς)dx

=
2αm2

3
√
3π�ε

udu
(1 + u)3

∞∫
1

{
[1 + (1 + u)2]s2/3 − (1 + u)

}
K1/3

(
2u
3χ
s
)
ds, (A.135)

Finally, by use of eq. (A.88) the spectral distribution of radiation intensity
becomes

dI(ω) =
αm2√
3π�ε

du
(1 + u)3

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩[1 + (1 + u)2]K2/3
(
2u
3χ

)
− (1 + u)

∞∫
2u/3χ

K1/3(y)dy

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
(A.136)

Converting to the notation of section 15.3, since u = ξ/(1 − ξ) and therefore
du/dξ = 1/(1 − ξ)2 = (1 + u)2 which ’takes’ two powers of the prefactor 1/(1 +
u)3 to the curly bracket in eq. (A.136), the remaining prefactors to the modified
Bessel functions are [1 + (1 + u)2]/(1 + u) and (1 + u)/(1 + u) which correspond
to 1 − ξ + 1/(1 − ξ) and 1, respectively. Likewise the argument 2u/3χ equals δq,
such that equation (A.136) is identical to equation (15.9). In the limit u � 1,
equation (A.136), converts into the classical one, equation (A.92) (corresponding
to equation (15.6)).
The ratio between u = �ω/ε and χ becomes decisive for the spectrum. When

u � χ one has (using the asymptotics for the modified Bessel function, eq. (A.84))

dI(u) =
α

π

31/6Γ(2/3)
2�

χ2/3m2u1/3du
(1 + u)4

[1 + (1 + u)2], (A.137)

while for u � χ one finds

dI(u) =
αm2

2�

(
χ

π

)1/3 u1/2du
(1 + u)4

(1 + u + u2) exp
(
−2u
3χ

)
. (A.138)
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As the particle energy increases, the value of �ωγ3 ∝ γ2, reaches the energy
value ε, i.e. χ = �ω0γ3/ε ≥ 1. Then the radiation becomes completely different
from the classically calculated since, as discussed above, for the classical expres-
sion to remain valid, 2u/3χ must tend to κc = 2ω/3ωc while u � 1 which is only
possible for ω � ωc/χ.
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List of symbols

a acceleration
a0 Bohr radius
as (Thomas-Fermi) screening length
as2 The screening distance including Coulomb corrections
aθ Reduced scattering variable γθ
Aμ(x) Electromagnetic four-vector potential
ai lattice primitive vector
α fine structure constant
b impact parameter
bl Born-Infeld limiting field strength
bB Blankenbecler’s value for the logarithmic dependence parameter
B magnetic field
B0 quantum electrodynamic critical magnetic field
Ba atomic critical magnetic field
Bc classical critical magnetic field
bi reciprocal lattice primitive vector
β speed in units of c
c speed of light
CL Lindhard’s constant
C Euler’s constant
d atomic spacing along axial direction
dp planar spacing
δ minimum longitudinal momentum transfer
δss side-slip of the photon
δe side-slip of the electron
δc classical field-reduced fractional photon energy
δ(q − g) Dirac delta function
δp field-reduced fractional pair energy
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δq quantum field-reduced fractional photon energy
Δ unit cell volume
Δθ angular cooling variable
e electron charge
eλμνρ antisymmetric unit tensor
E energy
ELPM Characteristic energy for the LPM effect
E⊥ transverse energy
E electric field
E0 critical electric field
ε deflection efficiency
ε(ω) dielectric function
εS surface transmission
η enhancement
ηF dechanneling fraction scaling variable
ηl Laser strong field parameter
η± fractional energy of lepton
f Coulomb correction
fp Plasma fraction
fm Multi-photon correction factor
F force
FD dechanneling fraction
F1,2 CFA correction coefficients
Fμν electromagnetic field strength tensor
F(q) atomic form factor
g gravitational acceleration
G Newton’s gravitational constant
gμ gyromagnetic ratio
g reciprocal lattice vector
G(q) potential Fourier coefficient
γ Lorentz factor
γ f Final state Lorentz factor
Γ Lorentz invariant field strength parameter
γp photon ‘Lorentz factor’
γμ Dirac gamma-matrix
Hint Interaction Hamiltonian
� Planck’s constant (/2π)
I intensity
IZ ionization potential
Jq flux of equivalent photons
k photon wavenumber



277

kt Target thickness and impact parameter scaling parameter
kB Boltzmann’s constant
kν photon wavenumber fourvector
Kν modified Bessel function of order ν
κ curvature
κc critical curvature
κ f field strength in units of critical field
χ Lorentz invariant field strength parameter
L bent crystal length
Lφ angular momentum
lf formation length
lγ multiple scattering length
lγd doughnut multiple scattering length
LD dechanneling length
�c Compton wavelength (/2π)
λ photon wavelength
λ⊥ transverse (doughnut) equalization length
λγ field deflection length
m electron rest mass
mp proton rest mass
μ magnetic moment
μB Bohr magneton
μN nuclear magneton
n atomic density
n propagation direction
N number of atoms
Np number of pairs
Nγ number of photons
ni integer
nr index of refraction
ν number of quantum states
ω photon angular frequency
ωc Characteristic (’critical’) frequency
ωp plasma frequency
ωl Laser angular frequency
ωB Revolution (cyclotron) angular frequency
ω0 transition frequency
ωLPM Characteristic photon frequency for the LPM effect
ωTSF Characteristic photon frequency for the TSF effect
〈ω〉 Geometric mean of oscillator strength weighted atomic frequencies
Ω solid angle
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R Relative ionization energy deposition
ρ density
ρt thermal vibration amplitude
� Normalized impact parameter values
�t Lower limit of normalized impact parameter values
p momentum
pν momentum fourvector
ψ particle angle
ψc critical (Lindhard) angle
ψ(x) electron incoming spinor
ψ(x) electron outgoing spinor
ψp planar critical (Lindhard) angle
ψ1 axial critical (Lindhard) angle
q‖ longitudinal momentum transfer
q⊥ transverse momentum transfer
q reciprocal lattice vector
rc gyromagnetic curvature radius
re classical electron radius
R radius of curvature
Rc critical radius of curvature
RS Schwarzschild radius
S (g) lattice structure factor
σ cross section
σE Energy resolution
t time
tf formation time
T temperature
T0 Hawking temperature
Δt f foil thickness
τs f spin-flip polarization time
θ photon angle
θin entry angle
θout exit angle
Θ0 Baier angle
θB the deflection angle over half a formation length in a magnetic field
U transverse potential
U0 transverse potential height
u1 one-dimensional thermal vibration amplitude
Υ same as χ
v speed
V atomic potential
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w Vacuum decay rate in strong electric field
wp pair production probability per unit time and volume
W radiation probability per unit time
Wp pair production probability per unit time
Wγ→γγ photon splitting probability per unit time
X0 radiation length
Δx transverse displacement
x normalized angular variable, γϑ
x position
ξ fractional photon energy �ω/E
ξc �photon energy in units of critical, κc(1 + x2)3/2
Ξ Lorentz invariant field strength parameter
y fractional photon energy �ω/E
Z1 projectile atomic number
Z2 target atomic number
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Appendix C

Danish summary

Når en ladet partikel som f.eks. en elektron passerer et materiale - amorft eller
krystallinskt - bliver partiklen accelereret, hovedsageligt på tværs af bevægelses-
retningen i form af en eller flere krumninger på dens bane. Ved en sådan accel-
eration udsendes stråling. Temmelig løst sagt skyldes det at den ’taber’ lidt af sit
elektriske felt. Lidt mindre løst sagt, er årsagen at det elektriske felt der til alle
tider omgiver elektronen, bliver ’vredet’ på tværs af retningen ind mod elektronen.
Informationen om denne ’vridning’ udbreder sig med lysets hastighed c, således
at til tiden t efter elektronen er blevet forstyrret, har feltet justeret til elektronens
nye retning indenfor en kugleskal med radius ct, mens feltet udenfor endnu ikke
har justeret til elektronens ændrede bane - feltet ’ved’ det simpelthen ikke endnu.
Herved opstår transversale felter, som det er illustreret i figur 4.2 - en klassisk
opfattelse af strålingsfænomenet. Denne idé oprinder fra elektronens opdager, J.J.
Thomson, der første gang skrev om den i sin bog ’Elektricitet og Stof’ (på en-
gelsk) fra 1904 [Tho04]. Hvad Thomson ikke var klar over, var at kvanteteorien
- på det tidspunkt 20 år længere ude i fremtiden - og det faktum at det tager tid
for elektronen at ’lave’ lys, ville modificere hans tilgang betydeligt. Den fungerer
dog stadig som et godt billede af selve udstrålingsprocessen.
I begyndelsen af 50’erne fandt den armenske fysiker Ter-Mikaelian ud af at

det tager tid, og dermed tilbagelagt afstand, for elektronen før lyspartiklen er fri-
givet. Opfatter man lyspartiklen (fotonen) som en bølgepakke, er det en rimelig
antagelse at der skal være cirka en bølgelængde mellem elektronen og fotonen,
før fotonen har løsrevet sig. For almindelige atomfysiske fænomener er denne
tid og afstand af atomare dimensioner, dvs. elektronen tilbagelægger tiendedele
nanometer under dannelsen af lyset, da den bevæger sig meget langsomt i forhold
til lyset (ikke mere end en procent af lysets hastighed). For de såkaldt ultrarel-
ativistiske partikler som er hovedemnet i denne afhandling indtræder imidlertid
nye fænomener idet elektronens hastighed kan være f.eks. 99.9999999995% af
lysets hastighed. Ved sådanne hastigheder bliver den tilbagelagte vejlængde over
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hvilken lyspartiklen fjerner sig fra elektronen - til en afstand svarende til lysets
bølgelængde - meget stor, og elektronen skal derved tilbagelægge en stor afstand
før fotonen er ’frigivet’. Dette sker på trods af at den hastighed hvormed lyset
fjerner sig fra elektronen, set for elektronen stadig er lysets hastighed, og skyldes
det faktum at tiden for elektronen går langsomt set fra laboratoriet - et af hove-
dresultaterne i Einsteins relativitetsteori.
Hvis elektronen under tilbagelægningen af denne afstand bliver forstyrret kan

sandsynligheden for at den udsender stråling enten forøges eller reduceres. Denne
forstyrrelse kan være i form af yderligere afbøjning i kollisioner med andre atomer
i stoffet som beskrevet i den første del af afhandlingen, eller i form af et internt
eller eksternt frembragt elektromagnetisk felt. Ultrarelativistiske partiklers vek-
selvirkning med yderst intense elektromagnetiske felter er behandlet i anden del
af afhandlingen. For det interne felt tænkes her på det felt der optræder gennem
sammenhængende virkning (kohærens) af de på hinanden følgende atomkerner i
spredningsprocessen, som det optræder i krystaller når partiklen bevæger sig langs
med en krystal-akse eller -plan. Det viser sig, at det felt som den indtrængende
partikel ’oplever’, er af samme størrelse som det såkaldt kritiske felt. Det kritiske
felt kan findes ved på passende vis at kombinere lysets hastighed, Plancks konstant
og elektronens masse og ladning. Disse fire størrelser indikerer at der er tale om
et relativistisk og kvantemekanisk fænomen for elektroner, og det er f.eks. muligt
i denne type felter at producere nye partikler. Kritiske felter optræder i mange an-
dre, mere eller mindre eksotiske sammenhænge, som eksempelvis på overfladen af
højt magnetiserede neutronstjerner, de såkaldte magnetarer, i kollisions-området
på næste generations kollisions-acceleratorer eller - via en analogi mellem elektro-
magnetiske og gravitationelle felter - ved ’randen’ af sorte huller. Det er således af
stor betydning - også for andre grene af fysikken - at kunne beskrive fænomenerne
præcist og samtidigt eksperimentelt afprøve denne beskrivelse.
Afslutningsvis vil jeg komme et ofte stillet spørgsmål lidt i forkøbet: Hvad kan

man bruge det til? Et kort svar ville her være, at det er ikke derfor vi udfører den
nævnte type forskning. Drivkraften er derimod, at vi gerne vil vide mere om hvor-
dan naturen bedst kan beskrives, også under de forholdsvist eksotiske forhold som
stærke elektromagnetiske felter indebærer. Som en bonus har det dog vist sig, at
viden om partiklers indtrængning i stof er helt afgørende for udviklingen indenfor
så forskellige emner som halvleder-teknologi, strålingsbeskyttelse, partikel- og
strålings-baseret kræftbekæmpelse og endda forståelsen af klimaet, der kan være
under betydelig indflydelse af kosmisk stråling - ultrarelativistiske partikler.
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